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ABSTRACT. We propose methods to construct compound selection decisions in a
Gaussian sequence model. Given unknown, fixed parameters p1.,, known o1.,, and
observations Y; ~ N(u;,0?), the decision maker chooses a subset S C [n] to maxi-
mize utility %L > ics(pi — K;) for known costs K. Inspired by Stein’s unbiased risk
estimate (SURE), we introduce an almost unbiased estimator, ASSURE, for the
expected utility of a proposed decision rule. ASSURE selects a welfare-maximizing
rule within a pre-specified class by optimizing the estimated welfare, thereby bor-
rowing strength across noisy estimates. We show that, within the pre-specified
class, ASSURE’s decisions are asymptotically no worse than the optimal (infea-
sible) rule. We apply ASSURE to the selection of Census tracts for economic
opportunity, the identification of discriminating firms, and the analysis of p-value

decision procedures in A/B testing.
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1. Introduction

In settings with many parallel noisy estimates, researchers often aim to select units
with large underlying parameters—often screening using shrinkage estimates. Yet
shrinkage and selection objectives can be misaligned: Good estimates need not yield
good selections, and good selections need not rely on good estimates (Manski, 2021).
This paper directly studies these compound selection problems' and proposes methods
that optimize selection decisions while still “borrowing strength” across different noisy
estimates (Robbins, 1951/1985).

We first describe a standard empirical-Bayes and compound-decision setup (see,
e.g., Jiang and Zhang, 2009; Efron, 2012; Jiang, 2020; Walters, 2024; Soloft et al.,
2024; Chen, 2025). Researchers observe noisy estimates Y1, = (Yi,...,Y,) and
standard errors oy, for unknown parameters p,.,, in parallel settings indexed by
, = 1,...,n. Motivated by central limit theorems for the procedure generating Y;,
we model the signals as Gaussian with known variance: Y; | p;, 04, X; ~ N(u;, 02).
Here, X; are covariates that do not predict the noise Y; — u;. We seek binary decisions

a; € {0,1} to maximize the compound utility
1 n
= ai (i — K. (1.1)
o

The objective (1.1) is the average payoff of selection decisions over units 1,...,n,
where the payoff of selecting unit ¢ is p; — K;, for some known cost K. (1.1) can be
viewed as a compound version of the treatment choice problem (Manski, 2004), where
normality is motivated by local asymptotic approximations (Hirano and Porter, 2009,
2016; Hirano, 2023).

For concreteness,” in Bergman et al. (2024), Y; is the estimated economic mobility of
a Census tract, estimated on Census microdata. p; is true economic mobility, defined

as the population economic outcome of poor children in adulthood in the tract. We

Tn this paper, we refer to compound decision—often used interchangeably with “empirical Bayes”
and “shrinkage” in the literature—specifically as decision-theoretic frameworks in which (i) the true
parameters are fixed or conditioned upon and (ii) the loss function averages over units. Empirical
Bayes additionally posits a random effect model for the distribution of the true parameters, and
evaluates decisions by integrating over the distribution of the parameters.

2This type of problem also appears in other economic applications such as the meta-analysis of ex-
periments (Azevedo et al., 2020), teacher value-added (Chetty et al., 2014; Kwon, 2023; Cheng et al.,
2025), identifying discrimination (Kline et al., 2022), and treatment choice (Kitagawa and Tetenov,
2018; Athey and Wager, 2021; Moon, 2025). This problem also appears in the statistical literature
under the name empirical Bayes testing with linear loss (Liang, 1988, 2000, 2004; Karunamuni,
1996).



may imagine that the costs K; are equal to some value K that represents the economic
mobility level for which a social planner is indifferent between incentivizing a low-
income family to move to a tract with mobility K and not doing so. The objective
(1.1) then rewards selecting an above-breakeven tract, punishes selecting a below-
breakeven tract, and weighs the rewards and penalties according to the distance to K.
Since Y; are fixed effect estimates, their normality—similarly invoked in Armstrong
et al. (2022); Mogstad et al. (2024); Andrews et al. (2024); Chen (2025)—is motivated
by the central limit theorem applied to regression specifications that generate them
(Chetty et al., 2018).

Because the Gaussian family has monotone likelihood ratio (Karlin and Rubin,
1956), admissible selection decisions are increasing in Y;.* We thus identify selection
decisions with threshold rules 6;(Y_;) such that a; = 1(Y; > §;).* For a given threshold
rule d1.,(Y1.n), define the compound welfare (cf. frequentist risk Wald (1950))

n <

1 n
W (Stns 1) = = > Byinguoz) (1Y > 6:(Y2)) (s — K)))] (1.2)
=1

as the expected utility, integrating solely over Y;.,. Optimal decisions should maxi-
mize (1.2), but doing so is infeasible since welfare depends on the unknown parameters
l1.,- For estimation problems minimizing MSE, one feasible approach is Stein’s unbi-
ased risk estimate (SURE, Stein, 1981). SURE estimates = "4 By, .02 [(0(Y:) —
i)?] and produces decisions by optimizing the estimated objective over a parametrized
class of decisions (Xie et al., 2012; Kwon, 2023; Cheng et al., 2025).

Inspired by SURE, we construct a novel estimator W (dy.,) of W (d1.,). Unlike
with MSE, it turns out that an exactly unbiased estimator for (1.2) does not exist
(Stefanski, 1989), but an almost unbiased one—whose bias decays exponentially in a
tuning parameter—does. We thus term our approach ASSURE, for Almost SURE.
This almost-unbiasedness is an appealing and nontrivial property and can be viewed
as a debiased version of (synthetic) sample-splitting-based approaches (Oliveira et al.,
2024; Chen, 2025; Ignatiadis and Sun, 2025).°

As with SURE, we optimize the estimated welfare over a user-chosen class of de-
cisions 6 € D. For instance, D may be the class of decisions that screens on linear
3SeeLmE.l for a formal result.
4The threshold rules depend on i through the contextual information Z; = (o, K;, X;), which we
suppress in the notation.

SThat is, Yie =Y +cW;and Y, = Yi—%WZ— for independent W; ~ N(0, 07) satisfy Y;y L Y | pu;,02.

Proposition 1 in Chen (2025) uses this coupled bootstrap idea to estimate (1.1) for decisions that
depend on Y.



shrinkage rules
Derose-cavss = {51 : 1(y > 51) =1 {a(0i7Xia K;; 6)y + b(o-’hXia Ki; B) > Kz}}

for functions a(-),b(-), parametrized by a finite-dimensional 3 € B C R? that
depends on contextual information (o;, X;, K;) for some covariates X; (Weinstein
et al., 2018; Chen, 2025). We restrict D for familiar bias-variance reasons: Opti-
mizing over too large a class of decisions risks overfitting to the noise W—Ww. In
practice, these restrictions can come from external preference for simple decisions,
similar to Kitagawa and Tetenov (2018); Sudijono et al. (2024); Crippa (2025), or
from a benchmark (empirical) Bayesian model on the parameters f.,, similar to
Kwon (2023) and Cheng et al. (2025). Degposs-cavss, for instance, can be motivated
either by simplicity preferences or by a correlated random effects model in which
wi | o, Kiy Xi ~ N(m(o;, Ky, X33 8), s*(04, Ky, X4; 3)), under which posterior means
wi | Yi, 04, K;, X; are linear in Y;.°

Decisions selected by ASSURE enjoy strong optimality guarantees. As the number
of parameters diverges (n — o0), we show that the performance gap between the es-
timated optimal decision and the optimizer of (1.2) within D—i.e., regret—converges
to zero at minimax optimal rates, up to log factors. Both the upper and lower bounds
for regret are novel analyses. Applied to D¢iosp-cavss, Since many popular shrinkage
methods are nested within Deyogp-gavss, decisions tuned by ASSURE would asymptot-
ically improve over screening on these status-quo shrinkage methods. The bulk of the
paper concerns Gaussian estimates, but similar arguments pertain to Poisson Y; as
well; we present these related results as an extension.

Our analysis complements and robustifies empirical Bayes analyses (Jiang, 2020;
Gu and Koenker, 2023; Walters, 2024; Kline et al., 2024; Chen, 2025) by focusing on

the compound objective (1.2) rather than its empirical Bayesian counterpart
WEB<51:n) = Eulme[W<51:na Hl:n)] for H1:n | O1:n, Kl:anlzn ~ P.

Empirical Bayes analyses treat p., as random effects and integrates over their distri-
bution; in contrast, our compound perspective is analogous to fixed effects in panel
data (Dano et al., 2025). The benefit of treating ., ~ P as random is that the
optimal selection decision simply screens on the posterior mean Ep[u; | Y, 04, K;, X

For an estimate P, an empirical Bayesian selects via 1(Ep[w; | Y;, 04, K, Xi] > K).

6Chen (2025) refers to this random effects model as CLOSE-GAUSS.



That benefit comes with two costs that our framework avoids. First, empirical
Bayesians have to carefully model P. Failing to model this distribution well—either
misspecifying how p; is predicted by the contextual information (Chen, 2025) or
how p; correlates with p; (Bonhomme and Denis, 2024)—could harm the selection
decision. The compound framework avoids these problems entirely by conditioning
on fi1.,. Second, optimality for Wgg is with respect to a new draw of units p; ~ P.
In Bergman et al. (2024), for instance, empirical Bayes evaluates performance over
a randomly drawn new Census tract, whereas optimality with respect to (1.1) only
imagines alternative draws of the estimation error in economic mobility.

To be sure, a SURE-based compound decision is limited to optimality within a
class of decision rules D. Empirical Bayes methods can match the performance of
the optimal decision under P, without constraining to a class D. This limitation of
ASSURE can be mitigated by choosing D via some working empirical Bayes model.
When a model of P implies a parsimonious class of decisions rules through a(Y;) =
1(Eplu; | Yi] > 0),” optimizing within this class using ASSURE weakly improves on
the empirical Bayes decisions under an estimated prior P. Thus, our method can be
combined with (parametric) empirical Bayesian modeling: it fine-tunes such a model
without harming performance.

We illustrate ASSURE in three empirical applications: selecting census tracts to
maximize economic mobility (Chetty et al., 2018; Bergman et al., 2024), picking
innovations in A/B testing (Azevedo et al., 2020), and identifying discrimination
in large firms (Kline et al., 2022, 2024). These applications show that ASSURE
improves performance and provides robustness relative to common plug-in empirical
Bayes methods. The ASSURE-estimated welfare W also assesses whether a status-
quo decision rule attains reasonable welfare under assumed costs K.

This paper is structured as follows. Section 2 defines the ASSURE estimator and
discusses its bias and variance. Section 3 presents several theoretical guarantees
on selecting a decision using ASSURE, showing upper and lower bounds on regret.
We next highlight extensions to other observation distributions like the Poisson and
to complicated decision procedures in Section 4. Simulation results and empirical

applications are discussed in Section 5 and Section 6.

TPosterior means with Gaussian Y are monotone in Y, and thus this threshold rule can be equiva-
lently written as Y; > §;.



2. Setup & Methodology

Let Y; ~ N(p;,02),i € [n] = {1,...,n} with known o;, known costs K;, with
potentially related known covariates X;. We treat the contextual information Z; :=
(X;, K;,0;) and the parameters p; as fixed, and take all probability statements over
Y; ~ N(u;, 02). For simplicity, we assume that Y; are mutually independent across 4.
We also restrict to separable thresholds of the form 6;(Y_;) = d(Z;; ) in all classes D
that we consider. That is, the threshold for unit ¢ does not depend on information
for unit j # i (except through estimation of /).

Having parametrized thresholds with 3, we can rewrite (1.2) as

vwm:—Ej KB (Y2 602 8) = 3G — Kgp (L2UE D) oy

wm:%XEM>&%me—m» (2.2

Directly optimizing (2.1) is infeasible since it depends on the unknown p4.,. However,
if we had access to an estimator Wn(ﬁ), we can optimize W, over a class of threshold
rules D = {5(-; B):BeEBC Rd} (e.g., D = Decros-cauvss), yielding:
3 € argmax W, (). (2.3)
BeB
Our subsequent theoretical results control the difference, or regret, between the welfare
of the best decision rule in D and the expected utility achieved by B :

Regret,, = sup W (B) — By, [u(B)]. (2.4)

Intuitively, for Regret,, to be small, it is critical that our estimator W, for welfare is
accurate. A good welfare estimator for the compound selection problem is the focus

of this paper.

2.1. The ASSURE estimator for welfare. We propose the following estimator
for (2.1) with good regret properties, building on the deconvolution literature (Kol-
mogorov, 1950; Tate, 1959; Liang, 2000; Pensky, 2017; Zhou and Li, 2019). Define
the sinc, sine integral, and cumulative sinc functions as follows:

i v 1 1
sinc(x) = MY / Sl—ntdt Csinc(z) = / sinc(t) dt = = + — Si(x).
m

T 2

—0o0

8If (Yi,...,Y,) ~ N((61,...,6,), %) for some known X, then our arguments are generalizable by
studying the conditional distributions Y; | Y_;.



Definition 1 (ASSURE). For a bandwidth parameter h, define
Y; — 0(Z;; i Y; — 0(Zs;
wy(Yi; Zi, B) := (Y; — K;) Csinc (#) - %smc (#) . (2.5)
Then the ASSURE estimator is given by

1 n
Wa(B) = > wiyyewgn(Yis Zi, B). (2.6)

i=1
We will define the scaling parameter A\, = y/2logn and set the bandwidth as h =
1/A,. With this choice of h, we will usually omit dependence of w on h.

ASSURE Function

10 A
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FIGURE 1. A plot of the function 442 Si((y—C)/h)—1 sinc((y—C)/h),
for C = 1 and various values of the bandwidth A.

Figure 1 visualizes the function wy, in (2.5) for K = 0 and o = 1. The estimator wy,
is chosen due to its excellent bias properties: The following proposition shows that
its bias decays exponentially in 1/h.

Proposition 1 (ASSURE has low bias). Fix u, K € R. Let Y ~ N(u,0?) and
8(Z;; B) = B, then limy,_o E,wy (Y5 (0, K), B) = (n— K)® (£2) . The bias attains the
following bound: For all h > 0,

p—=>

g

Buun(Y' (0,50, - (- )2 (“20) | < = Kt 3,



Thus, with h := h, := A\, := 1/y/2logn,” the bias is bounded by Clu — K|

nlogn”

Under this choice, pointwise in [3,

e [(1a(9) - wie)| < L2 (% Za) + 1o8m (% So0(z:) - K»?) .
- . 2.7)

Unlike SURE, ASSURE is biased. The bandwidth term h,, is chosen to ensure the
bias contributes negligibly to MSE for estimating W (). For W(3), it turns out that
unbiased estimators (with reasonable growth behavior) do not exist: we formalize in
Proposition E.1 an argument in Stefanski (1989).

The next subsection provides heuristic motivation for the functional form (2.5) in
ASSURE and connects it to SURE, sample splitting, and to a literature on estimation
using Fourier transforms. The subsection after compares our SURE-type analysis

(2.3) to other approaches to compound selection problems, such as empirical Bayes.

2.2. Intuition for ASSURE. Inspecting (2.1), estimating W () can be reduced to
a Gaussian estimation problem: Given Y ~ N(u,0?) and K, € R, we would like to
estimate the parameter (u — K)® (“7_5) Inspired by SURE, a natural starting point
is Stein’s identity: For differentiable F'(Y) with derivative f(Y),

EyNguo) (Y — ) F(Y)] = 0*Eynuoz [F(Y)]-
We can rearrange to obtain
E[(Y - K)F(Y) = o f(Y)] = (u — K)E[F(Y)]. (2.8)

Thus, (Y —K)F(Y)—0c?f(Y) is an unbiased estimator for (u— K)E[F(Y")]. To obtain
a low-bias estimator for (u — K)® (“T_‘S), we could find some differentiable F' whose
expectation E[F(Y)] is approximately @ (£2) = E[1(Y > 4)].

Having reduced the problem in this way, by rescaling if necessary, we may assume
o = 1,0 = 0 without loss of generality. A natural idea is to smooth the Heaviside

function H(y) := 1(y > 0) with some kernel ky(y) = 3k (£)—for some kernel k(-)

and bandwidth h—so that the resulting function is differentiable. That is, we may

9We upper bound bias with h2e=Ch* and variance with n—? (h_4CU + h_QCM,K) for constants C'
that depends on (o, i, K;). Minimization of corresponding MSE bounds with respect to h shows
that h,! < \/Cl logn —log Cy , — C3loglogn =< /Cilogn. The leading constant C; does not
depend on ¢?

i




consider convolving H with the kernel:

y/h

Fuly) = (H k) (y) = / K(t) dt.

Which kernel should we choose? A natural but suboptimal idea is to use the

Gaussian kernel k(-) = ¢(+). Doing so yields an estimator that has O(h?)-bias

Bl =m0 (3 ) o (5 )] = - 0000 + 002 (29)

Interestingly, this choice of kernel has a natural interpretation as coupled bootstrap
(Oliveira et al., 2024; Leiner et al., 2023; Ignatiadis and Sun, 2025; Chen, 2025). For
Y ~ N(u, 1), we can construct two independent samples by adding and subtracting

an independent Gaussian noise ()
1
Yi=Y +hQ YQ:Y_EQ Q ~N(0,1) = Y, LY>. (2.10)

This coupled bootstrap procedure is a synthetic version of sample-splitting.! With
(2.10), the welfare of selection decisions based on Y; > 0 can be unbiasedly estimated
by (Yo — K)1(Y; > 0), since Y3 acts as fresh “testing data” that is independent of
the “training data” Y. The estimator (2.9) is exactly the Rao—Blackwellization of
coupled bootstrap:

i, ~ 610> 0) |V = - )2 () ¢ (5 ).

This O(h?) bias, however, means that the regret rate for coupled bootstrap is O(n=4/%)
(Theorem A.1).!!

Instead of a Gaussian kernel, the ASSURE estimator uses the sinc kernel for im-
proved bias (Davis, 1975; Tsybakov, 2009). Observe that the expectation E[F}] con-

volves F}, with a Gaussian kernel:

Ey N [Fr(Y)] = (H % kpx ) (1),

whereas the target parameter is a convolution without &y, ®(u) = (H * ¢)(u). Thus,
a low-bias kernel is one that barely smoothes the Gaussian density: kj x ¢ ~ ¢. The

sinc kernel is motivated by this approximation in frequency space:'?> By taking the

101 ¥ is a sample mean of Normally distributed micro-data, ¥ = 1 Z;”:l Y(;) for Yi;y ~ N(u, m),
then sample-split means over Y(y),...,Y(,,) can be represented in the form (2.10).
11Throughout, we use O(-) to denote the analogue of big-O notation but ignoring logarithmic terms
in n.
12A large literature on Gaussian estimation and deconvolution follows similar ideas (Kolmogorov,
1950; Zhou and Li, 2019; Pensky, 2017; Tate, 1959; Stefanski, 1989).

9



Fourier transform of both sides, we would like a kernel for which
fene™"1? m e 2 for ky(w) = / En(t)e "™ dt.
R
The sinc kernel has Fourier transform 1(|w| < 1/h), which only truncates the high fre-
quency signals in ¢. Since ¢(+) has Gaussian tails, this truncation leaves it essentially

unchanged—allowing the bias to decay exponentially in 1/h (Proposition 1).

Remark 1 (Intuition for behavior under approximate normality of Y). The iden-
tity (2.8) is also suggestive of ASSURE’s robustness to viewing Y as approximately
Gaussian—though we leave a formal analysis to future work. Let Z ~ N(u,c?) and

suppose Y has mean p and variance o2, but is not necessarily Gaussian. Then
E((Y -~ K)F(Y) = o f(Y)]
= (= K)E[FY)]+E[Y - p)F(Y) - o’ f(Y)]
— (1~ K)E[F(2)] + (n - K) {(E[F(Y)] ~ E[F(2)]} + E(Y — n)F(Y) - 0°J(V)]

-~ -~

A B

The term A measures the discrepancy between the distributions of Y and Z in terms
of E[F(-)]. This term is controlled with various weak convergence arguments, such
as controlling the Wasserstein-1 distance between Y and Z. The term B measures
the extent to which Y does not obey Stein’s identity. It is often controlled directly
by central limit theorems using Stein’s method. As long as Fj, is sufficiently well-
behaved so that A and B are small by the approximate Gaussianity of Y, we would
like E[F,(Z)] = ®(u), for which the sinc kernel is optimizing. Simulation studies in

Sections 5 and 6 show robustness to the Gaussian assumption.

2.3. Discussion. We now contextualize our approach in the SURE literature and
compare it against a few alternatives. We also disambiguate our regret notion (2.4)

from the regret notions in these literatures.

Stein’s unbiased risk estimate. Our approach exactly mimics SURE: For Y ~
N(u,0?) and a differentiable estimator §(Y), the squared error risk of § is unbiasedly
estimable by T(Y;6d,0) = (6(Y) — Y)? 4 2025 (Y) — 02 (Stein, 1981), so that

E, [T(Y;6.0)] = E,[(5(Y) - n)?]. (SURE)

Thus, for compound estimation problems—predicting p; using 6(Y;; Z;, 5)—one could
form a risk estimator Rgurg(3) == L3 T(Y;6(-,8),0). This is the strategy pur-
sued in Xie et al. (2012); Kwon (2023); Cheng et al. (2025). This research often

10



invokes selection as motivation, but the shrinkage approaches are designed for esti-
mation; they are not guaranteed to be good for selection (Manski, 2021). We target

the selection problem directly.

Empirical Bayes. A popular framework for compound decision problems is em-
pirical Bayes (Efron, 2012), which models u; as random effects. This additional
distributional structure characterizes optimal decision rules as posterior quantities
involving the estimable distribution of u; (Liang, 1988, 2000, 2004; Karunamuni,
1996; Gupta and Li, 2005; Gu and Koenker, 2023; Kline et al., 2024). However, the
additional structure hinges on modeling and estimating the distribution of p; well,
which can make subsequent procedures and guarantees less robust.!® In particular,
our procedure can be viewed as a compound analogue of Liang (2000).

Our procedure is also complementary to empirical Bayes. Empirical Bayes-style
modeling for p; is powerful at generating classes of decision rules D that are reasonable—
indeed optimal if the model on u; happens to be correct. Choosing a member of D
with ASSURE provides guarantees for the compound selection problem directly—thus
not requiring researchers to take the random effects model fully seriously. When the
random-effects model is correct, tuning via ASSURE does little harm. For concrete-
ness, a model for y; that performs well in the empirical exercise in Chen (2025) is
wi | Zi ~ N(mo(Zs; B), s2(Z; B)), where myg, sg are flexibly parametrized by 3. Under
this prior,

55(Zi; B)
o} + s35(Zi; B)
This motivates using ASSURE to choose among the following threshold decision rules,
derived from inverting E[u; | Y;, Z;] > K; in Y :

Elp; | Vi, Zi) = mo(Z;; B) + (Y; —mo(Zi; B))

2
Derose-cavss = {5(Zuﬁ) = K; + m([(z - m0<Zi§ﬁ)) 1B e B} . (2'11)

From a formal perspective, the empirical Bayes literature (Jiang, 2020; Soloff et al.,
2024; Chen, 2025) often considers the difference in Wgp between the oracle Bayes

decision rule and the empirical Bayes decision rule:

)

1 « R
EBRegret, =E  ,.p.,~p [— > max(0,Epl; | Y, Z)] = K;) —u(P)

Yilpi, Zi~N(pio2) | TV

13 A similar concern—about the robustness of correlated random effect models—motivates the liter-
ature of fixed effect nonlinear panels (Dano et al., 2025).

11
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where u(P) = 237" | 1(Eplp; | Vi, Zi] > K;)(ps— K;). Relative to the regret criterion
(2.4) that we subsequently study, EBRegret, (i) takes another expectation under
Wim | Z1m ~ P, (ii) chooses the benchmark as the oracle decision rule 1(Ep[u; |
Yi, Zi;] > K;), and (iii) typically considers the class of posterior decision rules indexed
by an estimate of P. When the class of decision rules D is exactly the class of posterior

thresholding decisions, controlling (2.4) automatically controls EBRegret, :

EBRegret, = E  ,,..~p W(P) —u(P)| <E,, p[Regret,] = E,, . .p[(2.4)].
Yilpi, Zi~N(pi,02)

Treatment choice and policy learning. The decision problem (1.1) is a compound
version of the “testing an innovation” problem in Manski (2009), where pu; represents
the average treatment effect of a new treatment relative to a known status quo.
To connect to the treatment choice literature (Manski, 2004; Stoye, 2012; Kitagawa
and Tetenov, 2018; Athey and Wager, 2021), the compound aspect may represent n
parallel innovations that the decision-maker is simultaneously entertaining, or it may
represent discrete covariates taking on n values, wherein p; is the conditional average
treatment effect on covariate value i.'* The normality assumption on Y; corresponds
to the limit experiment in Hirano and Porter (2009), though rigorously justifying
this approximation through Le Cam—Hajek-style arguments remains important future
work (Hirano, 2023).

Our statistical perspective is distinct from the treatment-choice literature. First, we
aim for decision rules whose regret (2.4) converges to zero as n — oo, uniformly over
sequences (i, Z;)"_,. These decision rules are not necessarily minimax-FreqRegret for

any finite n, for FreqRegret defined as follows (e.g., in Ishihara and Kurisu, 2022):

1O 5
FreqRegret, = E,,,., - Z max (0, u; — K;) —u(f)| .
i=1

This means that ASSURE may suffer from higher worst-case FreqRegret for any finite
n. Conversely, minimax-FreqRegret decision rules, like the empirical success rule
a(Y;) = 1(Y; > 0) for K; = 0 (Proposition 1, Stoye, 2012), have non-vanishing
worst-case regret sup,,, Regret, = Q(1). That is, these decisions can be substantially
improved from the perspective of (2.4). See Remark 2 for further comparisons and
intuition.

14Though, from this perspective, the objective function (1.1) assumes that each covariate cell is
equally probable.

12



Second, our asymptotic regime is different from the policy learning literature (Kita-
gawa and Tetenov, 2018; Athey and Wager, 2021; Mbakop and Tabord-Meehan, 2021).
If a unit 7 is taken to be a covariate cell, we consider a regime where the number of
covariate cells is large, perhaps due to finer discretization of continuous covariates. In
contrast, the standard asymptotic regime in the policy learning literature considers
increasing sample size within each covariate cell, which can be approximately written
as 02 < ¢;/m for m — oco. Thus the regret rates we obtain are not directly comparable
to those in Kitagawa and Tetenov (2018).

Remark 2 (Comparisons to minimax-FreqRegret). The comparison between AS-
SURE-based decision rules and minimax-FreqRegret decision rules is analogous to the
fact that, in estimation settings, the maximum likelihood estimator §(Y;) = Y; is
a minimax estimator for py., in any dimension, but its squared error risk is domi-
nated by the James—Stein estimator for n > 3 (Lehmann and Casella, 1998). Indeed,
the James—Stein estimator is a minimizer of SURE under homoskedasticity, up to a
degree-of-freedom adjustment. Related examples, for the advantages of compound
decisions, are found in Robbins (1951/1985); Sun and Cai (2007); Koenker and Gu
(2024).

To intuitively understand how ASSURE improves over the empirical success rule
1(Y; > K;), note that certain aggregate statistics like m := 23" (u; — K;) are
precisely estimable from the data. Estimates of these statistics are informative. For
example, supposing that K; = 0, if our estimate for m is greater than zero, then
we have some evidence that the configuration of p; is on average positive. If we
are confident that m > 0, we should perform better by considering less conservative
decision rules such as §; = 1{Y; > —e}, since any mildly negative estimate Y; are
now more likely due to chance rather than a negative p;. ASSURE thus adapts the
selection decision to features of the data, implicitly betting on the estimates for m to
be accurate. Fixed decision rules—often motivated by concerns about the estimation

error for m—Ilack this adaptivity.

3. Theoretical assurances

This section presents statistical guarantees on ASSURE. The main results are upper
and matching lower bounds for expected regret (2.4). We first present general upper
and lower bounds for O(1/y/n) regret. Additional assumptions on sy, allow for a
faster rate by exploiting an analogue of the margin condition (Audibert and Tsybakov,
2005).
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3.1. Main regret bound. Our main result is the following (1/4/n)-regret bound.
Theorem 1 (O(1/+/n)-regret for ASSURE). Define the quantities

1 i 1 ) 1 i — K |F
= (=30 = (=3 |- K S
ok <n — UZ) T (n — i | ) o (n ~ o}

Suppose that the class of decision rules §(z; 8) forms a VC subgraph class with index

1/k 1/k

V(D) and envelope function D. Let [ = argmaxg W(B) be the optimal decision
chosen by ASSURE. Then, for B, the regret satisfies

my n logn
nlogn NZD
with M = \/V(D)(s2 +ma + (1+ va) | D], + (E|DI,) V).

Thus, assuming that s, mso, 4 are bounded and the envelope function D is con-

Regret,, <

trolled, the procedure achieves 10% regret in general. Constants in the regret rate

depend on various norms of the parameters. If all parameters are bounded, we have

the following corollary, showing a simple logn/y/n rate.

Corollary 1. Assume that jiy.,, 01.p, 01_:71” K., are bounded by an absolute constant
By, not depending on n. Let D be VC subgraph with envelope function D uniformly
bounded by a constant By. Then, for B = argmaxg W(ﬁ), we have sup,,, Regret, =
0 (5.

Theorem 1 builds on a standard empirical-risk-minimization argument:*® from the
optimality of #* and 3, recalling u(pB) from (2.2),

Regret,, < 2E {s%p W (B) — W(ﬁ)|] +2E {s%p lu(B) —W(B)|| . (3.1)

The 1/4/n-rate follows from analyzing the empirical process [ +— W(ﬁ) — W(p).
Proposition 1 shows that [IW(3)—W (8)| = Op(logn/n) pointwise. Empirical process
arguments control this uniformly.'® We modify standard empirical process arguments

to accommodate independent but not identically distributed data in our setting.

15See, e.g., 8.4.3. in Vershynin (2009). Regret guarantees (2.4) are related to, but are distinct
from, excess risk control in empirical risk minimization. Standard empirical risk minimization (e.g.,
Theorem 8.4.4 in Vershynin (2009)) controls—in our notation—the welfare gap W (5*) — E[W (3)].
This is a different quantity than (2.4) since E[W (3)] # E[u(8)]. E[W(3)] imagines evaluating /3 on
a new draw of Y;, whereas E[u(B)] evaluates 3 on the same sample of draws Yi.,.

16The VC subgraph assumption is standard but not crucial, as long as an appropriate covering
number of the decision class is controlled. We state our results in terms of the VC subgraph
dimension for simplicity.
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3.2. Examples. We now give several examples of function classes with finite VC

dimension.

Example 1 (Simple truncation rules). Consider decision rules
Dthreshold = {6(2?5) =k+ 5 : B S [_M7 M]} :

Let 3 be restricted to a compact set [—M, M. Dipreshola 18 VC subgraph with a uniform
envelope function k£ 4 M, satisfying the requirements of Theorem 1 and Corollary 1.

Dinreshola s common; see Crippa (2025) for several examples.

Example 2 (Thresholding t-statistics). Consider decision rules
Dt—stat = {5(276) - k +60- : 6 € [—M, M]}

Such rules nest selection via one-sided p-values, common in digital experimentation
(Sudijono et al., 2024) and medicine (Manski, 2019).'” For ¢; bounded, D is VC

subgraph with a uniformly bounded envelope function.

Example 3 (Finite Classes of Decision Rules). Suppose now a discrete decision class

Diinite consisting of p different decision thresholds

{6D(2),...,0"(z)}.

A finite class of functions is VC subgraph. If sup;,_; _, 6@ (z) is uniformly bounded,
then Theorem 1 and Corollary 1 apply. By standard arguments, convex combinations

of these decision rules are also VC subgraph.

Example 4 (Gaussian Empirical Bayes Models). Recall in Eq. (2.11) the decision

rules obtained by imposing the prior

pi | Zi ~ N(mo(Zz‘;ﬁ)ﬁg(Z@;ﬁ));

and selecting a unit if its posterior mean is greater than K;. Rearranging this yields

2

Derose-cavss = {5(2176) = K; + m([(z - mO(Zhﬁ)) 1B e B} .

1TThese decision rules can be shown to be Bayes optimal for a class of exponentially tilted improper
priors.
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Particular choices of my, s3 yield important examples. For example, taking both
mo = po, s2 = 72 to be constants independent on Z; generates linear shrinkage deci-
sion rules where the parameters are 5 = (g, 7) :

o?
Diinear-shrink := {5(Zi; B)=K;+ T_;(KZ — o) : B € R2} - (3.2)

Next, taking s to be a constant and mg to be the linear model X, 3 where X; are

auxiliary covariates yields the well-known Fay-Herriot model (Fay III and Herriot,

1979):

02

Dry i o= { K+ (06— X 6) 5 (4,5) € R} 33)
For either model, empirical Bayes procedures typically plug in estimates of jg, 7%, A
using the method of moments or maximum likelihood. See Ignatiadis and Wager
(2019) and Luo et al. (2023) for other empirical Bayes methods which utilize covariates
or side information.

Finally, Chen (2025) discusses fitting models mg(a;), s2(o;) only depending on a;.
Chen (2025) considers fitting myg, s2 nonparametrically and also parametrically using
the model

2
Derose-cavss = {Kz + m(}(z - mO(Zz‘; 6)) SYONS B} (3'4)
mo(Zi; B) = a1 + aso; (3.5)
s2(Z;; B) = exp(by + by log o), (3.6)

with 8 = (a1, as,b1,by) € RY. ASSURE can be used to tune the parameters 3 for
the parametric specification. We also discuss how to use ASSURE to improve on the
nonparametric method in Section 4.

These decision threshold classes are VC subgraph: the thresholds for linear shrink-
age (3.2) and the Fay-Herriot model (3.3) can be reparametrized to be linear. Propo-
sition B.4, via model theory, shows that parametric CLOSE-GAUSS is VC-subgraph.

3.3. Lower bound. Theorem 1 is unimprovable in the worst case, up to log factors.

Theorem 2 (Matching Regret Lower Bounds). Fix 0; = 1 and K; = 0 for all i.
Without loss of generality, assume W (; p1.,) is defined with respect to the thresholds
d(Z;i; B) = B € R. Let M > 0, then over all decision rules a;(Y1,...,Y,) € [0,1],

inf sup  Regret, (a1.,) > —,
a():ai€[01] 1y e[—1,1]n s ( ' ) \/ﬁ
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where

1 n
Regret, (a1.,) := sup W(B; 1) — — E il lai(Yr, ..., Y)] (3.7)
1BI<M ni3

Here, C' is a constant that only depends on M.

Here, the regret notion in Theorem 2 compares the welfare of an arbitrary decision
a;(Y1,...,Y,) to the expected welfare of the best decision in the thresholding class
restricted to || < M. Lower bounds for this quantity thus imply lower bounds when
we allow the oracle to be more flexible than using § = 3.1

Theorem 2 is derived by considering cases in which, for some h > 0, either u; =
h/\/n for all i or p; = —h/y/n for all 4. In this case, the optimal §* is either +M
or —M, meaning that W (-) is maximized on the boundary instead of at a local
maximum. In fact, when * is a local maximum, the upper and lower bounds can be
improved to O(1/n).

3.4. Fast Rates for ASSURE. In particular settings, the performance for ASSURE
can be better than the O(n~'/?) rate predicts. Technically, this is due to the fact that
the derivatives of ASSURE also estimate the derivatives of welfare (1.2) as shown in
Theorem B.3. This analysis shares similarities with the kernel estimator introduced
by Liang (2000) for the random effect case.

The assumptions needed for the improved rate are reminiscent of the margin con-
dition used to achieve fast rates in classification and treatment choice (Audibert and
Tsybakov, 2005, 2007; Kitagawa and Tetenov, 2018; Ponomarev and Semenova, 2024;
Crippa, 2025). There, the margin condition bounds the density of difficult examples
near the optimal classification boundary. Intuitively, with many units near the classi-
fication boundary, it is difficult to distinguish between different candidate parameter
values, meaning that the objective function lacks a cleanly separated maximizer. This
is exactly the failure mode that Theorem 2 exploits for the lower bound, which we
rule out in Assumption 1.

For simplicity in the proof, we will restrict to the d = 1 case which covers a range
of examples. We leave the multidimensional extension to future work. Suppose the

following conditions hold.

Assumption 1. (A1) (Boundedness). Suppose that jui;, K;,0;,0; ' are all bounded

in absolute value by a constant B. Furthermore, suppose that the decision

18Gince the setting in Theorem 2 does not have contextual information, the optimal separable decision
rule does take the threshold form. An analogous regret notion was considered by Polyanskiy and
Wu (2021) in their Eq. (12) for the mean square case.
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rules (-, Z;) are smooth and L;-Lipschitz for each i. Further, assume that the
decision rules and all derivatives are uniformly bounded by a uniform constant
B.

(A2) (Unimodality). There exists a global maximizer * at which W(8*) > 0
moreover 3* is the unique local and global maximizer.

(A3) (Curvature). W"(p*) < —k for some positive Kk > 0, not depending on
P T

(A4) (Well-separated Maximum). There exists & > 0 not depending on puy, . .., fi,
such that

sup W (B) < W(B") —&.
|B—B*|>r/B

For convenience in the proof, we additional conditions on the decision rules and

search space.

Theorem 3 (Fast Rates for ASSURE). Suppose Assumption 1 holds. Furthermore,
suppose that 3 is restricted to a compact space © of finite volume, which includes
p*. Lastly, suppose that the derivatives &' (3, z),0" (5, z) form VC subgraph function
classes with index V(D'),V(D"). Then the regret of ASSURE satisfies

[ - u®)] =0 (TE)

n

Example 5 in Appendix B.5.3 illustrates a class of decision rules and lower-level
assumptions on jiy., for which Theorem 3 applies. A heuristic argument for Theorem 3

is as follows. If B is a local maximum of W, then from a first-order Taylor expansion,
0 =W'(3) = W'(5") + W"(8°)(B - 5.
= W'(B") = W'(5°) + W"(5)(B — ).

It can be shown that W’ estimates W’ uniformly at rate O(1/+/n), from which it

follows that 5 — 8* = Op(1/y/n). Another Taylor expansion W(3) ~ ( *) +
W”(3*)( — 8*)? shows that the welfare gap is O(1/n): W(j3) — W(5*) = (1/n)
Finally, we consider a leave-one-out stability argument to control E[W (3) — u(3)]."?

Finally, we present a matching lower bound for the fast rate.

Theorem 4 (Fast Regret Lower Bounds). Consider the homoskedastic o; = 1 costless
case with the decision rules {Y; > [} ranging over § € R. Let © = ©,,,, C R" be
the space of (pq,. .., pu,) satisfying the assumptions (Al)-(A4) for a fixed €, k. Then

197pe log factors are likely not tight and removable with a more refined application of empirical
process theory.
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there exists choices of & and k such that

inf sup Regret, (ar.,) = Q(n™),
a(-):a;€{0,1} M:ne%" g ( 1 ) ( )

with Regret, (a1.,) defined as in (3.7).

The intuition for Theorem 4 is to lower bound the compound regret by the Bayes
regret for a well-chosen prior and then further lower bound the Bayes regret by Le
Cam’s two point argument.”’ We will show that the Bayes regret for this problem
can be interpreted as a type of weighted classification loss, building on an insight by
Polyanskiy and Wu (2021). As a result, Theorem 4 may be of independent interest

for empirical Bayes testing with linear loss.

4. Extensions

4.1. Other observation distributions. The approach—finding an estimator for W
and optimizing this estimator over decisions—can be extended to settings where the
observation distribution is non-Gaussian. For certain exponential families like the
Poisson distribution and exponential distribution, one can find an exactly unbiased
estimate for the welfare W. The intuition for these cases is to exploit a formula akin

to Tweedie’s formula. We focus on the Poisson setting as it frequently appears in

empirical Bayes and compound decisions.?!

In this setting, let pu; > 0 and Y; ~ Poi(;). Again, associated with each decision
problem is a cost K; and auxiliary information Z;.?> Consider any integer-valued
decision rule 6(Z;; 8) parametrized by . Then the estimator

n

Woa(8) = > (VLY > 0(Z3f) + 1} - Kl {¥i 2 6(Z:9)}) (&)

i=1
is the analog for ASSURE.

208ection 3.1 of Liang (2004) states a Q(n~") lower bound for a related but distinct regret quantity,
where the decision rule is learned from data points Y7,...,Y, and evaluated on a newly drawn
decision problem (41, Y,+1). We are concerned with an “in-sample” version of Liang (2004)’s
regret, motivating a distinct proof strategy.

21gee Chapter 6 of Efron and Hastie (2021) for an overview of classic applications of the Poisson
model to insurance claims, the missing species problems, and medical applications. See Jana et al.
(2022, 2023) for modern methods to this problem and also Montiel Olea et al. (2021) for econometric
applications.

22For example, analogous to o; in the Gaussian case, Z; might include the known length t; of the
observation window for the Poisson outcome Y;. If the unknown parameter p; denotes the Poisson
rate per unit time, then Y; ~ Poi(u;t;). The decision rule might incorporate the observation window
t;.
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Proposition 2. The Poisson ASSURE estimator Wpo;(ﬁ) is unbiased for the welfare

1 n
W(B; prn) =W (B) := o Z (ki — Ki) P(Y; =2 6(Z;; B)). (4.2)

i=1
Under mild conditions, ASSURE achieves 1/4/n regret, which is optimal. In contrast
to the Gaussian case, the discreteness of the Poisson distribution suggests that no

fast-rate regime is available.

Theorem 5 (Regret upper bounds for the Poisson Case). Let my, := (% S f)l/k )
Suppose the class of decision rules D is a VC subgraph class with index V(D). Then

ASSURE for Poisson observations has regret at most an absolute constant times

S VD) + ).

We prove the upper bound by appealing to the similar empirical process theory
arguments as in the Gaussian case. We suspect some of the assumptions of Theorem 5
may be further relaxed. Mirroring the argument of the Gaussian case, we have a

matching lower bound. Proofs of these results are in Appendix C.

Theorem 6 (Matching Regret Lower Bounds). Fix costs K; = K > 0, and let © be
a compact interval containing a neighborhood of K. We have
inf sup Regret, (a1.,) = Q(n~?),
a(-):aie{O,l}“l:nep@n g ( L ) ( )

where Regret,, (a;.,) is defined analogously to (3.7) except with u; replaced with p;— K.

Remark 3. Consider the case K; = K and the threshold class of decisions Y; > 9,0 €
R. An alternative empirical Bayes approach to the Poisson selection problem is to

threshold the Robbins estimator given by

Ny41

iy) = (y + 1)T (4.3)

y
where N, := # {i : Y; = y}. The estimator can also be used for selection in the strict
compound case. That is, select all indices ¢ for which the Robbins estimator is greater
than K. By rearranging fi(Y;) > K, one can see that truncating the Robbins esti-
mator bears a passing resemblance to the ASSURE decision. However, truncating the
Robbins estimator does not respect monotonicity. The estimator (4.1) regularizes and
enforces this monotonicity, giving a more stable and intuitive alternative to decisions
based on the Robbins estimator (Brown et al., 2013; Jana et al., 2022).
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4.2. Complex Decisions. We discuss how to extend the ASSURE framework to ac-
commodate complex, non-separable decision rules 6(f, Z1.,, Y_;) which may depend
on the outcomes and auxiliary information of other units. For example, an ana-
lyst might consider making decisions using empirical Bayes posterior mean estimates
Exlui | 0i,Y:] and flexible machine-learning models F(X;) that estimate the regression
E[Y; | X;]. In both of these cases, it would be desirable to estimate G and model f
using the data itself.
By a similar argument to Proposition 1, one can create a near unbiased estimator
of the welfare of this decision rule using a leave-one-out cross fitting construction.
Redefine the ASSURE summand (2.5) with the decision rule §(3, Z1.,, Y_;), so that

. L . Y; - 5(/8a Zl:n7 Y—z) 0; . Y; - 5(57 Zl:na Y—z)
wi(Yi; B, Zi, Y_;) :== (Y;—K;) Csinc ( o - sinc o .

Then,

1 n
- E }/;a 7ZiaY—i = - E }/;7 ZzaY Y—i
3O B0, 2, }j wn(Yis 5. 26, Y1) | V-1

Q

% Z MZ]E [CI) (:ul — 5(ﬁ, Zl:na Y*’L))] ;

which can be interpreted as the average welfare of using the non-separable decision
rule. Proposition 1 shows that the bias in the above approximation is small.

Given this observation, a simple construction is the following. Let m( )(y, o)
be a posterior mean function obtained by applying an empirical Bayes method on
the data (Y_;,0_;). Let m( )(y, o) denote the same for a different empirical Bayes
method. Finally, let f denote a machine learning model trained using the data
(Y_;, X_;). Consider the class of decision rules which selects a unit whenever the

ensemble prediction of these models is greater than the implementation cost:
bim " (Yi, 03) + bom ) (V;, 03) + by [0 (X) > K (4.4)

where the parameters = (by, be, b3) are restricted to be in the unit simplex. Exten-
sions to multiple empirical Bayes posterior mean models or machine learning models
is straightforward. By the monotonicity of the posterior mean function, the left hand
side of (4.4) is increasing in Y;: the decision is equivalent to Y; > §(5, Z1.,, Y_;) for
some function §. As a result, ASSURE can be used to tune the parameter 5. Under
mild stability assumptions and for large enough samples, ASSURE is expected to per-

form no worse than the constituent models since the decision class nests each model
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individually. This ensemble class thus immediately enables ASSURE to improve on
any fixed empirical Bayes decision method and illustrates the utility of the framework.

We defer a detailed theoretical analysis of the ensembling method for future work.

5. Simulation Results

This section conducts two calibrated simulations where the p;’s are constructed by
sampling from some estimated empirical Bayes model. In each draw of the simulation,
we then sample Y; ~ N(u;, 0?). Code to replicate these simulations and the empirical

applications in the next section may be found on Github.

5.1. Calibrated Opportunity Atlas Simulation. We first consider a calibrated
simulation based on the Opportunity Atlas (OA) dataset from (Chetty et al., 2018;
Bergman et al., 2024). See Section 6.1 for further background on the underlying
dataset. The data for this simulation comes from a simulation exercise of Chen
(2025) and is generated by sampling ji1.,,n ~ 10%, from a Monte Carlo sample of
an empirical Bayes prior fitted on the OA dataset. We compare several classes of
methods by evaluating the in-sample welfare obtained by the chosen decision using
the known p;. In particular, we compare (a) the linear shrinkage class in Eq. (3.2),
(b) the Fay—Herriot class of Eq. (3.3), and (c) the CLOSE-GAUSS decision class of
Eq. (2.11). In each of these three classes, we compare (i) empirical Bayes with plug-in
estimates of prior parameters against the decisions selected by (ii) ASSURE and (iii)
coupled bootstrap (2.9). In addition we include two NPMLE methods, and finally an
ensemble tuned using ASSURE as in Section 4. Complete details on the simulation
setting are given in Appendix D, alongside further numerical results.

Figure 2 presents our results. For the linear shrinkage and Fay-Herriot classes,
ASSURE consistently produces decisions that improve over the respective empirical
Bayes baselines. These improvements highlight that ASSURE robustifies empirical
Bayes procedures, improving performance when empirical Bayes models are misspec-
ified. Indeed, these respective empirical Bayes methods assume that the p; are drawn
from Gaussian priors with a fixed constant variance. This assumption is questionable
in the present dataset, as can be seen in Figure 4. When the model is misspecified,
ASSURE selects a better-performing set of parameters within the class. This gain can
be significant, as seen in the linear shrinkage class.

For fairly well-specified empirical Bayes models, ASSURE does little harm and
performs comparably to the respective empirical Bayes method, as shown by the
comparison between methods CLOSE-GAUSS and the ASSURE-chosen decision in
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FIGURE 2. Semisynthetic simulation comparison on Opportunity Atlas
dataset. Box and whisker plots summarize 40 Monte Carlo runs where
only Y; are redrawn. Constant costs are taken with K = 0.361, which
is motivated in Section 6.1.

the class. As expected, ensembling produces decisions which outperform CLOSE-
GAUSS and CLOSE-NPMLE. Because covariates are predictive of the true effects, we
expect the ensemble method to strictly outperform the empirical Bayes counterpart.
Across these simulations, ASSURE and coupled bootstrap have similar performance.
Although theory suggests a better rate (O(n=%%) vs. O(n%4)), the difference appears
negligible in our samples; it may nevertheless be economically meaningful at large
n. The performance of our methods appears robust to the normality assumption,
as shown in Figure 11. Appendix D details additional specifications where both

normality is misspecified and the covariates are uninformative.

5.2. Calibrated Experimentation Program Dataset. Next, we present results
on a semisynthetic dataset derived from the experimentation program dataset of Sec-
tion 6.2. The specification is somewhat challenging due to smaller size of the dataset
(n =~ 330) and the large heterogeneity in the o;, as seen in Figure 7. On this dataset,
we evaluate three classes of decision rules: (a) the t-statistic/p-value threshold rules
given in Example 2, (b) linear shrinkage rules, and (c) the Fay-Herriot decision rules.
We also consider the performance of standard nonparametric maximum likelihood
(Jiang, 2020).

Figure 3 shows the results. Importantly, both ASSURE and the coupled bootstrap
method consistently identify a better choice of t-statistic threshold than the fixed
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F1GURE 3. Experimentation program semisynthetic simulation, with
X; = p;+oitio, (p = 0.7). Boxplots show 100 Monte Carlo comparisons
where Y, is rerandomized.

decision rule corresponding to p < 0.05. The performance of both ASSURE and
coupled bootstrap are comparable to the corresponding empirical Bayes methods in
the linear shrinkage class and Fay—Herriot class, but somewhat more variable due to
the smaller size of this dataset. In contrast to the data from the Opportunity Atlas
in Section 6.1, the empirical Bayes assumptions underlying the plug-in methods are
not unreasonable for this dataset, and thus ASSURE does not provide improvements.
Nevertheless, even with a good empirical Bayes model, applying ASSURE does not

significantly harm performance.

6. Empirical Applications

6.1. The Opportunity Atlas. The Opportunity Atlas (Chetty et al., 2018) pro-
vides census-tract level estimates of economic mobility as measured by a suite of
children’s outcomes in adulthood. For each tract, multiple economic indicators such
as earnings and incarceration rates are estimated by strata such as parental income,
race, and sex. Building on the Opportunity Atlas dataset, Bergman et al. (2024)
conducted the randomized trial Creating Moves to Opportunity (CMTO), offering
low-income families housing vouchers and assistance to move to neighborhoods with
historically high upward mobility. Implicit in defining highly upward-mobile tracts is

a compound selection problem where the goal is to select the top 1/3 upwardly-mobile
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tracts. Bergman et al. (2024) and Chen (2025) approach this selection problem using
empirical Bayes.

We consider the related selection task as defined in (1.1) on a particular economic
mobility outcome pictured in Figure 4, where the mobility measure is the average
adult income rank of children whose parents are at the 25th percentile of income. For

each Census tract ¢, we decide whether to select it as high-mobility.

Opportunity Atlas KFR Estimates Opportunity Atlas KFR Estimates
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FIGURE 4. Visualization of Opportunity Atlas estimates from (Chetty
et al., 2018; Bergman et al., 2024). Each point represents a census tract
within the largest 20 Commuting Zones, measuring the household in-
come rank in adulthood for Black children, with genders pooled, whose
parents were at the 25th percentile of income.

We consider the class of linear shrinkage decision rules given in (3.2) with spec-
ifications of K; to be discussed below. Recall that this class of decisions can be
motivated by assuming that u; ~ N(myg, s2), popular in many empirical economic

contexts (Walters, 2024), which motivates the decision class:*

ID{inear-shrink = {5(217 5) =K + BO-? : 5 € R} . (61)

We compare fitting the plug-in empirical Bayes estimator discussed in Example 4 to
the ASSURE chosen decision in the class (6.1). We consider three settings for costs
K;, which will be assumed constant for simplicity, given by {0.2,0.361,0.369}. The
first specification corresponds roughly to the treatment cost in (Bergman et al., 2024).
The latter two choices are different specifications which emulate the top 1/3 selection

exercise in Bergman. Details are given in Appendix D.

Z3With constant costs, the linear shrinkage decision class simplifies to this form.
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FIGURE 5. ASSURE estimate curves for linear shrinkage class with con-
stant costs on the OA dataset of Figure 4. See text for an explanation
of the different cost regimes. Grey lines indicate 1.96 times the stan-
dard errors of the ASSURE estimate, calculated pointwise.

Figure 5 shows the results. For K = 0.2, the majority of census tracts likely have a
parameter p; which is greater than the cost K = 0.2, so the optimal decision is to se-
lect more tracts. In this case, the empirical Bayes plug-in and ASSURE chosen decision
are comparable in performance. In the two other specifications K € {0.361,0.369} ,
the cost tradeoffs are more meaningful. The ASSURE welfare estimate suggests that
the empirical Bayes plug-in is meaningfully suboptimal compared to the optimal de-
cision, which takes [ slightly less than zero. Figure 6 visualizes the difference, where

ASSURE selects more aggressively.

ASSURE Decision for OA Data: K=0.361

Selected by ASSURE
0.4- Selected by EB
' ASSURE Decision Boundary
---- EB Decision Boundary

0.2
¥
I
=

0.01 EEEEEE

—0.2 1

000 002 004 006 008 010 012 014 0.16
i

FIGURE 6. ASSURE decisions and empirical Bayes decisions overlayed

on Opportunity Atlas data. K = 0.361, matching the middle panel of
Figure 5.
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This example shows that the ASSURE estimator has utility beyond just selecting
a near-optimal decision through a black box. Consider again the left-hand side of
Figure 5. The estimated curve suggests that decisions where < 0 are all roughly
equivalent in terms of expected welfare. Policy-makers can then choose a decision
amongst this near-optimal subset on the basis of other criteria, such as to maximize
another metric, or for interpretability. ASSURE therefore enables decision-makers to
certify a status-quo decision if the estimated welfare is near-optimal. In other settings,
it may also reveal that a status quo decision might be far from optimal, as discussed

in the next empirical application.

6.2. Experimentation Programs. In the technology industry, experimentation pro-
grams are large collections of related A /B tests where the goal is to move a metric of
interest (Azevedo et al., 2020; Sudijono et al., 2024; Chou et al., 2025). By explicit
randomization, the treatment effect estimates Y; are plausibly normally distributed
around their true unknown average treatment effects p; (Goldstein, 2007; Li and
Ding, 2017). p; are measured in some metric of practical business interest. We take a
dataset of anonymized treatment effects from Netflix (Sudijono et al., 2024), consist-
ing of treatment effects and standard deviations for 331 feature experiments. Figure 7
shows some descriptive statistics for the data.

Our goal is to select a subset S of innovations ¢ to implement in the platform.
Azevedo et al. (2020) explicitly introduce the problem of choosing a subset of indices
i in order to maximize the welfare (1.1) in the Bayes setting where fi1., "G Past
work typically takes the empirical Bayes approach where G is estimated from large
repositories of past A /B tests. In some cases, the Bayes assumption may be too strong.
For example, innovations are often created as variants of the same idea, suggesting
correlation between the returns to innovations. In new experimentation programs, no
past data may be available to estimate G. In the absence of a trustworthy prior, the
compound decision formulation is a compelling alternative.

The status quo decision procedures in the industry is the ¢-statistic decision class of
Example 2. Traditionally, the chosen threshold corresponds to a one-sided p-value of
0.05. We use ASSURE to select the threshold g that maximizes the expected welfare
of the decision W(3) = > i (i — K;)P(Y; > Po;) with K; = 0. Figure 8 shows
the ASSURE estimate W(,@) as a function of the curve C. By maximizing the curve
/W(ﬁ), ASSURE suggests to use a decision corresponding to C' = 0.

The data in this application are anonymized: both the treatment effect estimates
and standard deviations are obfuscated by random multiplicative factors. Thus, the
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Standard Errors

0.00

optimal decision cannot directly be interpreted, though we hope this section serves as
a template for the reader to conduct similar exercises on their own datasets. Despite
this, the shape of the estimated welfare curve suggests that a lenient threshold is
more warranted than a conservative one, questioning the optimality of the industry-
standard p < 0.05 decision rule. Other papers in the experimentation literature find

similar conclusions under different frameworks Azevedo et al. (2020); Berman and

TEs vs Std. Errors

TE Histogram

SE Histogram

3

-0.2 0.0
Treatment Effects

FIGURE 7. Left: Treatment effect estimate vs.

preserve confidentiality.

0.2

Counts

-0.2

0.2

0.00

0.02

0.04
(]

0.06

standard deviation
estimate for a dataset of 330 feature experiments from a large online
tech company. The orange line and orange dots highlight tests which
pass the traditional p < 0.05 criteria for statistical significance. Right:
histogram of the treatment effects estimates. Both treatment effects
and standard errors were multiplied with different random factors to

Return Estimates for Experimentation Programs

—— ASSURE Estimate
p =0.05 Default
¥ Optimal Decision

z-value threshold

FIGURE 8. Blue line shows welfare estimate 17[/\(5) for decisions of the
form Y; > fo;. Anonymized data on treatment effects from a single
experimentation program. As such, the y-axis scale is obfuscated.

Van den Bulte (2022); Sudijono et al. (2024).

As reflected in the literature, the suboptimality of p < 0.05 in the compound setting

is not surprising when K = 0. In general, measuring costs for A /B tests is a difficult
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Return Curves under Cost Multipliers Optimal Threshold vs. Cost
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FIGURE 9. Left: ASSURE estimated welfare curves for t-statistic de-
cision class Y; > K + (o; with constant costs K corresponding to
multiples of the median absolute value of treatment effect. Right: opti-
mal ¢-statistic decision threshold chosen by ASSURE. Grey dashed line
corresponds to the p < 0.05 decision.

firm-specific exercise. Often costs are implicit, reflecting a host of factors including
upfront costs of implementing and increasing future complexity of the platform. A
useful exercise is to back out the implicit costs that justify the p < 0.05 decision
rule and to use this as a heuristic benchmark when choosing a p-value threshold in
practice. As a starting point, we set the cost for each decision equal to s times the
median treatment-effect size across the dataset, for various values of k. The left panel
shows the estimates W(ﬁ) for various levels of k. As k grows, the optimal decision
generally becomes more conservative. The right panel of Figure 9 shows the ASSURE-
optimal t-statistic threshold as a function of the cost multiplier. The true optimal
threshold is generally non-decreasing.?* Crucially, Figure 9 suggests that the p < 0.05

rule can be rationalized by costs that are roughly twice the median treatment effect.

6.3. Discrimination in Large Firms. In this empirical illustration, we demon-
strate how selection decisions at the individual level can differ when using ASSURE
versus thresholding on nonparametric EB estimates. Kline et al. (2022) conducted
a large correspondence experiment, sending up to 1,000 job applications to each of
108 firms. Here p; is the firm contact gap and Y; is the average difference in callback
med threshold in Figure 9 is decreasing due to finite-sample effects and the form of

the ASSURE estimator. The discontinuous jumps are however also present for the true optimal
thresholds.
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across pairs of resumes within a firm. Specifically, each firm in the sample had ap-
proximately 125 job listings throughout the experiment. For each job, applications
were sent in pairs, one with a distinctly white-sounding name and the other with a
distinctly black-sounding name. Other attributes in the resume were randomized.
The difference in callback rates between races is then averaged over jobs to create Y;.
The normality assumption—also used in Kline et al. (2022)—is well justified by the
paired randomization.

Based on an auditor with an “extensive margin” preference, Kline et al. (2022)
found 23 firms to discriminate against Black applicants, controlling false discovery
rates to the 5% level. To adapt their setting for our illustration, we instead consider
an auditor with an “intensive margin” preference, whose objective is to maximize
the expected welfare gain from an investigation selection rule S given by >~ (p; —
K)P{i € S} where K is the cost of an investigation. Using the nonparametric EB
estimates of Kline et al. (2022), adapted from Efron (2016), a Bayesian interpretation
implies setting K = 0.025 to match with the selection of 23 firms,

To demonstrate how ASSURE can make different selections in practice, we consider

the linear shrinkage class with constant cost K = 0.025 as specified in Eq. (6.1).

White vs Black

1
P N 0.100
0.006 1 I N ®
_____ - i " 0.075 5 8@ ®
9 0.004- 1 ~ 2
© i - T 0.050 0q,®
2 0.002 ' & 0025 o
| - % o
o ! ® 00 O 0ok
g . ] © 0.000 : § > 1)
£ 0.0001 e RANY g .
= - e - S -0.025
-0.002 1 -~ ! o *  Selected by ASSURE
_/,A'SQURE H -0.050 O Selected by thresholding posterior mean
-~ Implied tuning by plug-in EB —— ASSURE Decision Boundary
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-80 -60 -40 -20 O 20 40 60 80 0.00 0.01 0.02 0.03 0.04 0.05
(K= mo)/sg Standard Error
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FIGURE 10. ASSURE and linear shrinkage rule on data from Kline
et al. (2022)

As shown in Figure 10(b), comparing with the nonparametric EB estimates of Kline
et al. (2022), the selections by ASSURE are largely concordant, including a few more
but excluding a firm with noisy estimate. As argued before, the linear shrinkage
class can also be motivated with a parametric normal prior. Figure 10(a) shows that
directly plugging in estimates for (mq, so) would give a higher threshold and select

fewer firms than ASSURE.
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7. Conclusion

In this work, we introduce ASSURE, a data-driven approach for compound selec-
tion decisions. By using a near-unbiased estimate of the welfare, ASSURE targets
an instance-specific optimal decision while making only mild assumptions on the un-
known parameters p1.,. This robustifies empirical Bayes procedures where it may
be difficult to justify distributional assumptions on pu;. Section 6 discusses the per-
tinence of the Bayes assumption in our empirical applications. Another strength of
ASSURE is its flexibility to validate a wide range of decision procedures, including
those that use covariates and other auxiliary information. The construction of Sec-
tion 4 allows decision-makers to improve on any black-box empirical Bayes decision
by ensembling. In applications with large n, the ASSURE-optimal decision procedure
consistently improves over plug-in empirical Bayes estimates. At the same time, the
ASSURE estimator is also a useful tool for heuristic decision making: the nearly-
unbiased welfare estimates produced by ASSURE allow a policy-maker to screen out
clearly poorly-performing decision procedures or validate a fixed decision rule. For
these theoretical and empirical reasons, we envision ASSURE as a useful tool for

selection decisions in practice.
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Appendix A. Proofs for Sec. 2

Throughout, define
Y,—C\ o (Yi-C
U,(Y:; Z;, C) := (Y — K;) Csinc — Ziine (A.1)
O'Z'h h O'ih
Proof of Proposition 1. We leverage the fact that for all a € R,

/ PO g = zsign(a).
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(= K)® (H_C>

I(M—K)/_Zl{y ¢ =0} ¢<y0M>d3~/
o (b (529 s (52)
zé(u—K)Jri(u K)/OO | 1/hsin(w(y—0)/0)dw gp(y;ﬁt) dy

= = K) + (- Klﬁﬁ}/ / el = A7)y, s0< - )dy

The last step follows from DCT, noting that

/“h sin(w(y — C)/o) ,

sup

h w

= s%p|Si(h(y —C)/o)] =K <0

if x > C, for an absolute constant K. A similar calculation shows when x — C' < 0
the integral is bounded above by the same uniform constant K. Thus an integrable

dominating function is given by K¢((y — p)/o)/o. Now applying Fubini’s theorem,

39



we can switch the order of integration and apply Lemma A.1:
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Again we may apply Fubini noting that the integral over w, being over a compact
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domain, is finite, yielding
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hl0 T w
L/ sin(w(y — o sin((y — o B
— 1}1\%171_ - [/0 (y_ k‘) ( (yw C)/ >dw . (((yy_ CC(;)//Uh )] %(p (¥> dy

Y -C o . Y -C
_lﬁﬁ)l]ELT(y k)S< ho )—Esmc< ho )}

To finish the proof, note in the previous line of equalities that we showed

(4 — K)® (“ - C) — = B+ 2= 8 [ e st - O

o w
1 1 Uhl o
BU(Y. Z,0) = 5~ K) + 2= K) [ Ze i sinu(n — €) o)
T 0 w
interpreted as Lebesgue integrals and Z = (K, o). Thus
w—C N B )
(u— K)® —EV,(Y,Z,C) = —e 2 (p— K)sin(w(p — C)/o)dw
o 1/h w
which has an upper bound given by
K - K
|p— K| 3t < hip = K| [* 12
m 1/h UJ T 1/h

< h2|M— K|€—1/2h2‘
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The last line follows from the Mills ratio bound. This bound holds uniformly over
C,o0. As a result, the bias for /Wh is bounded above by

(l Z |1i — KZ|) R2e—1/2h?
n-
=1

Next, we establish the second claim

B | (o) -w@) | -0 (*21),

n

pointwise in 3. Recall the Gaussian Poincare inequality, which states that for ¥ ~
N(0,1), Var f(Y) < E[f'(Y)?] where f is a differentiable function. Let Y ~ N(u, 0?).
Applying the Gaussian Poincare inequality to the function f(u + ox), we find

Var f(V) < 0°E [ f’(?)?} .
It is not difficult to see that
, 1 |0(Zi; ) — K
|aywh(y7 ZZ?B)| 5 ﬁ + O‘ih .

Indeed, Oywp(y; Z;, B) = 0,V (y; Z;, 6(Z;; B)) and we can compute
— Ki -C ~-C 1 —C
0y (y; Z;, C) = Y ool sinc (yaih ) + Csine (yaih ) B ﬁsinc' (yaih )
—y—osinc y-C —l—C_Kisinc y-C
~ oih oih oih oih

) y—C 1. ,(y—C
—i—Csmc( p—y > h231nc < s )

Recall from the definition of Csinc that it is uniformly bounded since the Sine

(A.2)

integral function is. From the calculation in Lemma E.2, it is easily seen that sinc, sinc’
are uniformly bounded as well. Finally, ysincy = %siny which is also uniformly
bounded. (A.2) follows. Now, applying the Gaussian Poincare inequality with wy,
and using Eq. (A.2) we obtain

Var(wy, g (Y, Zi 8)) S B to? + B2 [6(Z; B) — Ky

Thus by independence of the data Y;, the variance of Wn(ﬁ) can be upper bounded

by a constant multiple times
(logn)? (1< logn {1 < )
— ;:1 oi |+ — =1 ;:1( (Zi; ) — K3)

The bias-variance decomposition for mean-square error gives the result.
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Lemma A.1. Let Y ~ N(u,0?) and w,C be constants. Then:

Esinw(Y —C) = e 27 sin(w(p — C))
Ecosw(Y — C) = e 27 cos(w(p — C))
E[Y sin(w(Y — C))] = em27’ [psin(w(p — C)) 4+ wo? cos(w(p — C))]

=e 27 [psin(w(p — O))] + 0°wE [cos(w(Y — C))].
Proof. For the first claim, observe that

1 ) 4
E[sinw(Y —C)] = —=E [ezw(Y—C’) _ e—zw(Y—C’)}

29
1 ; 1.2 2 ; 1.2 2
— 2_ (@Z“’“_ia w*—iwC pWh— 30w —sz)
?
1 —15242 iwpu—iwC iwpu—iwC
= 56 2 (6 — € )
?

= ¢ 27 sin(w(p — C)).

An analogous argument with cosine shows the second claim. For the third claim, use

Lemma A.2 and then apply the first two equalities of the lemma. U

Lemma A.2 (Gaussian IBP). Let Y ~ N(u,0?%). Then Gaussian integration by parts

states that for any function f differentiable we have
EY f(Y)] = uEf(Y) + o*E[f'(Y)]
where the expectation is with respect to Y.

A.1. Additional details for Section 2.2. In this subsection, we derive the coun-
terpart of Theorem 1 for coupled bootstrap to corroborate the rate comparison in
Section 2.2. Define the coupled-bootstrap estimator as

L(Zﬁ))_ggD(wﬂ

€0; € €0;

n

/chw;e)—%z{(n—m)-@(

i=1

By arguments in Section 2.2, WCB (B; €) is an unbiased estimator for a welfare function

n

n <
=1

W(B;e) =E =E[V.(8;€)],
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where w; ~ N(0,1) and w; L Y;, Z;. Define the welfare function of our interest.

W(p;0) = E = E[Va(8;0)].

Theorem A.1 (Main Regret Bound for Coupled Bootstrap). Let (¢) be the max-
imizer of /WCB(B; €), 5*(e) be the maximizer of W (f3;€) and [y be the maximizer of

W (53;0). Under same conditions of Theorem 1, with €, — 0 the regret satisfies

W (80;0) — E [Va(B(ea):0)| = O(r(m)),

where

1 1
1 €2 (—loge,)? €, (—loge,
’Y(n)NmaX{Ei,ﬁae (\/%gg) o ( noge )}

Therefore the optimal choice of €, is €, ~ n~5, and then y(n) ~ n~3 (logn)?.

(S

Proof of Theorem A.1. With ¢, — 0, from Proposition A.1, we have
W(B"(€n)i €n) = W (5o;0) — O(ey,).

From Proposition A.2, we have

E [Va(Bsea)| = W(B"(e1): ) — max {0 (%) 0 ( (_;%g 6n)5) © (#) }

Combine the two results and we conclude the proof. 0

Proposition A.1. Assume Z; = o;. Under the same assumption of Theorem 1, if

we let €, — 0, then we have
W (B*(en); €n) = W (B0; 0) — [ Dl[n20(er,).

Proof. For any ¢, since Y; — eojw; | Z; ~ N(pi, (1 + €%) 02),

W(B;e) = l2:(/% - K;)® <%(f;f)) -
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By the mean value theorem and the envelope theorem,

d

S (e)ie)]

l Z (:ui - Kz) ) (’ui _ 5(6*(61)7 Zz)) i — (5(6*(61), ZZ>

(W (B (€); €) = W(bo; 0)] =

\ 1+ 6%0’1'

e < EQHDHn,Q.

1
S HDHTLQW

Proposition A.2. Under the same assumption as Theorem 1, if we let €, — 0, then

we have

E [V (B 0)] = W(B"(e1): ) — max {0 ()0 ( % S W) oakeal) } |

Proof. Define D = {0 (z; 8)} and V(D) as its VC-dimension. With ¢, first we have

|

W (B (en); €) — E [VH(B; enﬂ <R {S%p ‘WCB(@ en) — Vi (B: €2)

~ 28 fsup | (Wen3i60) = W(Bs6n)) — (Vi (i) = W(5:0)
- B

=2E _s%p </WCB(B; €) — E [WCB(5§ 6n)]> — (Vo (B€n) —E [V, (5; Gn)])”

< 2E |sup |Wep(B; €,) — E [Wcs(ﬁ; en)] ” +2F {st;p Vo (B €n) — E [V, (55 5n)]|:|

L B
_ RS Y, —6(Z; Y, —6(Z;;
<ol oo (=) - sn ()|
+2lE sup lzn:aigp (L(Z“m) _F |:0i90 (Yi_5<ZiSB>>H]
€ I KL €n0i €n0;

+2E {sgp Vo (B en) —E[V, (B; €n)]|]

1
=2 (Tl,n + €_T2,n + T3,n> .

n

It suffices to bound 77 ,, }Tgm and 75 ,,. By the symmetrization lemma for the i.n.i.d

case, we derive the bound as follows. Conditional on Y, 7, denote the empirical
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measure of as P,,. First notice that the function class below is a VC-subgraph class:

Fi={fwa=0-ne(t2E) L

€n0

The result is from the following. First, {%ﬁm} is a VC-subgraph class the VC
dimension V(D) by Lemma 2.6.18.vi of Vaart and Wellner (1996) from multiplicity.
Since t — ® (t) is a monotone function, by Lemma 2.6.18.viii of Vaart and Wellner
(1996) and by Lemma 2.6.18.vi of Vaart and Wellner (1996) with multiplicity, F; is
a VC-subgraph class with the VC dimension V(D).

Since F; has an envelope function: |fs(y,z2)| < |y — k|, from Theorem 2.6.7 of

Vaart and Wellner (1996), we have for the covering number

1\ V(@1
N (glly = kllzapn, Fr, La(P)) < KV(D) (16¢)® (5> |

where K is a universal constant. Applying the maximal inequality similar to Theorem
2.14.1 of van der Vaart and Wellner (2023), we obtain the following:

1 1
T, <E|—|ly—k 1+1log N (nlly — k|l ., Fi, Ly (P,))d
0 SE |l = bz, [ 110N Gy = Hliae, i La (B

1 1 1\ 42 :
<E | —|ly— 1-+1 A —
<E |y k||L2,pn/0 ( +og< (n) )) n

1
< Ar—=E |y = bl

7

1
<A (Ellly — plleoe,] + = Ellzop,)

n

3w

i=1

1

1
< A3ﬁ K —

vn

where si, my are defined before Theorem 1, and A;, Ay, A3 are universal constants.

+ mo = A3 (82 + mg)

Similarly, first notice that the function class below is a VC-subgraph class:

o= (= os (2552))

€no

The result is from the following. First, { } is a VC subgraph class with
dimension V(D) by multiplicity (Lemma 2.6.18.vi of Vaart and Wellner (1996)) and

part 5 of Lemma B.1. Since t + ¢? is a monotone mapping for non-negative ¢, and

yié(ﬁy'z)
€no

t — e~' is a monotone mapping, by Lemma 2.6.18.viii of Vaart and Wellner (1996)
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and by Lemma 2.6.18.vi of Vaart and Wellner (1996) with multiplicity, F» is a VC-
subgraph class with dimension V(D).
Since Fi is bounded |f5 (y,2)] < M, from Theorem 2.6.7 of Vaart and Wellner

(1996), we have for the covering number

1\ V(D)1
N (nM, Fs, Ly(P,)) < KV/(D) (16¢)" ™ (5> ,

where K is a universal constant. For the entropy

b
J (b, Fa, L) :sup/ V1+1log N (nM, Fy, Lo(P,,))dn,
Q Jo

we have J (b,G, Ly) = O(by/log (1/b)) as b | 0 (van der Vaart and Wellner, 2023,
Before Theorem 2.14.1, P. 330)

Since Lemma A.3 shows that Ef? < b2 M2, with b, ~ e/* for Vf € F», applying
Theorem 2.14.2 in van der Vaart and Wellner (2023), we have

T J(bna‘F%LQ)
2nN \/— 62\/_M

7%1\/_1 n -1 n
<—b\/log —log( )<max{E o8¢ , 08¢ }
by, vn n

For T3 ,,, define the function class

Fz={fs (W, 2, p,0) = (n = k) 1{y — enow > 6 (B, 2)}} -

By the additive, multiplicative and monotone composition properties of VC-subgraph
classes (Vaart and Wellner, 1996, Lemma 2.6.18), F3 is a VC-subgraph class with
dimension V(D). Since F3 has an envelope function: |fs (v, z, u, w)| < |p — kl, from

(b’ruf?;L?) ( +

Theorem 2.6.7 of Vaart and Wellner (1996) and the maximal inequality similar to
Theorem 2.14.1 of van der Vaart and Wellner (2023), we have

1 1
Ton SB |l Kluan, [ /1108 N (= Kloae, T La )y

<E 1 /1 l+log| A 1™ Eal <A !
—m - —=m
i BV R S\ n = Syn Y

where s, m;, are defined before Theorem 1, and Ay, Ay, A3 are universal constants.
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As a conclusion, we have the bound:

ISINIES

Vi [ Vn

1 1 v—loge, —loge, 1

N[

< max {0(%),0(6’:2 ( \/I%gen) ) o (_nlog%))} |

Lemma A.3. Under the same assumption as Theorem 1, for €, — 0, we have
1 Y —6(z: 8
Ly ( ( ))

n < €n0;

=1

1 Yi — 6 (Z;; 5))}
= E Vot i)
:| vV 27 |:()0 ( €n0;

)
\/ﬂ/\/%oz exp{ 2(1722 [2(y—6£%2i;6))2 +<y_m)2] }dy
)

~ O(ey).

sup E
B

Proof. We have

€n0;

/ L (142 2 szef) - )
— ex =) ly— i B) — i
\/27T \/27TU7, P 20,2 €2 Y 2+¢ 2—|—6721M

2
24 €2

S

+

Appendix B. Proofs for Section 3

Proof of Thm 1. Starting from (3.1), we use the bias bound in Proposition 1 to bound:

ma

3) SE [sup lu(3) - ()| + & [sup 9 - (5) |+
——

by Proposition 1

Letting



we will next individually bound Esupg |4:(8)|, Esupg [A2(8)|. We defer the bounds
for these two terms to the next two propositions (Propositions B.1 and B.2), which

prove that
V(D)
Vn

Esup 42091 5 10\/‘%_:(32 +my + (va+ 1)y/V(D)(E| D], + (E|DI,) ")

Since V(D) > 1,

Es%p AL (B)] S ma

1
Regret, < (3.1) S M °en
n

with M := /V(D)(s2 + ma + (1 + v4)(E||D||,, + (EHD”in)UQ)) as desired. O
Proposition B.1. We have

V(D)

Esup |A1(8)| < mo :
8 Vn

Proof. We will handle this with INID empirical process theory applied to the function
class F = {fg NS Rd} with fs(y, i, 2) = (0 — K)1{y — 6(2; B) > 0}. The class F
has a uniform envelope function given by F' = |u — K|. Moreover, Lemma B.1 shows
that F is a VC subgraph class with index O(V(D)): in particular, y — (5, z) is a VC
subgraph function class ranging over 3, and so is 1 {y — 6(f, z) > 0}. Multiplying by
the fixed function (u — K) and applying Lemma B.1(2) gives the claim. Next, we
apply Theorem B.1 and Lemma B.2

EsuplA1(9)] = =B 14,9 = =B - Z vz — L Vi 20}
< %J(l,f1 | E, L) || F| (Theorem B.1)
57< Zm K\2> / \/1+V(D)In de (Lemma B.2)
SV (% - K»Z) - 0

Proposition B.2. We have
logn

Blsup Au(9)| 5 52+ 2 + 04+ DV/TDIEID, + (EIDIE,))
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Proof. Define the function classes G = {g5 1B e Rd} H = {hg 1B e Rd} where

95(4.2) ==~y — K)Si (Y — 8z 5))/o)
hg(y, z) := oAy sinc (A, (Y — d(z; ) /o)
for A\, = 1/h,, = 1/y/2logn. Then:

1 1 —
Esup|A2(B)] < —=Esup |[—= > g3(Y;, i, Z;) — Egp(Y, i, Z;
y |A2(8)| s \/ﬁ; 5( ) 5( )

1 1 —
+—=Esup |— ha(Yi, i, Z;) — Ehg(Y;, i, Z;)
N \/ﬁ; o ’

n

%Z(Y; —ﬂi) :

i=1

1
-E
+2

.

P
1 (1<wn _2\1/2
5%(5 i:lai)

We can therefore focus on bounding

E

1 n
sSup — g (}/ZMUJZ?ZZ) _Eg (}/;?:u”L?ZZ)
8 \/5; ’ ’

and the analogous empirical process hg using variants of INID empirical process
theory. The function class G has a uniform envelope function G = c|y — K| for
some absolute constant ¢, since the Si(-) function is bounded. Following the proof of

Theorem B.1, we may apply symmetrization and a maximal inequality to obtain

E

gE[ " T T N (e, G, La(B)de |

1 n
sSup —= gﬁ(Y;HLLHZZ) —Egﬁ(Y;,,LL“ZZ)
B \/ﬁ; 0

(B.1)
with 7, := supg ||gs|,,-

Now, we claim that for some constant C,
N(CAvse, G, Lo (P,,)) < N(e, D, Ly(P,)). (B.2)

S (15w i)t - " -
where vy := (>, %) . Indeed, take any e-cover in the L*(IP,) metric of

the decision function space D. Take any §(-; 3) € D, and suppose the function d is
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e-close to this function. Then because Si is Lipschitz for some constant C

o500 = 20 = B SiO(y — )o)

L2(Pn)

= (i Xn: (Y;—ZK)z <5(Z¢;6) — d>2> -

N 1/4 " 1/4
1 Y, — K;)* 1 ' 2 4
< O\, (ﬁ ; T) (ﬁ ; ((5(21', p) — d) ) (Cauchy—Schwarz)

S C)\n/V\4€.

This shows the pushforward of the IL*(P,,) e-cover through the function £ (y—K) Si(A,(y—

-)/o) is a C\,Use-cover in the L?(IP,) seminorm.

Returning to (B.1), using (B.2), we can bound the entropy integral in (B.1) as

/nn V1 +10g N(e, G, Lo(P,)de

/ \/—HogN CAA,DLLL( ))de

Wn/C)\nV4HD“4,n
= oD, | L+ 108 N (61D, D, LA(E,)) e
0

1
< (nn+0Anﬁ4||D||47n/ \/1+10gN<e||D||n74,D,L4(IP’n)>de>. (B.3)
0

The last line is obtained by splitting the integral into two integrals, one over [0, 1] and
the other [1,00), if needed. The covering number for € > 1 is equal to 1, so we may
bound the integral for € € [1,7,/CN, 4[| D||,,,) by (m./CA\aval| D[4, —1)+. Applying
the envelope function bound for G and Lemma B.2,

- ! 16
(B.3) S G, + /\ny4||D||47n/ \/1 +1log V(D) 4+ 4V (D) log —ede (B.4)
0
< [|Gll,, + Anul| DIy, vV V(D). (B.5)

Taking expectations over the data and applying Cauchy—Schwarz, we obtain

E[Gll,, + AV (D)(ED)*(E|DII},) "
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It remains to bound the last few terms. Applying Jensen’s inequality, we have

n 1/2

1/2 "
1 1
siol, - (1305 k07) 5 (E30et ) St
=1

=1

" 1/2 n 1/2
. 1~ (Y- K)* 1

i=1 4 i=1

Thus

1 n
Esup = g (Yza/'L’MZl) _Eg (Yu/'L’L)Zz)
8 \/ﬁ; ’ ’

< (52 ma + logny/ VD)1 + ) B DI,)2)

The argument for the function class H is similar but more straightforward. We
take the uniform envelope function H = Co ), for some constant C', since the sinc
function has a uniform upper bound. Following the proof of Theorem B.1 again, we

obtain

E

Mn
SE{ / T+ Tog N(e, 7, Lo(By))de | .
0

(B.6)
with 7, := supg ||hs]|,, this time. Now because the sinc(-) function is Lipschitz with

1 n
sup —= » hg(Yy, i, Zi) — Bhg(Yi, i, Z3)
8 \/ﬁ;

some constant C
N(CNe,H,Ly(P,)) < N(e, D, Ly(P,)). (B.7)

Applying the same logic as before, we obtain an upper bound of
1
E (a4 21Dl [ /15 Nl Dl M. La(B)ie )
0
SE (61, + X21D),V/V (D))
< (logn) (52 + VV(DJE| D], ) -

Combining the pieces, we have

sup 42(5)| S (s + ma + togny/ VDI + 1) 1D, ))

+logn <52 + \/V(D)EHDHn> + 59
S (logn)(so +ms + (v4 + 1)/V(D)EID], + (BIID],)"?)

E
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B.1. Empirical processes for i.n.i.d. data. The next lemma records how the VC
index changes under composition for the results in Lemma 2.6.20 of van der Vaart and
Wellner (2023), alongside some additional useful results. Throughout this section, let
wQ = 6352 — 1.

Lemma B.1. Let F be a VC subgraph class with index V(F) and let g : X — R,
¢o: X =Y. Then
(1) g+ F ={g+ f: f € F}isa VC subgraph class with VC index equal to V(F).
(2) gF ={gf : f € F} is a VC subgraph class with VC index < 2V (F) + 1.
(8) Let f(x) be a VC subgraph class with index V(F). Then the class of functions
1{f(z) > 0} is also VC subgraph with index at most V (F).
(4) Let G be the class of functions g(y,y) : X x Y — R such that g(y,y) = f(z).
Then G is VC subgraph with index equal to V(F).
(5) |FIl=A{lf|: fe€F} isa VC subgraph class.

Proof. Ttems (1) through (3) follow from inspecting the proofs of Lemma 2.6.20 of
van der Vaart and Wellner (2023) parts i, vi, viii in conjunction with Problem 2.6.10.
For item (4), this follows immediately by noting that the subgraphs of G shatter
a set {((Y;,y:),t;)}, if and only if the subgraphs of F shatter {(Y;,¢;)};_,. For
item 5, notice that the subgraph of |f| is the intersection of the subgraphs of f,—f.

Combining Lemma 2.6.20 parts ii and iv completes the proof. U

Lemma B.2 (VC Function Covering, Thm 2.6.7 of van der Vaart and Wellner
(2023)). For a VC-subgraph class of functions with measurable envelope function F

and r > 1 we have for any probability measure () that

€

rV(F)
N(el|Fllg, . F. Lo(Q)) < KV (F)(16¢)" %) (_)
for a universal constant K and 0 < e < 1.

Write G,, to be the empirical process v/n(P,—P) so that G,, f = \/Lﬁ Yo (f(Y;) — Pf).
The next theorem records a uniform entropy bound from (van der Vaart and Wellner,

2023); we claim that it also applies to the i.n.i.d setting.
Theorem B.1 (Theorem 2.14.1 of van der Vaart and Wellner (2023)). Let F be

a P-measurable class of functions with measurable envelope function F. Then for
p=1

NGl Fll py S N Gy F L L) Fll Ml py, S T F [ F L) Fll pay
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where ||g|l, = % Y27, 9(Yi)? is the (P, )-seminorm and 2, = || fIl, [l /[ F,.

Proof. The proof is verbatim from van der Vaart and Wellner (2023). Denote by G2,

the symmetrized process given by

Gof == > af(Z),

The same argumentation as Theorem 2.14.1 of van der Vaart and Wellner (2023)
shows that conditional on Zi,...,Z,, the sub-Gaussian norm of the symmetrized

process satisfies

Mn
G2, 5 S / T+ 108 N{e, F, La(Bn))de

where P, f = 25" | f(Z;) and

e = ||| f]],,]| 7 = sup
LA 2 sup

A change of variable in the integral by € < €|/ F||,, gives

m/I1F |,
G2l Az S IFL, [ 1+ g N FL 7 La(B.))de
0
< |[Fll,,J(0n, F | F, L)
The rest of the proof follows as is. O

Proposition B.3 (Orlicz norm bounds, INID analogue of Theorem 2.14.23 van der
Vaart and Wellner (2023)). Let F be a class of measurable functions with measurable

envelope function F'. Then

n 1/2
. . 1
NGl Fl oy, S EX NGl £+ (; > HF(Zi)HL) (1<p<2)
=1

Proof. We recall Proposition A.1.6 of van der Vaart and Wellner (2023). Let X7, ..., X,
be independent mean zero stochastic processes indexed by an arbitrary set 7. Set
Sp =i, Y;. Then we have

n 1/2
* * * 12
ISl My, < K [ITSR Iy + (Z gl Hw> ,
i=1
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where || X||" is shorthand for sup, |X;|. Take Y; = \/Lﬁ (f(Z) —Ef(Z;)), indexed by
f € F so that ||S,|" = ||G,|| . Plugging this into the proposition, we obtain

5 \ 1/2
) (B.8)

P

n

HGallFl,y, S E*IGallz +n" (Z

=1

?161]1?_|f<zi> —E[f(Z)]]

n 1/2
< BY||Gl| 7 + 07 <Z 1F(Z:) + E[F(Zi>]|’12p2> (B.9)

Where we used the fact that if |f| < [g] then [[[f(X)[[l,, < [[lg(X)[ll,, for any
random variable. Using the triangle inequality for the Orlicz norm and the fact that
X1, = E[X| and [|C]],, < C/vIn2 for any constant C, we can bound

I1F(Z:) + E[F(Z)]ll,, < IF(Zi)ll, + IE[F(Z)]Il,,
<|F(Z)ll,, + E[F(Z)]/vVIn2

S IE(Z)ly,-

This gives a final bound by a constant multiple of

n 1/2
Gl 02 (z nnzi)u;) |

i=1
from which the desired claim holds. O

Lemma B.3. For any constant random variable C, ||C||,, < C/vIn2. For any
random variable Y, || X|[,, > E|X].

Proof. Recall that for any random variable X,

X1, = inf {c : Eaby (@) < 1}.

For the first claim, taking ¢ = C'/vIn2, we see that ¢»(C/c) < »(vIn2) = 1. For
the second claim, notice that for any ¢ such that Ei, %' < 1, convexity of ¥y and
Jensen’s inequality implies that ¢(E|X|/c) < 1. The explicit form of v, implies that

E|X|/c < 1. Thus ¢ > E|X]| as desired. O

B.2. Tail bound for regret. In addition to controlling the expected welfare, em-
pirical process techniques can also get high probability guarantees on the realized

in-sample regret, defined as the quantity

u(B) = u(B).
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We give a basic tail bound result for ASSURE using the i.n.i.d. extension of (van der
Vaart and Wellner, 2023), Theorem 2.14.23 from Section B.1.

Theorem B.2. Fix § > 0. Under the assumptions above, with probability at least
1—-9
my M + mg + sologn 2

u(B*) —u(B) < nlogn + Jn 10g5

where M is the constant in the statement of Theorem 1. The same bound is true for
W(B*) — W(B).
Proof. The optimality of 3 for u(-) shows that u(8*) — u(3) < supg [u(f8) — /W(B)|

Combined with the uniform bias bound on W from Proposition 1, we have

(") = u(F) < supu(9) ~ W(S) ~ & [u(s) = W(B)] | +

nlogn’

Let
Gl = Vitsup [u(8) = W(5) ~ E [u(B) = W(5)]|

Here, F is the function class with members

Ty, 2) = (n = K)1{y > (2 8)} — wi(y; 2, B)

with z = (K, 0,X). We will control the sub-Gaussian norm of ||G,|| . Notice that
an envelope function for this class is given by |u — K| + C|y — k| + A,0, which is in
turn bounded above by

for some constant C. Applying Proposition B.3, the sub-Gaussian norm is bounded

above by a constant multiple times

n

1/2
1
E*(|Gnll 7 + (5 > (- K+ Aiaf) S EY Gyl £ +me + s2logn

i=1
By definition of the Orlicz norm 5, any random variable satisfies P(|Y| > t) <
2exp (—x2 / HYH?pg> Equivalently, with probability > 1 — 4,

2
Y] < 1Y log =

Combining this bound with Propositions B.1 and B.2 completes the proof. The

analogous result follows for W(5*) — W(B) by first noting that W (5*) — W(5) <
2supg |/I/I7(B) — W(B)| and then repeating the same steps of the proof. O
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B.3. Proofs for Section 3.3.
Proof of Theorem 2. Fixsome h > 0andlet p, = (h/\/n,...,h//n) and p_ = —p..

For any selection decision ai, ..., a,, let g = 3" K, [a;(Y1,...,Y,)] and define

g— analogously. Then the regret at p is

h h
sup W(B;py) — — wilky, lai(Yr, ..., Y, :—<<I><—+M>—g>
W) = S ot Yol = 7 (2 (7 '

Analogously, the regret at u_ is

(o)) (o))

Thus, the maximum regret over p and p_

% (@ (% T M) — 1+ max(1 — g+,g_)> (B.10)

Thus, for any choice of selection decisions aj.,,

prn€[=11]" | Bl<M

sup { sup W(ﬂv Ha: n - ZM@EYl n~N(p1n In)[az<yla s aY )]} Z (B]-O)

Let o(Y1,...,Y,) = 3 a;(Y1,...,Y,) € [0,1]. When viewed as a test against
Hy:p=up_for H : p = py, g is its type I error and 1 — ¢, is its type II error.
Then

(1—g+;+(9—) %(1—TV(N(M+;]n)7N(M—’I”>>>'

By Pinsker’s inequality, TV (N(p4, I,,), N(uu—, I,)) < h. Thus,

oz o () o) o)

for cpy = ®(M) — 1/2 > 0 and the choice h = ¢p;. This completes the proof. O

max(l — G+ g—) >

B.4. Proofs for Section 3.2.

Proposition B.4 (VC-subgraphness in Example 4). The decision threshold classes
in Equation (3.2), Equation (3.3), and Equation (3.4) are all VC-subgraph.

Proof of Proposition B./j. Let us consider the first claim. Notice that the decision

class (3.2) is contained in the function class

dup(k,0%) := k + ac’k + bo?
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for a,b € R. This is the fixed function (k,o?) + k plus a two-dimensional vector
space of functions. Combining Lemma 2.6.16 of (van der Vaart and Wellner, 2023)
and Lemma B.1.I establishes that Dyjjear-shrink 1S VC subgraph. For the second claim,

notice that Equation (3.3) is contained in the function class
dpy p(k, 0%, 1) i= k + byo’k — ' 3

indexed by (bg, 3) € R'"?. The same argument as before establishes the claim.

Finally for the third claim, we will use the results of (Onshuus and Quiroz, 2015)
which discuss a connection between VC dimension and the theory of o-minimality
from model theory, a subfield of mathematical logic. See also (Aschenbrenner et al.,
2013) and (Van den Dries, 1998) for a textbook reference on this topic. Consider the

decision class in (3.4) as functions of the cost & and log standard deviation ¢:
fo(k, 0) =k + e*e 702k — a) — aye’)
indexed by 8 = (ay, as, by, ba). The subgraph sets
Sgi={(k,0,t): t <k+e’e ™ " (k—a; —ase")}

are defined by a first-order formula in the structure (R, +,-,0,1, <, e”), which is o-
minimal: see Fact 2 of (Onshuus and Quiroz, 2015) or (Wilkie, 1996). Theorem 2
of (Onshuus and Quiroz, 2015) implies that for any set of points {z1,...,z,} in R,
the collection of sets Sg pick out at most O(n?) subsets of {zy,...,z,}. Thus the
function class {fs(k, ()} 4 is VC subgraph. O

B.5. Proofs for Section 3.4.

Proof of Theorem 3. The proof proceeds as follows. Decompose the regret as

-~ -~

Regret, (5) = E [W(8) = W(B)] +E [W(B) - u(B)] .

Theorem B.4 will show that the first term is O((logn)®n~!). To handle the second

term E [W(ﬁ) - u(g)}, we use a leave-one-out stability argument. Define Y_; to be

the vector of observations without Y; and

3(*") = argmax E an(Y;, Z;, B), (B.11)
8 —
J#i

(y —QK) (y ;K) S <An(y —Ué(ﬁ,Z))) oA sine (An(y —:(ﬁ@))
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are the summands in the ASSURE estimator. We will show that for each i, B\ (=) only
differs from 8 by Op(1/n). To explain why this will suffice, first write

n

W(B) —Bu(B) = W(B) = = > (i — K)P(Y; > 6(5", 2))

n

F 23— 1) (B 2 550, 2)) — BY; > 65, 7))

i=1
> (5(5, Zi) — /~Lz‘> % (5(B(i)7zi) ~ ,uz)]
g; g;

= (B.12)
%Z 1) (P(Y; 2 6(3), 7)) — B(Y: > 6(3, ) .
= (B.13)

Using Lipschitzness of ® and 4(+, Z;), we will upper bound (B.12) by

1 ¢ Lilpi — K| 5 5
_ZQEW_B( )|
n o

i=1 !
for some constants L;. To handle (B.13), we truncate. Fix a truncation threshold

E,, = C(logn)?/n for C,~ constants to be chosen later.
P(Y; > 6(8'", Z;) — B(Y: > (5, 7))
= E[P(Y, 2 387", 2) | Yo) = B(Y: > 63, ) | Y-)]
<E|[P{[¥: =037, 2) < 16(3, ) = 0(B, )| | Y-i |
<E |B(Y; - 0(37, 2)| < LIB — Bl | Y-)|

<E[P(Y - 6(3, Z)| < LiE, | -] +P(B) - B > E,)
[ B 7Y+ LE, — u; B0 7)) — LB, — 1,
. ®<5(6 Z) + LiE, m)_q)(ciw Z) — LiE, u)]
0;

0;

+P(|37) - B| > E,).
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Using Lipschitzness again, we find that (B.13) is bounded above by

1 L; |uZ 1 & L~

— E =) _ 8| > E,). B.14

D R0 f>E). (B
By the compactness assumption on the search space for 8, we may bound

E[|3) — Bl <P(|B“) — B > E,) + ME,

for some constant M depending on the volume of the search space. Therefore we may
bound E [W(B) - u(g)] by

! Z (1+2) 1o - i (B + BB~ Bl > ). (5.15)
Theorem B.5 will show that

R n

so we may take F, = O(bi”). Thus

B[ ~u®)] < 230 (B + 203 - B > B.)

=1

< (0(*") 10 (1))
-o ().

Combining this with the conclusion of Theorem B.4 gives the result.

B.5.1. Auziliary results for Theorem 3.
Theorem B.3 (Uniform bounds on the Derivative Bias). We have

W(8) — BV (8)] < (n o s, z>|> e/

=1 v

W"(8) — EW"(B)] <

[ ( Z'“Z L5, 20) ) ( Z"“ 85 Z))

With the choice of h = 1/y/2logn and uniform upper bounds on ¢, the bias for
the first derivative is on the order of n\/lloﬂ (% >y “‘l;—Kl‘>

i

- 2
o 1/2h
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Proof of Theorem B.3. In the proof of Theorem 1, we showed

=)0 (M2 ) = G- )+ 2= 1) [T e st - €

2 w
1 1 Vhiy 1.
BUL(Y. 2,C) = 5(n = K)+ 2(u=K) [ Ze i sinf(u - €)fo)do
0

We may differentiate under the Lebesgue integral in C', which is justified by dominated

convergence theorem. This yields

=K (” - C) = LB BT e s — ) fo)dw

o o T o Jy
d 1 om— K 1/h 1,2
@E\Ilh(Y Z,C) = ra— e 2 cos(w(p — C)/o)dw

By the chain rule, we have

—~

W) = 30 My, 7,.6(2:0)9(6.2)
=1

By the formulas for derivatives of ¥ in Lemma E.3 and Lemma E.2 shows, |d‘1’h| <
Kn(Y — K)/o for some constant K depending on h. This provides a dominating
integrable function which justifies DCT, yielding %E\Ifh = E%. Therefore,

(e 9]

W'(8) — EW,(8)] < ( Z”“ K‘é’(ﬁ Z)) / e 3" cos(w(p — C) /o) dw

1/h

1 | — K —1/2h2
< - —5/ Zz b 1/2h
< (n; —0'(8, )) e

)

using the constant upper bound for cos and the Mills ratio bound.

For the second derivative, the argument is similar. For notational clarity we will
write W, Woe to be the first and second derivatives in C' of Wy,. Applying DCT again
to justify the interchange of derivative and integral, we obtain

'M_Kgol (M_C) __lp= K we™ 2 sin(w(y — C) /o) dw

o? o T a2 Jy

1 _K 1/h
EVco(Y,Z,0) = -~ L

T a2 Jy

we™ 2 sin(w(p — C)/o)dw
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Next, notice that the second derivative of ASSURE is given by

/W}/L,(ﬁ) = % Z VeolYs, Zi, 0(Zi; 8))d (B, Zi)2 +Ve(Y;, Zi,6(Zi;8))0" (B, Zi). (B.16)

i=1
Thus,

o0

e 1 - i KZ / —1u2 .
[ET72(8) ~ W(5)] £ (5 > zm) [ et sinfeste - €3 0)

BN |Mi_Ki| 1" /OO —tw?
+ | - —18"(8, Z; e 2¥ cos(w(p — C)/o)dw.
(nz ez [ (w(n—C)/o)
The conclusion follows from bounding cos, sin above by 1 and bounding the resulting

integrals. U
Theorem B.4. Under the assumptions of Theorem 3, for n large enough, we have
20 (logn)®/?

KoVn

with probability at least 1 — %, for a constant C' depending only on B and the VC
indices of D, D’'. As a result,

b-p =

E[w(d) - wig)] < 1B

for an absolute constant C' depending only on B, k, and the VC indices of D, D’.

Proof. Firstly, inspect the derivatives of the welfare from Lemma B.4. Using (Al)
and the fact that ¢ and its derivatives are uniformly bounded, W”(8), W (3) < B*.
By the results of Theorem B.2 we have with probability at least 1 — ¢

o % mi me + (M -+ 52) logn 2
- < 1/log —.

where M is the constant in the statement of Theorem 1. Substituting 6 = 1/n and

using the boundedness assumption (A1), we have

e (log )2
W(E) W) < oBEER

with probability at least 1 —1/n and some absolute constant C. Let A,, be this event.

(B.17)

Take n large enough such that the right hand side of Eq. (B.17) is less than &.
Using (A4), we conclude that on A, |5*— B\ | < k/B. Now, Taylor expand W' around
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[* to obtain
W(B) — W(B) = w8 - B - P B (Bas)

2
for some 3 between 3 and 3*. By the reverse triangle inequality la —b| > |a| — |b] we
have
W) - w@)| = wren s - 8 - D pye

* 2 B4 * N2
> nlp* Bl - (5" ~ B,
where the last line follows from (A3). Combining this with the Taylor expansion
in Eq. (B.18), for n large enough, on the event A,

K| . = § ~
Sler =Bl < W) -wB). (B.19)
Next, by Theorem B.6, with probability at least 1 — 1/n
2
< C N C(logn)
~ ny/logn Vn
for a constant C' depending only on B and the VC indices of D, D’. Let A, denote

this event. Combining equations (B.19) and (B.20), we conclude that on A, N A,,
which has probability at least 1 — %, that

W3 - W)

log(2n) (B.20)

. 4| _ 2C (logn)>/?
g - p| < 20 Mos )
kK /n
for a constant C' depending only on B and the VC indices of D, D’. This proves the

first claim.

Next, notice that W'(3*) = 0. By Taylor expansion of W around f*, we have
W(B*) = W(B) S B'(3— ") + BB — 6"
Then for n large enough,
E|W ()~ WB)| <E[WE) - W) AN Au| +E [W(5) = W(B); (4n 0 A
S BE (5" = B)% A0 A,] + BP (4,0 A,))
< CB'(logn)® | B

~ 2

K n n

This concludes the proof. O
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Theorem B.5. In the setting and notation of Theorem 3, we have

~_n o . 4MBlogn 1
]P)(|ﬂ( )—5|>Tg) SO(E)a

Proof of Theorem B.5. Recall the function ¥ in the ASSURE estimator of Eq. (2.6).
Let W, Yoo denote the first and second partial derivatives in C, given in Lemma E.3.

To control B — @‘”, we will apply a standard Taylor expansion using the first-order

conditions
Z% (Ys, Zi,6(B, Z:))8' (B, Z;) = 0 (B.21)
Z\Ifc (Y;, Z;, 630, )6 (B°D,2,) =0, Vi=1,...,n. (B.22)
JFi

By Taylor’s theorem applied to

> We(Yi, Zi, 6(e, Z:))d' (e, Z1),
=1

we have
_ %zwy 7:,0(B, 2:))8' (B, ;)
_ 2 Z Vo(Y;, 23,680, 2;))8' (B, Z;) + An(B — BTY)
- %%m, Z;, 0B, Z:))8 (B, Z;) + A(B — B).
where

( Z‘I’CCY Z5,6(Bi, Z)0' (B, Z3)* + Vo ijz‘)(S//(Bi,Zj)) (B.23)

W"(B). (B.24)

for some f3; between 3 and B39, By assumption, |5’(§(_i),Zi)] < B and it is not
difficult to show that

using (A1). Thus,
2
_ B

(B.25)
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Thus, if we can show that with probability greater than 1 — %,An > & for some
absolute constant & > 0, the proof is finished.

To handle this term, observe that
W//(Bi) _ W”(B’L) _E [W/I(Bz)]
+E [W"(8)] - W"(3)
+ W) = W"(5")
+ W7 (B").
Since W is uniformly bounded by B2, we have W”(3;) — W"(8*) < B?|* — ;] <
B?max (\ﬂ* — B8 — B\|) Thus by the reverse triangle inequality and (A3),
(5| 2 = sup [I7(5) — B [W7(9)]
—sup I |177(5)] —w"(8)

— B max (|57 = 50, 18"— F)
By (A1) and Theorem B.3,

sup ‘E [W”(ﬁ)] - W”(B)‘ < (\/% + B5> % —O(nY). (B.26)

Theorem B.4 shows that with probability at least 1—2/n, |3*— 3| < 2 (logn)®/?n=1/2.
Applying this to both E and B(*i), we find that

max <|ﬂ* — ﬂ(_i)|, |8* — B\|> < %(log n)5/2n_1/2, (B.27)

say, with probability at least 1 —4/(n — 1). Finally, the result of Theorem B.7 states
that with probability at least 1 — 1/n,

sup () ~ & [177()] | < 0(10%)4 (B.28)

Now for n large enough such that the sum of the right hand sides of Equations (B.26),
(B.27), (B.28) is less than /2, we conclude that A, > /2 with probability at least
1 —O(n™!). Plugging this into Eq. (B.25) we find

~ . ~ AMB1 1
P (w(—“ _A> ﬂ) <0 (—) |

KN n
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for some absolute constant M. O

The next lemma records the derivatives of the average welfare. Since the compu-

tation is straightforward, we omit the proof.

Lemma B.4 (Derivatives of the Welfare). Assume the decision thresholds §(-, Z) are
smooth for each Z, and set T;(B) := (w; — 6(Zi;8))/0i. Then the derivatives of the

averaged welfare are given by

=—= Z T(8))3'(8, Z)
W(5) = —% > (i = 1) [ (T8) 8"(5, 20) = &' (T8) 85, 2
and
W(B) = = S — KA

Ai = (Ti(P) 6" (8, Zi) — 3¢' (T3(B)) 6"(B, Z:)6'(B, Z:)
+¢" (T:(8)) 8'(B, Z:)°

Theorem B.6. Under the same assumptions of Theorem 3,

EW/(87) — W'(B)] < - ﬁ% bg” (VWD) + VYD)

for an absolute constant C' depending on B. Moreover, fix any 0 € (0,1). Then with

probability at least 1 — &, we have

|W’<ﬁ*>—W'<B>1sW{% log" (VV@) + V(D)) \/1?—

TL

Proof of Theorem B.6. By (A2), W(p*) = 0 and by definition we have W’(ﬁ) = 0.
Therefore,

W'(8%) = W'(B)| = [W'(B)
= |W'(B) - W'(B)]
< s%p W'(B8) — WI(B)L

which can in turn be bounded above by
sup |W(8) — EW/(8)] + sup [W'(5) — EW(5)) (B.29)

65



The first term represents the bias of the derivative of the ASSURE estimator, which
we bounded in Theorem B.3 by

1 < | — Ki 1
SNz Rilsig 7)) ———
sup <n; p 0°(5 )|> 3Tz n

We will focus on bounding the second term supg |W’ (8) — EW (8)] using INID em-
pirical process theory. The proof structure follows exactly the proof of Theorem 1.
Recalling the notation in Eq. (E.1), we need to bound the quantity

n~1/2 sup

n
B =1

% > (WelYi, Zi,6(Zi; 8)8(8, Zi) — B WY, Zi,0(Z:; 8))8' (B, Z@-)])‘

where recall that U (Y;, Z;, C) is given by

ﬁw sinc <)\n (Y; — C>> — Msinc’ ()\n (Yi — C)) )
T g; o; g;

Throughout this proof, let F) denote the function class consisting of the functions

=2 (

™

y—k

) sine (o (y — 8(2: 8)) /o) 8'(5, )

o

indexed by /3, and let F® denote the function class consisting of the functions
Iy, 2) = Nsind’ (A (y = 3(2: 8)) /o) 8'(8,2).

Let |G| za) = supg ]\/Lﬁ o f/g,l)(YZ-,Zi) - Efﬁ(l)(Yi,Zm and define the analogous
quantity |G|z . Finally, let 7 — F® denote the difference function class, com-
prised of the functions ¥ (y, 2,6(z; 5))d' (B, 2).

Using a uniform bound for sinc and sinc¢’ alongside assumption (A1), envelope

functions for F1), F?) are given by

rFO .= B[ (An‘y - kl)

g
F® .= BL)\2.

for some absolute constant L. Propositions B.5 and B.6 bound these terms, yielding

E|IGllz0)_sw) < Cllogn)? (VYD) + V(D)) .
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Combining these propositions and the bias bound, we obtain

B C( logn -
ny/logn * <\/V (D) + \/V )

for an absolute constant C. This is the first claim.

Esup |W(5) - W'(B)| <

To get the second claim, we will apply Proposition B.3 using the envelope function
—k
C (An’y | +A§) .
o

The random variable \,|Y; — K;|/o; + A2 is easily seen to be sub-Gaussian with
parameter < A2 + A, |u; — K;|/o;. This shows

i=1

N 1/2
1
NG ror_rnll,, S EIGH 0 pe + (g >+ X2 (s - m)?/ﬁ))
SEIG| ro)_re + A + M.
< (logn)? (\/ V(D) + YV )
We conclude by the definition of the Orlicz norm. O
Theorem B.7. Under the same assumptions of Theorem 3,

(logn)"/?

NG

for an absolute constant C' depending on B and the VC indices of D, D', D". Moreover,

Esup [W"(8) — EW"(8)] < C
B8

fix any ¢ € (0,1). Then with probability greater than 1 — §, we have
(logn)7/? 2

T 7 < 2
Sl;p|W() EW”(5)| C—\/ﬁ 0g

Proof of Theorem B.7. Recall that

W(8) = = 3" Weol¥;, 2,608, 2,)5 (5, 2, + Wel¥;, 6)6 (5. 7).

i=1

Let

Z VYooY, Z,0(2;;8))8 (8, Z;)?
B(pB) = NG Z VeV, Zi,6(Zi; 8))0" (B, Z;).-
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By the triangle inequality, it suffices to bound
7% (sup |A(3) - EAG) + sup | 5(5) ~ BB(9)])

in expectation and with high probability. The argument of Theorem B.6, replacing
0" with 0”, establishes the bound

E [s%p B(8) - EB(B)@ < C(logn)? (B.30)

for a constant C' depending on the VC indices of D, D”. Therefore, we will focus on
bounding sups |[A(5) — EA(B)].

From Lemma E.3, Ve is given by

2 - i . 3 p—
0= 2 (150)) e (759)

s g; g; ag; g;

We emulate the proofs of Theorems 1 and B.6. Throughout this proof, define the

following functions classes indexed by f:

FO = {fél)(y,z) - %M sinc’ (An (MD 5’(ﬂ,z)2}

FO - { 1 (y,2) = ?i‘sinc” (An (%(z)» 9'(8, 2)2}
D? = {§'(8,2)°}.

Let |G| za) = supg |\/iﬁ Yoy fgl)(Y;, Z;) — Efél)(Yi, Z;)| and define the analogous
quantity |G|z . Finally, let 7 — F® denote the difference function class, com-

>

prised of the functions ee(y, 2,(2; 8))8' (B, 2)?. Using a uniform bound for sinc’

and sinc” alongside assumption (A1), envelope functions for 7, F?) are given by

FO .= cB3 (Ai ly = k') (B.31)
g

F® .= CB3)\2. (B.32)

for some absolute constant C'. Furthermore notice that D2 is a VC subgraph class,

by composing Lemma B.1.V and Lemma 2.6.20.viii of van der Vaart and Wellner
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(2023). To proceed, write

Sl;plA(ﬁ) —EAB)| < Gllze) + Gl -

Propositions B.7 and B.8 show that
E|G| za) < C(logn)®?
E||G| ze < C(logn)™?
for constants C' that depend on B and the VC indexes of D,D?. Combining this
with Eq. (B.30) we obtain the first claim:
(logn)™/?

N4
To obtain the second claim, apply Proposition B.3 with the envelope function F(!) 4
F® = B3 (Ai@ﬁ;). It is not hard to see that FO(Y;, Z,) + FO(Y;, Z,) is

Esup W"(8) —EW"(8)| < C

sub-Gaussian with parameter at most a constant multiple times B? ()\2 + )\i“‘;—lﬂ) .

i

Plugging this into Prop. B.3 plus the definition of the Orlicz norm yields

— — —~ —~ A3 4+ )2 2
sup [77(8) — EW(8)] < (E sup [I77(8) — EW(8)] + og) log 2
8 8 Vn J
7/2
< o)™ ) p2
vn )
with probability at least 1 — §. O

B.5.2. Proofs for Uniform Bounds for ASSURE Derivatives. The structure of the

following results are all analogous to Theorem 1.

Proposition B.5. Under the assumptions and notation of Theorem B.6, we have

E|[Gl 5 < Cllogn)*’* (VYD) + V(D)) .

Proof. Following the proof of Theorem B.1 as before, we may apply symmetrization

and a maximal inequality to obtain

E[|G]z0] <E Uon \/1 +log N(e,}"(l),Lg(Pn))de} , (B.33)
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. We will bound the covering number in two steps. First,

with 7, := supg Hfél) ‘
consider an e-cover M, in the L?(IP,,) metric for the function class

0= {1002 =2 (e =3 o) s e R (B3

s o

and a e-cover in the IL*(P,) metric N, for the function class D’ := {§'(8, 2) : B € R}.
Moreover, take the cover such that all elements of M, are bounded above by the
envelope C\, !y%k| for an absolute constant C'. Take d(z) € N, which is e-close to
d'(B, z) and similarly, take g(y, z) € M, which is e-close to fﬁ(o) (y,2). By assumption,
we can take the net N, such that d(Z;) < B for all i. Then

IS (100 20018, 2) — gt z0a )

< % DI 20 (58, 2) — d(Z))" + % >z (15 (i 2) — 9%, 2)

n 1/2
1 S Y, — K,)*
S A?L <_ %) 62 + B2€2

n g;
i=1 ¢

where we used the envelope bound and Cauchy Schwarz on the last line. Thus, we

conclude the following relation between covering numbers:
N(C MDs 4 B) e, FY Ly(P,)) < N(e, D', Ly(P,)) - N(e, FO, Ly(P,)).  (B.35)

Let 24 = H%HL‘*(M)'

(B.2), we also have

By an argument analogous to the one used to obtain Eq.

N(CeX2Cy, FO Ly(P,)) < N(e, D, Ly(P,)). (B.36)

Putting these bounds into Eq. (B.41), we have

€

Mn
E||G 1§E/ 1+log N - D, LAP,) | de
Gl 7o) i (CA%@()\nerB) ( ))

in €
1+logN | =————,D 1L4P,) |d
/0 \/ +log (C’(Anﬁ4+B)’ LA )) 6]

Following the change of variables argument used to obtain Equation (B.5) and the

+E

uniform envelope function B for D, D’ we then have
E|Gllrw < E[FD], 1, + A VVDE [54(34 + B)} + A /VDIE; + B).
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Using Cauchy Schwarz repeatedly and (A1), it is not difficult to observe the bound

E|Gllz0) < OX (VWD) + V(D))

for a constant C' depending on B, as desired.
|

Proposition B.6. Under the assumptions and notation of Theorem B.6, we have

E|[Gll e < Cllogn)? (VYD) + V(D).

for an absolute constant depending on bound B.

Proof. Following the proof of Theorem B.1 as before, we may apply symmetrization

and a maximal inequality to obtain

BlGll <B | [ it lopNe FO L@ man

with n, = Ml . We will bound the covering number in two steps. First,

consider an e-cover M, in the L?(P,) metric for the function class

S = {s5(y, z) := Azsinc’ (A, (y — 6(z; 8)) o) : B € R} (B.38)
and a e-cover in the L?(P,) metric N, for the function class D" := {¢'(8, 2) : 8 € R}.

Moreover, take the cover such that all elements of M, are bounded above by the
envelope C'\? for an absolute constant C. Take d(z) € N, which is e-close to ¢'(8, 2)

and similarly, take g(y, z) € M, which is e-close to s3(y, z). By assumption, we can
take the net N, such that d(Z;) < B for all i. Then

_Z ss(Yi, Z)8' (B, Z) — g(Vi, Z:)d(Z:))?

Zsﬁ Y;, Z)? (8'(B, Z:) — Zd 2(s5(Y;, Z5) — g(Yi, Z))?
< C)\iEQ + B?é,
where we used the envelope bound on the last line. Thus,
N(C (M + B) e, FP 1Ly (P,)) < N(e, D', Ly(P,)) - N(e, S, Lo(P,)) (B.39)
for some absolute constant C. Since sinc’ is Lipschitz and o; ' < B, we also have

N(BXie,S,La(P,)) < N(e, D, Lo(Py)).
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Putting these bounds into Eq. (B.44), we have

/On" \/1 et (m D’U(Pn))de]
/Onn \/1 + log N (W,D’,M([@n))del

Following the argument of Prop. B.2 again we then have

E[Glre S E

+E

E|Gllze S E[F?|, + A0 + B)VV (D) + (A + B)V V(D). (B.40)

Using the definition of the envelope F we conclude the proof.
OJ

Proposition B.7. Under the setting and assumptions of Theorem B.7, we have
E|[Gl5 < Cllogn)*? (VV(D?) + V(D))
for a constant C' that depends on B.

Proof. Throughout this proof, C' will refer to an absolute constant which may depend
on B and will change from line to line. Following the proof of Theorem B.1 as before,

we may apply symmetrization and a maximal inequality to obtain

ElIGlzo] <E Uon \/1 +log N(e,]:(l),Lg(Pn))de} , (B.41)

with 7, := supg H fﬁ(l)H . We will bound the covering number in two steps. First,
consider an e-cover Men in the L2(P,) metric for the function class F© and a e-
cover in the IL*(PP,) metric N, for the function class D'2. Moreover, take the cover
such that all elements of M, are bounded above by the envelope C'\2 |y0;2k‘ for an
absolute constant C. Take d(z) € N, which is e-close to ¢'(3,2)? and similarly, take
g(y,z) € M, which is e-close to fﬂ(o) (y,z). By assumption, we can take the net NN,
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such that d(Z;) < B2 for all i. Then

% Z (féo) (Yi, Z:)6'(B, Z:)* — g(Yi, Zi)d(Zi)>2
Z (Y, Z.)? (6'(8, Z:)? — d(Zi))2 += Zd( )2 <f(0)(Y 7)) — g(Vi, Zi))Q

n 1/2
1A (Y — K,
S)\i(_i ( N )) €2+B4€2
n

o
=1 v

n 1/2
1 Y, — K;)*
S BQ)\i <_§ ( . ) ) €2+B4€2
n

o
=1 t

where we used the envelope bound and Cauchy Schwarz in the second to last line.
Thus, we conclude the following relation between covering numbers:
N(CB (X20y + B) €, FV, Ly(P,)) < N(e,D?, Ly(P,)) - N(e, FO, Ly(P,)). (B.42)
By an argument analogous to the one used to obtain Eq. (B.2), we also have
N(CB*)30se, FO Ly(P,)) < N(e, D, Ly(P,,)). (B.43)

To show this, take any e-cover in the L*(P,,) metric of the decision function space
D. Take any 6(+; 5) € D, and suppose the function d is e-close to this function. Then
because sinc’ is Lipschitz for some constant C,

A (y — K)

T 0]

con (505 )

sinc (A (y — d) /o)

‘féo) (y,2) -

L2(Pn)

)

Lo (1 (Y — K 1/4 1 . 1/4
sepn (X)X (s -d)
i=1 v i

1= =1
(Cauchy—Schwarz, (A1))
S CB2 )\3113\46.
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in €
1+log N D2 1LA4P,) |de| .
| \/+og (a2 ee) ]

Following the change of variables argument leading up to Equation (B.5) and using

E|Gllrm S E

+E

the uniform envelope functions B, B2 for D, D"? we then have
E|Gllz0 SE[FY]| o, + AV V(D)E[a(@s + B)] + A2/ V(D?)E[D; + BJ,

where F'!) is the envelope function defined in (B.31). Using Cauchy Schwarz repeat-
edly and (A1), it is not difficult to observe the bound

E|[G 5 < ON; (VYD) + VV(D))

for a constant C' depending on B, as desired. O

Proposition B.8. Under the setting and assumptions of Theorem B.7, we have
E|[Gl 5 < Cllogn)””* (VV(D?) + V(D))
for an absolute constant C' depending on the bound B.

Proof. Throughout this proof, C' will refer to an absolute constant which may depend

on B and will change from line to line. As before,

BlGlel <B | [ i lopNe FO L@ . (an

with 7, = supg H f/f) ‘ . We will bound the covering number in two steps. First,

consider an e-cover M, in the L?(P,) metric for the function class
)\3
S = {sﬁ(y, z) = —sind” (A, (y — (2;8)) Jo) : B € ]R} (B.45)
o

and a e-cover in the L?(P,) metric N, for the function class D'2. Moreover, take the
cover such that all elements of M, are bounded above by the envelope CBA3 for an
absolute constant C. Take d(z) € N, which is e-close to ¢'(f3, 2)? and similarly, take
9(y, z) € M, which is e-close to sg(y, z). By (Al), we can take the net N, such that
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d(Z;) < B? for all i. Then

2

—Z s5(Ys, Z:)0'(8, Z:)" — 9(Yi, Z:)d(Z;))

ZSa Y, 2,7 (8'(8, Z:)° — Zd *(55(Yi, Zi) = (Y, Z0))?
< CBZASLé + B*é2,
where we used the envelope bound on the last line. Thus,
N(CB (X + B?) ¢, F?,Ly(P,)) < N(e,D? Ly(P,)) - N(e,S,Lo(P,))  (B.46)
for some absolute constant C. Since sinc” is Lipschitz and o ' < B, we also have
N(CB?*X¢,8,La(Py,)) < N(e, D, Lo(Py)).

Putting these bounds into Eq. (B.44), we have

Tin €
1+log N D.L2(P,) |d
| \/ e ) ]

Mn €
2 T 2
/0 \/1+logN (032(Ag+32)’D L (Pn))de]

Following the argument of Prop. B.2 again we then have

E|Gll e SE[F@|, + XX, + B)VV(D) + (X, + B)VV(D?).  (BAT)

E|G|ze SE

+E

Using the definition of the envelope F we conclude the proof.
O

B.5.3. Example decision rule class for Theorem 3.

Example 5. Consider the class of simple threshold decision rules d(z; §) = f with 8 €
R. Tt is unclear whether there are interesting examples which satisfy the assumptions
(A1)-(A4). The following lower-level assumptions give such a class of py.,. Fix
Ko >0,B>0andlet :=2>5" p;, 0% :=15" (4 — )2

(L1) —B < min; p; < 0 and 0 < max; y; < B.

(L2) Letting mp := infip 35 to(t),

(L3) 23>0 2 > ro/p(3B).



Proposition B.9. Fix constant B, ky as above. Assume (L1)-(L3). Then (Al)-(A4)
hold with k = ko and with some £ > 0 depending only on B, K.

Proof. By (L1), it is easy to see that (A1) holds. Now without loss, assume that
< pg < oo < e Inothis setting, W(B) = 3, @ — B),W'(B) =
— o 2o i (pi = B), and W(B) = & 370 p13(8 — p1i) (i — B). A result of Schonberg
(1948) shows that ¢ is a totally positive kernel and, for any sequence of ¢; < ¢ <
.. < ¢, the number of sign changes in the vector (W'(¢y),...,W'(¢,)) is at most
that in the vector (pg,...,u,). Note that since (u1, ..., ) changes sign only once,
(W'(c1),...,W'(c,)) changes sign at most once. This implies that there cannot be

multiple local maximizers.

Next, we claim that (L2) implies that W/(—2B) > 0 and W’(2B) < 0. If so, this
would show (A2) holds and f* € [-2B,2B]. First, let f,(z) = p(z — 2B). Let
fo=23"" fi(ui). Observe that

n

~W'(2B) ZHszr 14i) Hf+ : Z(Mz — 1) (f+ () = fe(m)) (B.48)

By the mean-value theorem, we have for some §; between p;, fi that f(&)(u — 1) =

fi(p;) — fo(@). Plugging this into the equation above,

1 o - -
S el =TT+ 3 Fie)
i=1 =1

We have f!(z) = (2B — x)p(x — 2B) and f,(&) > mp = inficpsp te(t) > 0.
Moreover, f. < ¢(B). Thus,

~W'(2B) > —|lp(B) + o*mp > 0.

We can repeat the argument in the other direction with f_ := ¢(x + 2B). Observe

the analogous decomposition

n

—Zm =R S = ) (- () — £ () (B.49)

=1
By the mean-value theorem again, we have for some &; between p;, @ that f" (&)(u; —

) = f-(u;) — f— (7). Plugging this into the equation above,
—Zuz —nf_+— Zf (&) (i — )%

76



We have [’ (z) = —(x + 2B)p(z + 2B) < —mp. Moreover, f_ < ¢(B). Thus,
—~W'(=2B) < [f|¢(B) — o*mp < 0.

This completes the claim.

Next, notice that

. 1
W (8 Zuz — i)l = B7) = == > ol —
where the second equahty follows from the first order condition. Then boundedness,
p* € [-2B,2B], and (L3) implies

W) < - w(?EB)

Now, for § such that | — 8*| < R, we have

W”(8) = ( st@ ))—%Zu?w(u—

<(2B+R)R sup |W'"(B)| - koTm—roe>.
( ) \ﬂ'—ng' (51 = ro ¢(3B)

©(3B) = —kKy.

Notice that for u; € [—B, B,

LS (B — el — B)| < B|supae(e)| < B/4
=1 v
Thus BR (3B + R)
" ()0
W"(5) < (2B+ R) 1 ho ~(3B)

Now by the intermediate value theorem, for some R small enough, less than kq/B?,
W"(B) < —ko/2 for all | — 5*| < R. This choice of R only depends on B and kg.
By the uniqueness of local maximizer and a Taylor expansion argument, we conclude
that there exists & > 0 such that

sup W(B) < sup W(B) < W(5) - &.
|B—B*|>Ko/B |B=B8*|>R

This proves (A4).

B.6. Proof of Theorem 4.

T



Proof of Theorem 4. Throughout the proof let a;., denote a vector of decision rules,
where the ith index is a;(Y1,...,Y,) € {0,1}. We will first exhibit a class of priors
that are supported on ©. Consider the priors Radf?" for which u; = +1 with proba-
bility p and —1 with probability 1 —p and p; are i.i.d. Let Rad§"|A be the conditional
distribution of p4., conditioned on A := {min; u; < max; u;} N {|z| < C'} for some
absolute constant C’ small enough. Then Rad)"|A satisfies (L1) with B = 1 and,
choosing « small enough, it satisfies (L3) since £ > | u? = 1. Lastly, (L2) is implied
if [a| < %52. Since p; is either +1 or —1, this is in turn implied by 7 < C” for C’
small enough.

Next, observe the following inequalities:

sup Regret,(a1.n) > Eg,qen 4 [Regret, (a1.,)] (B.50)
Nl:ne@ P
Eraqen [Regret, (a1.,)1(A
g Regret, (a1)1(4) -
]P)Radf?" (4)
_ ERad?" [Regretn<a’12n>] - IERad?" [Regretn(alin)]‘(Ac)] <B52)
]P)Rad?"(A)
Eraqon [Regret, (a1.,)] — Pragen (A°
_ Erag [Regret, (1) — Praggr (49) .

B 1 — Progen (A°)

It is casy to see that Pragen(A°) is exponentially small in n for all p in a small
neighborhood of % We will focus on analyzing the term ERadgn [Regret, (a1.,)] . We
have

1 n
Eraqen [Regret,, (a1.,)] = Egen {sgp W(g) — - Z il fa;(Yq, ... ,Yn)]}
i=1

Z sup EG(X)"W(/B) — EG@n
B

Since W (B) = £ 5" | 1;P(Y; > B) and p; are independent, observe that

s%p EcW(8) = EcEx[u1{E[u | Y] > 0}],

1 n
=S B[V, V)
=1

which follows from monotonicity of the posterior expectation in Y. This is the welfare
of the Bayes-optimal decision (see e.g. Azevedo et al. (2020)). Therefore, we have
lower bounded sup,,, o Regret,(a1.,) by the Bayes regret of any prior Radf’" up to
some additive and multiplicative factors which are exponentially small in n.
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We will finish the proof using Le Cam’s two point argument. By Lemma E.1 we
may restrict to decision rules which are monotone: a;(Y) = 1 {Y > 0;(Y(—s) } Let
ma(y) = Eglp | y] be the posterior mean and af;(y) = 1 {mg(y) > 0} be the Bayes

optimal decision for a prior G. We can equivalently write the Bayes regret as

R(Gany) = ZEG pi (a5 (Y5) — (V)]

= Z B¢ [ma(Yi) (aq(Y:) — ai(Yim))] -
i=1
We claim that the Bayes regret can also be written as a weighted classification loss
-~ ZEG [Ima (Vo) 1{ag(Y:) # ai(Yin)}] - (B.54)

To see this, consider the case where mg(Y;) > 0 so that ag,(Y;) = 1. Then
ma(Yi) (ag(Yi) = ai(Yin)) = [ma(Yi)| (1 = ai(Y1.0))
= [ma(Y)| 1{ag (Vi) # ai(Yin)} -
In the other case where mg(Y;) < 0 so that ag(Y;) = 0, then
ma(Yi) (ag(Ys) = ai(Yi)) = —ma(Yi)ai(Yia)
= [ma(Y)| ai(Yin)
= [ma(Y)| 1 {ag (Vi) # ai(Yin)} -

Next, consider two priors Gy := Rad1/2 o and Gy = Rad1/2+h/f for h to be

NP NG

chosen later. Let c, be the zero of the posterior mean mg,(y) for i = 0,1. By

monotonicity of the decision rule a;(Y7.,), observe that
1 {a*GO(Yi) + ai(Ylm)} +1 {a*Gl (Y;) # ai(YM)} >1 {C*GO <Y, < C*Gl} ) (B.55)

Next, define w(y) = min (|me,(y)], me, (y)|) and q(y) = min(pe; (y), pg; (v))
where pg‘(y) is the joint density of the data Yi,...,Y, under the prior G;. Let

pe,(y) be the marginal density of a single y under prior G;. Finally, let p(G: J )(y) be
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the joint density of the data Y7,...,Y;_1,Y}41,...,Y,, under G;. Then,

R(Gy, 6) + R(Gh,0) ZEGO [ma, (YOI 1 {ag, (V) # ai(Yin) ]
- ZEGI [Ime, (YD) 1 {ag, (V) # ai(Yin) }]

1 n
ZE;L 1 {ch, < vi < ¢, }aly)dys . .. dya.

Inspecting the integral, first notice that

Q(y) > min (pGo (yi)’pG1 (yl)) min (HpGo (yj)> HPGH (yj)> :
J#i J#i
Thus,

R(Gy,8) + R(G1,8) > ay,— 1—2/ w(y;) min (pe, (Yi), pe, (i) dys -~ (B.56)

where

Q1 1= / 1 min (pg)i) (yfi)ap(clji) (yﬂ')) dy ;.
Rr—

Notice that o, 1 = 1 — TV(p(C%i),p(C;i)) >1- \/"T_lKLD(pGO,pGJ by Pinsker’s and
tensorization of KL divergence. By the data processing inequality for divergences,

2h +
KLD(pGoapGl) < KLD<G07G1) =—1In

1
2 vn
i

The last equality follows from the formula for the Bernoulli KL

Bl

&

ivergence. Then for

large enough n, KLD(pg,, pg,) < 16h?/n and so
8(n—1)
-

Taking h = 1/4 we have o, 1 > o =1 — \/5/2 Next, observe that the posterior

distribution mgag, (y) is given by the explicit formula

pe? — (1 —p)
pe?¥ + (1 —p)

Canlzl_h

: * _ 1 1—p
with cg,g, = 5 In =*. Thus,

h
1 2=
C*GO:—C*GIZ§IH<1+ Vv )




Using the inequality In(1 + x) > z/2 for small z, for n large enough we find that
s 11 - 8h S 2
c —1In — —.
Go =9 V) T n

Furthermore, it is not difficult to see that on [c; , cgo], for n large enough, we have

]' *
w(y) = 5leg, = yl-
This follows by noting mgad,(y) > 5(Y — Chag,) ON [CRad, > Crag, T €] a0 MRag, (1) <
1y — CRad,) O [CRad, — € CRaq,], for some small e. Lastly, min (pg,(vi), pc, (v:)) is
bounded above by an absolute constant ¢ on the interval [cf;, , cg;,]. Combining these

items together, we have

ac — G
> = E Ny
R(G0a5> + R(G1a5) = p 4 /_ w(yl)dyl

=1 CGO
ac [
> 2 [ |, — yldy
_C*
Go
accgo .
— =0 )
=9y (n™)

Recall from Eq. (B.53) that

R(Gy,6) — Pg,(A°) R(Gy,0) — Pg (AC))
Regret,, (a1.,) > - : !
Jup, Regret, (a1) 2 max ( 1 — Py (A°) 1= Pg, (A%

For n large enough, P¢, (A°), Pg, (A°) = O(e™™). Thus,
sup Regret, (a1.,) > max (R(Gy, ), R(G1,6)) —O(e™)

H1:n €O
> — (R(Gy,8) + R(G4,68)) — O(e™)
(n7h),

as desired. 0

D ol
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Appendix C. Proofs for Section 4

Proof of Proposition 2. Let Y ~ Poi(u). Then for any integer ¢ > 0, we claim that
E[Y1{Y > c+ 1} = uP(Y > ¢). Indeed,

EY1{Y >c+1}] = i R

= uP(Y > ¢).
Taking ¢ = §(Z;; ) and applying the above computation to each summand of Equa-
tion (4.1) O
Proof of Theorem 5. Define V(B) = L 377" | (i — K;) 1{Yi > 0(Z;; 8)} be the in-sample

n

welfare. The same decomposition as in Thm. 1 shows that the regret is bounded as

-~ —

W (") —E[V(B)] < 2E[Stgp [V (B) = W(BII-

Thus it suffices to control \/LHE Supg \/iﬁ Yoy [8(Ys, i, Z;)| where
foty, i, 2) = y1{y 2 6(28) + 1} — pl{y = 0(z 8)} - (C.1)

Equivalently, fa(y,p,2) = (y — p)1{y = 0(z;8) + 1} — p1{y = 6(2;8)} . Note that
Efs(Y;, i, Z;) = 0. Let F denote this function class, indexed by 3, with envelope
function F' := y+ p. By the argument of Theorem B.1, we may apply symmetrization

and a maximal inequality to obtain

1 n
%Zfﬁ(}/;a,uhzi)
=1

with 7, := supg |/ fsl,. Next, let 71 be the function class indexed by 3 consist-

Mn
E sup <E {/ \/1 +log N(e, F,Lo(P,))de| , (C.2)
B 0

ing of the functions y1{y > d(z; ) + 1} and F, be the function class consisting
of ul{y > d(z;8)}. By Lemma B.1 these are VC subgraph classes with indices
O(V(D)). These have envelope functions F) := y and Fy := pu, respectively. Next,
note that

log N(€, F, La(Py)) < log N(€, F1, L2(Py)) + log N (e, F2, Lo (Pn))
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Using this and a change of variables, we arrive at

(L]
Il

"1+ log N(el|Fal,, i La(Py))de

Tin
[ VTN AL E £ IR, [
0 0
1£1lp

721,
B, [T U g N R P La(B))de
0
SIEN, + 1 EL, (L F | Fry L) + (|B2], (1, Fo | Fa, Lo)
<IN, + VYD) (IR, + 121l

Next, by Jensen’s inequality observe the bounds

N 1/2
1
E[lF, < (ﬁZM? +Mi>
1=1
1 n 1/2
E[| |, < (ﬁ ZM?)
=1

and E||F||,, < E|Fi|, + E||Fs/,,. Combining the pieces, we have

n n 1/2
1 1

This gives the result. 0

Esup
B

Theorem 6 (Matching Regret Lower Bounds). Fix costs K; = K > 0, and let © be
a compact interval containing a neighborhood of K. We have
inf sup Regret (ay.,) = Q(n~?),
sy S Reg n(a10) = Q(n"77)

where Regret, (a;.,) Is defined analogously to (3.7) except with pi; replaced with p;— K.

Proof of Theorem 6. We can lower bound the compound total by restricting to two
sets of parameters jiy, . .., i, given by j; = 2o := K +hn~'2 for all i, and j; = 2, :=
K —hn Y2 for all i = 1,...,n. The parameter h can be chosen later. In the first
case, notice that the optimal decision is to ship all indices ¢ (take Cyp = 0). In the

second case, the optimal decision is to ship no indices (take C,, = 00). Then:

1 n
RegretComp,,(©) > inf max (hn_1/2 — hnV2Z E E. (a;(Y1,...,Yn)),
n
i=1

a;

1 n
hn 2=y B (ai(Ya, ,m))
=1
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This can be written as

% max (EZO )

Notice that this quantity is h/+/n times the maximum of the Type I and Type II

n

S>alvi )

i=1

1 n
1—— (Y1, Y,
n;@(l )

Y EZl

errors of the randomized test which outputs a; € {0, 1} with probability 1/n. But for
any test, the minimum total error for a binary hypothesis test by Le Cam’s lemma is
lower bounded by

1 — dyy (Poi(21)®", Poi(z0)®") .

Now, applying Pinsker’s inequality and tensorization yields

drv (Poi(z1)®", Poi(z)®") < %Jdm (Poi(=1)%"| Poi(z) ")

\/_
S \/;\/dKL (POI(21)| POI(Z()))

= \/n/2 {zl lnj—; (1 — zoﬂ "

But
lenﬁ — (21 — Zo) = len (1 + &l _ZO) - (Zl - Zo)
20 20
2 — 2 21— 2)?
_ 2 _ 2
_ (21— %) 2z 22’0) +O0(n3?)
20 225
220 — 21 (Zl — Zo>2 3
= O(n3?
2 22 +0(@)
h2
o)
n
Thus

drv (Poi(z1)®", Poi(z9)®") < O(h),
where h can be taken small enough so that the TV distance is less than 1/2. Then

the total risk is bounded below by O(n~'/2) as desired.
U

Appendix D. Additional Details for Section 5 and Section 6

D.1. Simulation Details.
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D.1.1. Calibrated OA Data. In this simulation, n ~ 10* and oy., are taken from the
Opportunity Atlas dataset. We generate Y; = u; + N(0,02) for each 4. In addition,
we add constant costs K; = 0.361 (motivated by the empirical application) and a
one-dimensional covariate X; generated by taking p; and adding scaled t¢-distributed
noise with 10 degrees of freedom (p ~ 0.7). We compare 11 methods across 40 Monte
Carlo runs, where Y., are re-randomized for each run.

Firstly, we consider the class of linear shrinkage rules from (3.2). For this class, we
consider 3 competing methods: 1) the plug-in approach where pg, 7> are the grand
mean and standard deviation estimated from the data, 2) ASSURE, and 3) coupled
bootstrap. Recall that method 1) corresponds to computing the empirical Bayes
posterior mean assuming a Gaussian prior, then implementing if the posterior mean
is greater than the implementation cost.

Secondly, we consider the class of decisions from (3.3) based on the Fay-Herriot
model. For this class, we consider 3 competing methods: 4) the empirical Bayes plug-
in approach from (Fay III and Herriot, 1979) 5) ASSURE, and 6) coupled bootstrap.
These models take advantage of a one-dimensional covariate Xj.

Thirdly, we consider the CLOSE-GAUSS model discussed in Example 4. We consider

decision rules where the threshold is given by

0_2

Derose-aavss = {Kz + S%(—ZZl)(KZ - mO(Zz))} )

where s2(Z;), mo(Z;) depend only on o; and are obtained via nonparametric regres-
sion. We also consider the decision in the parametric model Eq. (3.4) chosen by
ASSURE. This yields methods 7), 8) respectively.

Fourth, we consider 9) Gaussian Heteroskedastic NPMLE using the REBayes pack-
age (Koenker and Gu, 2017) and 10) CLOSE-NPMLE as implemented in Chen (2025),
where a unit is selected if its posterior mean is greater than implementation cost K.
Finally, we consider decision rules obtained by ensembling a predictive model and
empirical Bayes estimate, as described in Section 4. Concretely, we consider rules
such that

~

amg(Yy, 03) + (1 — a) f(Xi) > K,

where mg is an empirical Bayes posterior mean function estimated from the data,
and f is a model estimated from the data (Xi.,, Y1.,). o is a parameter in [0, 1] tuned

using ASSURE. Taking the CLOSE-GAUSS posterior mean function
o? s3(a;)
ma(Y;, 05) = ———mo(0;) +
60 = o+ o™t o)+ o2
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with myg, s2 estimated nonparametrically and the linear model X, 3, the decision

thresholds can be stated as
Ki—(1-a)X'B o? o?
D = G 14+ 2| — )———:acRs. (D.1
ENSEMBLE { ( o + S%(Ui) mO(U )8(2)(0'1) « ( )
We fit 8 with GLS and my, s3 using CLOSE-GAUSS as in (Chen, 2025). This is

method 11 of the comparison.

We also compare the same methods in an adverse setting where both the outcome
distribution is misspecified and the covariate distribution is pure noise. We take
Y, = w; + o, T; with T; eol t19, the t-distribution with 10 degrees of freedom. Notice
that Gaussianity only holds approximately here and the variance of the observation
distribution is also misspecified. We take X to be t-distributed noise completely
uncorrelated with of the true effects. The results are displayed in Figure 11. All
methods perform slightly worse in the misspecified setting, with larger variability
in performance. As expected, the Fay-Herriot class performs comparably to plug-in
shrinkage as the X; are not predictive of the y;. Interestingly, ASSURE still improves
on the plug-in empirical Bayes methods in the first three groups of methods, while
giving an ensemble method which is on par with CLOSE-NPMLE.

Opportunity Atlas Comparison: Misspecified Model, Noisy X

1301
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Performance over Monte Carlo runs

?\“q_‘\(\
F1GURE 11. Same simulation setting as in Figure 2, but Y; are drawn

from the misspecified model described in the text. One-dimensional X;
covariates are a fixed draw X; i 0.1%19 with constant costs K = 0.361.
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We also consider two additional settings, a misspecified model with informative
covariates and a well-specified model with noisy covariates. All the results are sum-
marized as in Figure 12 and reinforce our previous claims. ASSURE is seen to produce
slightly better decisions than coupled bootstrap. Both these methods allow for fine-
tuning of the empirical Bayes plug-in decision, especially under misspecification. The
only cases where ASSURE is inferior to the empirical Bayes plug-in is in the CLOSE-
GAUSS class in the first and third rows, but the difference is only slight and can
be attributed to the fact that the empirical Bayes procedure in this class estimates
the conditional mean and variance using a nonparametric regression while the corre-
sponding ASSURE method is restricted to a parametric specification. It comes as a
nice surprise to see when the model is misspecified ASSURE makes a better decision

than the nonparametric method.

Performance measured by the % of Oracle Value Captured

Linear Shrinkage NPMLE Close-Gauss Ensemble
gpeCy {703 61.5 84.2
We\\éé)od X
ecpeCy 1 69.1 76.0 75.8 60.8
M\ng’od he
\specy 1 70.2 71.6 72.8 72.2 61.7
\Ne\No'\S‘l X
N\'\ss\)ec" 1 69.0 75.7 75.6 69.7 70.8 70.5 60.8
No'\S\l X
@ @ 3 D el Nl & & 9 9 o
& S S L g R N N R4 § S
£ & 4 S & 3 g £ & & &
2 2 2 & ] 12 $ 9 «
I & Y &S < ] 9 o
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§ S Q@ <
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FiGUurE 12. Comparison of all methods in four simulation settings for
the Opportunity Atlas dataset.

D.1.2. Calibrated Experimentation Program Data. To generate the calibrated dataset
on experimentation programs, we first take the dataset described in Section 6.2. Given
Yi.n, 01.n, we use heteroskedastic Gaussian NPMLE to obtain estimates fi; of p;. The
i1; should only be interpreted as a sensible proxy for the unknown p;. We then treat
these estimates ji; as the true parameters, and regenerate a new synthetic dataset
Vi, 01 using Y; = fi; + N(0,0?). In addition, we add costs K; = K for each decision

problem ¢ corresponding to the median of {|f;|},—;.

D.2. Empirical Application Details.
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D.2.1. Additional Opportunity Atlas Details. For our empirical application on data
from the Opportunity Atlas, we consider 13,600 census tracts in the top 20 Commut-
ing Zones of the US. The metric of interest y; is the mean percentile rank of household
income measured in adulthood for all Black children whose parents were at the 25th
percentile of income. For each tract, an estimate Y; and associated standard error o;
is obtained from a particular regression specified in Chetty et al. (2018).

Regarding the cost specifications {0.2,0.361,0.369} the first considers improvement
over the baseline mean income of participants in the CMTO trial. Bergman et al.
(2024) report that the mean income is $20,000 for participants in the program and
the program costs roughly $2, 670 per family issued a voucher. As a first attempt, we
should select all tracts for which the dollar equivalent of p; is greater than $22,670.
This is roughly the 20th percentile rank of household income, so K; = 0.2. To facilitate
a closer comparison to choosing the top 1/3 of census tracts as in Bergman et al.
(2024), we can also consider the costs which imply such a decision. If K = 0.361,
then a plug-in empirical Bayes model chooses exactly 1/3 of units. Equivalently,
the 67th percentile of the linear EB posterior means is 0.361. This is the second
cost specification we consider. Finally, we consider the implied cost for the naive
truncation decision rule Y; > K to select 1/3 of units. This corresponds to the 67th
percentile of estimates Y;.

Appendix E. Misc. Lemmas

Lemma E.1 (Reduction to monotone decision rules). Fix oy.,, K1.,. Let a;(Y;;Y_;) €
[0, 1] be a decision rule and assume a;(-, Y1.,) is not almost surely zero or almost surely
one. There exists a threshold rule aj(-;Y_;) = 1(Y; > 6;(Y_;)), where 6;(Y_;) € R,
such that

B (i = K3)ai(Vi; Yoi)] < Byiy,, (i — K)ag (Vi Yo3)]

for all py., € R™.

Proof. Let
Y0(Yoi) = Bp—re a:(Yi; Yo3) | Y] € (0,1).
Define af(y; Y_;) = 1(y > ¢(Y_;)) such that
Epre, (1Y 2 o(V0)) | V-] = 30(Y ).
Note that a}(y;Y_;) is the uniformly most powerful test for Hy : pu; < K; with
conditional size vo(Y_;), against Hy : u; > K;. Likewise, 1 — a}(y;Y_;) is the UMP
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test when we swap the null and the alternative. a;(y;Y_;) is a randomized test that
has the same conditional size vo(Y_;).
Let pu; > K;, then

B lai(Yis Yoo) | Yoi] < By laf (Vi Yog) | Y]
since a; is weakly more powerful than a;. Conversely, if u; < K;, then
By lai(Yis Yoo) | Yoi] > By, fag (Vi Yog) | Y]
since 1 — a* is more powerful than 1 — a;. Thus
(i — KB a(Yi Vo) | Y] < (s — KB [al (Vi Vo) | Yo
The conclusion follows by integrating out Y_;. 0

Lemma E.2 (Properties of Sinc Kernel). The function  +— +sinc (£) is bounded
above by Ch™Y, and further has a derivative bounded uniformly by Ch™2 for an abso-

lute constant C.

Proof. The first claim follows since |sinc(y)| < 7~! per our definition. For the second,

z

h) where

differentiating gives A2 sinc’ (
. 1 COs Yy — siny
sinc’(y) = ————5——.
Y
An application of I’'Hopital’s rule shows that this function is zero at zero. From this
and continuity, it is not difficult to see that sinc/(y) is uniformly bounded by some

absolute constant. This gives the second claim. O

Lemma E.3 (Derivatives of V). Let Ve, Voo denote the first and second partial

derivatives in C. They are given by the following formulas.

1K) (Yi-C\ 1 _ ,(Yi-C
\IIC(Y;, Zi) C) = %h—o'z sinc ( ho‘i ) — ﬁ SlIlC, < ha‘i ) (El)
1(Y;_KZ) / Y;_C 1 s Yz_C
VoolYs, Z; = ——" — E.2
CC( (3] (2] C) T hQO_ZQ sic < ho_l ) O-ih3 simc hO_Z ( )

E.1. Lack of an unbiased estimator. We present an argument that is referenced
in Stefanski (1989) without proof. By Lemma E.4, an unbiased estimator for W (f)
exists if and only if one for ¢(u) exists. The following result shows that ¢(u) cannot

be unbiasedly estimated, at least not with estimators with reasonable tail behavior.
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Lemma E.4. Let Y ~ N(u,0?). Then
o (1= o) hoe
E[Y1{Y > c}] = = exp <_T> + pud < - ) :

2mo

Proof of Lemma E.4. Rewrite the expression as

EYI{Y =2 c}] =E[(Y = ) 1{Y —p = c— p}] + pP(Y = ¢)
_ C:x\/%exp<—2%:2>dx+,u<l—® C;“))
() o)

e () (e (5)

Proposition E.1 (Stefanski (1989)). Let f : R — R be some rea]—va]ued function
where Ey ()| f(Y)]] < 0o. Definem : C — C as m(z) = [ f(y)o(y — z)dy. If m

is entire, then there is some p € R where

Eulf (V)] # o(u).
Proof. Towards contradiction, suppose m(p) = E,[f(Y)] = ¢(p) over p € R. Since

O

©(+) is analytic, we must have m(z) = ¢(z) over C. Let z = it, we have that for all
t e R,

/f ”ydye 2 _ o2 — /f ’tydy—l
Note that

/V@ﬂﬂ@z/WﬂMw@i&meWM<m

Thus fy is L'. By the Riemann-Lebesgue lemma, the Fourier transform vanishes at
infinity:
0= lim /f y)edy = 1.

[t| =00

This is a contradiction. O

[t remains to discuss when m(z) is entire. A sufficient condition is that f(Y") is
integrable under a slightly noisier Gaussian: Ey no1+e2)[|f(Y)|] < co. When this is
true, we can then differentiate the real and imaginary parts of m(z) under the integral
sign and verify that the partials are continuous and satisfy the Cauchy-Riemann

equations.
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