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ABSTRACT. This paper clarifies how and why structural demand models (Berry and
Haile, 2014, 2024) predict unit-level counterfactual outcomes. We do so by casting
structural assumptions equivalently as restrictions on the joint distribution of poten-
tial outcomes. Our reformulation highlights a counterfactual homogeneity assump-
tion underlying structural demand models: The relationship between counterfactual
outcomes is assumed to be identical across markets. This assumption is strong, but
cannot be relaxed without sacrificing identification of market-level counterfactuals.
Absent this assumption, we can interpret model-based predictions as extrapolations
from certain causally identified average treatment effects. This reinterpretation pro-

vides a conceptual bridge between structural modeling and causal inference.
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1. Introduction

Predicting counterfactual outcomes for individual units is central to many areas
of economics. In industrial organization (IO), for instance, prices set by firms de-
pend on demand—market shares at counterfactual prices. Thus, predictions of these
counterfactuals yield markups and marginal costs. Demand estimation methods in
the structural tradition are often motivated by their ability to predict counterfactual
outcomes for individual units. Once researchers fit a model to observed data, the
model implies counterfactual outcomes for all units. By contrast, the literature on
causal inference (Neyman, 1923/1990; Rubin, 1974) generally focuses on recovering
average counterfactuals. For unit-level counterfactuals, causal inference methods are
typically informal—e.g., extrapolating from average treatment effects (ATEs) among
observably similar units—if they are produced at all.

These “two cultures” for predicting counterfactuals, to quote Breiman (2001), face
parallel critiques.! The causal inference literature shows that certain average counter-
factuals are identified through credible treatment variation. However, these averages
often are not themselves of economic interest. Extrapolating them to individuals
would only be valid under constant treatment effects, which severely restricts unob-
served heterogeneity. For instance, Berry and Haile (2021) write of the treatment

effects literature,

[E]conomists often settle for estimation of particular weighted aver-
age responses (e.g., a [LATE]); but this is a compromise poorly suited
to the economic questions that motivate demand estimation, as these

typically require the levels and slopes of demand at specific points.

In contrast, the structural tradition imposes modeling assumptions up front to di-
rectly target unit-level counterfactuals. But these predictions seem to hinge on the
model: It can be unclear how to interpret them without the model. For instance,
Angrist and Pischke (2010) write of demand estimation methods in 10,

The postulated demand system implicitly imposes restrictions on sub-
stitution patterns and other aspects of consumer behavior about which
we have little reason to feel strongly. [...] In this framework, it’s hard
to see precisely which features of the data drive the ultimate results.
IThe two cultures are often imprecisely monikered “structural” and “reduced-form” approaches to

counterfactual prediction. This is imprecise since potential outcomes specify an (often very flexible)
structural model.



To reconcile and bridge the two cultures, we ask: First, do structural models avoid
restricting unobserved heterogeneity, or do they too extrapolate from averages? Sec-
ond, how should we interpret structural model predictions when the model is only an
approximation? This paper studies these questions in the context of canonical models
for demand in 10, in both settings with market-level shares (Berry et al., 1995; Berry
and Haile, 2014) and settings with demographic-specific market shares (Berry and
Haile, 2024).

In either case, we cast the 10-style demand model equivalently as restrictions on
the joint distribution of potential outcomes. This equivalent reformulation—in the
spirit of Vytlacil (2002, 2006)—does not simply declare that the potential outcomes
are generated from the corresponding structural model. Rather, the model is reinter-
preted as restricting the joint distribution of potential outcomes.?

We find that a key restriction that such demand models impose is what we term
counterfactual homogeneity: 1f the structural model holds, then two counterfactual
outcomes are deterministically related to each other through a function that is iden-
tical across markets. Concretely, let Y;(a) denote the counterfactual market shares of
a given market ¢ under a bundle a of product characteristics and prices. Counterfac-
tual homogeneity restricts that Var(Y;(a) | Y;(a’)) = 0 for any bundle ¢’ # a, where
the variance is taken over draws of markets over its population. This is a strong
restriction on the joint distribution of (Y;(a),Y;(a’)). To be sure, this merely reflects
restrictions on the dimension of unobservables in these models—We clarify that these
dimension restrictions manifest as restrictions on treatment effect heterogeneity.

Counterfactual homogeneity is also not a flaw of these particular structural models—
if we want models that point-identify unit-level counterfactuals. Indeed, counterfac-
tual homogeneity cannot be relaxed, unless we give up point-identification as well.?
Additional functional form assumptions in Berry and Haile (2014, 2024), which are
sufficient but not necessary, ensure that the homogeneous relationship linking coun-

terfactuals is uniquely recovered by instrument variation. Modulo these additional

2Vytlacil (2002) shows that the selection model D; = 1(a 4 8z > &), for > 0, is equivalent to the
monotonicity restriction P(D;(1) > D;(0)) = 1 (Imbens and Angrist, 1994). The former is stated
as a model of how an endogenous treatment D is generated from deeper unobservables, whereas
the latter is stated as a restriction on the joint distribution of (D;(1), D;(0)).

30f course, point-identification is convenient but not necessary to make effective use of data. Partial
identification strategies (Molinari, 2020) are popular in the literature on entry games (Ciliberto
and Tamer, 2009) and revealed preference (Pakes et al., 2015). It is also possible to partially relax
counterfactual homogeneity by demanding that only certain counterfactuals—e.g., counterfactual
in prices—are identified (Andrews et al., 2025a; Borusyak et al., 2025a,b).



functional forms, nonparametric structural demand models are indeed minimally re-
strictive for point-identified unit counterfactuals.

Nevertheless, just as we are uneasy with homogeneous treatment effects when ex-
trapolating from ATEs, counterfactual homogeneity should also give us pause. Coun-
terfactual homogeneity meaningfully restricts how markets may be different from each
other.* Tt rules out, for instance, a Berry et al. (1995) (BLP)-style model in which
markets differ in unobserved product characteristics &, but each market also aggre-

> Tt also imposes that

gates over unobservably different populations of consumers.
markets with the same market shares at the same bundle of goods necessarily have
identical counterfactuals everywhere else—ruling out demand surfaces that intersect
nontrivially.

These implications of counterfactual homogeneity are demanding. This reflects
that the structural models are simplifications and are unlikely to hold literally. Thus,
unit-level counterfactuals under counterfactual homogeneity are better interpreted as
extrapolated predictions rather than as point-identified treatment effects (Kline and
Walters, 2019). We formalize how Berry and Haile (2014) extrapolate from average
effects. We also show that this kind of extrapolation is essentially what large classes
of structural models do. This exercise clarifies the value of structural models. Many
counterfactual predictions are effectively extrapolating from certain ATEs—acting as
if every unit has the same treatment effect. Structural models are additionally help-
ful in motivating which ATEs to extrapolate from, for researchers dissatisfied with
reporting average counterfactuals.

This paper contributes to a literature that bridges causal inference and structural
modeling (Andrews et al., 2025a; Kline and Walters, 2019; Borusyak et al., 2025a;
Kong et al., 2024; Humphries et al., 2025; Torgovitsky, 2019; Mogstad and Torgovit-
sky, 2024; Angrist et al., 2000; Conlon and Mortimer, 2021; Borusyak et al., 2025b).
This paper is also related to transformation models and other simultaneous equa-
tion models (Chiappori et al., 2015; Vuong and Xu, 2017; Benkard and Berry, 2006;
4This differs from within-market consumer heterogeneity allowed by BLP (Berry et al., 1995). In
our notation, consumer heterogeneity corresponds to whether a — Y;(a) is a flexible function. In
contrast, counterfactual homogeneity are restrictions on how different the demand curves Y;(-) and
Y;(+) for two markets can be.

SThat is, a model in which (i) each consumer has multinomial logit preferences over mean utilities
23 + &;, (ii) consumers differ by 3, (iii) each market aggregates over a distribution G(8 | ¢) of
consumers, and (iv) markets differ in both £ and ¢. For instance, a BLP-style model where half

the markets have normal random coefficients and half have lognormal random coefficients—without
observing market type—is ruled out.



Matzkin, 2008). Counterfactual homogeneity is related to a literature on omitted pa-
rameter heterogeneity (Chesher, 1984; Hahn et al., 2014; Qian, 2025). Like Berry and
Haile (2014, 2024); Vytlacil (2002); Kline and Walters (2019), this paper’s primary
focus is conceptual—the identification and expressivity of workhorse models.°

This paper proceeds as follows. Section 2 derives equivalent assumptions to Berry
and Haile (2014). Section 3 discusses counterfactual homogeneity, derives its necessity,
and derives an equivalence between structural model predictions and extrapolations
from average treatment effects. Section 4 derives equivalent assumptions to Berry
and Haile (2024) and examines the extent to which models with micro-data allow for

counterfactual heterogeneity:.

2. Market-level data

We start with a standard model of differentiated products (Berry et al., 1995;
Berry and Haile, 2014) in potential outcomes notation. Markets are i.i.d. draws from
a population F**, following Freyberger (2015). Each market contains the same J € N
inside options. The observed data in each market take the form (Y, A, 7). Here
Y € Y C [0,1]7 is the vector of observed market shares, A € A C R7*% is the bundle
of prices and characteristics associated with each of the J goods, and Z € Z C R%
is a vector of external instruments that includes the exogenous entries of A. For
concreteness, we may write A = (4y,..., Ay) for each product, for A; = (P}, X;) the
prices and characteristics of a product. We view A as a treatment acting on Y.

To embed the setup in the potential outcomes framework, let the random variable
Y (a) denote the potential outcome for a given market, were the bundle set to some
counterfactual value a. The observed market shares Y are generated from underlying
potential outcomes, Y = Y (A). We condition on other observed market covariates
and omit them from notation.

On the other hand, demand models typically posit that counterfactuals Y'(a) are
generated through certain “deeper unobservables” &

Y(a) = s(a, €). (1)

For instance, Berry et al. (1995) posit that market shares aggregate heterogeneous
consumers with Gumbel idiosyncratic preferences and heterogeneous valuations for
attributes (8 ~ G), where ¢ is often interpreted as an “unobserved characteristic” or
®The models estimated in practice are typically versions of Berry and Haile (2014, 2024) with

additional parametric assumptions. Compiani (2018) studies nonparametric estimation for Berry
and Haile (2014).



a “taste shock”:

Yiia) =506 = |
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Here, the map s is indexed by the random coefficient distribution G.

dG(p) for some distribution G.

The causal inference and demand modeling literatures differ in their typical work-
wElY (a)],

’ da
or conditional-on-covariates versions thereof (Angrist et al., 2000). If a; represents a

flow. The former usually focuses on average effects like E[Y (a1) — Y (ao)]

price increase in good j relative to ag, these parameters measure the average response
of market shares to this price increase across some (sub)population of markets. These
averages are in turn identified through various comparisons that exploit variation in
A induced by the instruments. Care is taken on restricting how A responds to instru-
ments (e.g., monotonicity, Imbens and Angrist (1994)) to ensure that instrument-level
comparisons recover proper comparisons over endogenous treatments.

On the other hand, the demand estimation literature in 10 is concerned with unit-
level counterfactuals and views average effects as insufficient for scientific and policy
objectives. These unit-level counterfactuals are Y (a;) — Y (ag), representing a partic-
ular market’s response to changes in a. Typically, models impose restrictions on (1),
such that the structural error £ = s71(A,Y) can be recovered from observed variables
with knowledge of s, which is itself identified through instrument variation.” The
model then identifies counterfactual outcomes through Y (a) = s(a, 5 '(A,Y")). Iden-
tification of s requires assumptions on instrument strength, but need no monotonicity-
type restrictions on the selection of A.

A standard intuition in causal inference is that unit-level counterfactuals—or even
the distribution of individual treatment effects—are not identified even with a ran-
domized experiment, absent assumptions like rank invariance (Doksum, 1974; Heck-
man et al., 1997).% Consequently, predictions of unit-level counterfactuals are rare
and often informal in causal inference. For instance, a unit’s treatment effect may be
approximated by the conditional average treatment effect (CATE) among observably
similar units, under implicit assumptions ruling out unobserved heterogeneity.

This lack of focus on individual counterfactuals—as well as concerns about unob-
served heterogeneity—in part explains limited takeup of standard causal inference
tools and language in subfields of the structural tradition. On the other hand, the

"In the case of Berry et al. (1995), the random coefficient distribution G is identified under
additional parametric assumptions, implying that s is.
8This is even termed the “fundamental problem of causal inference” (Holland, 1986).
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complexity of some structural models makes it difficult to see how its predictions
depend on modeling assumptions. It is thus useful to understand what drives iden-
tification of unit-level counterfactuals. We do so by interpreting 1O-style demand
models explicitly as restrictions on the joint distribution of Y'(-).

We now set up notation to discuss identification formally and to introduce the as-
sumptions in Berry and Haile (2014). We let F' € P denote the distribution of the ob-
served variables, and we let F'* € P* denote the distribution of ({Y(-) : a € A}, A, Z).
Each F* generates a particular F' through Y = Y (A), and thus P* generates P. Let
S C Y x A denote the support of (Y(A), A).?

We define identification for unit-level counterfactuals: A unit-level counterfactual
Y (a) is identified if we can compute it from any other (Y (a’),d’), with a function

m(-; F') that is known given the observed distribution F'.

Definition 1. We say that a counterfactual Y (a) is identified'” at F if for all F* € P*
that generates F', there is some function m(a, -, -; F') : § — ) such that

Pr{Y(a) =m(a,Y(d'),d; F)} =1

for all (Y(da’),a’) € S. We say that all counterfactuals are identified under P* if, for
all a € A, Y(a) is identified at all F' € P.

If counterfactuals are identified, then the function m(-; F') can be obtained from F.
Any counterfactual for any market can then be computed by substituting the ob-
served (Y, A) into this function, Y (a) = m(a,Y, A; F'). Under (1), if we identify the
function s and can compute £ from any (Y'(a'), a’) with the knowledge of F', then we
can identify counterfactuals Y (a) by applying Y (a) = s(a,£(Y (a'),a’)).

The seminal paper by Berry and Haile (2014) shows identification in this sense for
a flexible class of demand models. Their result nests parametric demand models like
logit, nested logit, or BLP (Berry et al., 1995). To introduce their result, we partition
characteristics and prices of option j into a; = (215, pj, 25). We write a = (21, p, z2).
Here, x1; € R is a special scalar characteristic,! pj is price, and wy; collects other
9For simplicity, we assume throughout that all members of P have common support:
Pr((Y,A,Z) e E)=0 < Pp((Y,A,Z) e E)=0forall F,F' € Pand allevents E C Y x Ax Z.
10T his notion is slightly stronger than what may be natural. We require the function m to link
any two potential outcomes. An alternative definition could just require that m link the observed
outcome (Y, A) to counterfactual outcomes. When A is randomly assigned, these two notions are
identical.

1T nest BLP in this framework, z; can be chosen to be any characteristic that does not have a
random coefficient (Berry and Haile, 2014).



characteristics. In their identification argument, prices p and characteristics x5 do

not play distinct roles. Let X denote the space in which p, xo take values.

Assumption BH14-1 (Linear index). For some random variable ¢ € = C R’ and

some map § = sp«, the potential outcomes F* satisfy
Pp{Y(a) =s(z1+ & p,xe)} =1 forall a = (x1,p,x3) € A.

Assumption BH14-2 (Invertible demand). The function s(-, p, z3) is invertible in

its first argument: There exists some measurable function s7%: Y x X — R’ where
Pp- {1+ &=5""(Y(a),p,x2)} =1 for all a = (z1,p,x2) € A

Assumption BH14-1 is stated as Assumption 5.1 in Berry and Haile (2021). It is
an implication of Assumption 1 in Berry and Haile (2014), which is a similar index
restriction on an underlying random utility model. Assumption BH14-2 is a conclu-
sion of Lemma 1 in Berry and Haile (2014), justified via a “connected substitutes”
condition in Berry et al. (2013)."% Since the identification of demand only relies on
this implication, we impose it as a high-level assumption instead.

Combined with assumptions on instruments, Assumptions BH14-1 and BH14-2 al-
low for identification of the function s by exploiting an “index-inversion-instruments”

recipe (Berry and Haile, 2021), which returns the following moment condition:

E¢ | Z] =E[s (Y, P, X,) | Z] - X, = 0.

The function s7! is then identified through nonparametric instrumental variables

(Newey and Powell, 2003); see Theorem 1 in Berry and Haile (2014). Upon iden-
tification of s, the structural shock & = s (Y, P, X,) — X; can be computed and

unit-level counterfactuals are recovered. The map m in Definition 1 can be chosen as

Y(a) = 5($1 +§_1(Y(a,)7p,7x,2) - xlljapa 'IQ) a = (xlapa 'IQ)a a, = (xllapla w/2)a

~
model-implied &

which depends on the data only through the identified structural function s.

This identification argument is mathematically transparent. It shows that paramet-
ric restrictions in BLP, for instance, are not crucial for identification. Nevertheless, it
can be mysterious how the index and invertibility assumptions allow for identification
of 5, and what distributions over Y (a) they rule out. Our central exercise is to restate
Assumptions BH14-1 and BH14-2 equivalently only in terms of counterfactuals Y(-),

2Connected substitutes also implies additional shape restrictions on s~ !

rically testable (Breunig and Chen, 2024).

, which are nonparamet-



without presuming that Y'(+) arises from a process involving deeper unobservables &.
To be sure, like Vytlacil (2002), fundamentally this exercise is a simple change of
notation. However, we argue that this restatement precisely clarifies the restrictions

on counterfactuals made by models involving deeper unobservables.!?

2.1. Equivalent assumptions in potential outcomes. Our first assumption im-

poses that Y (-) satisfy counterfactual homogeneity.

Assumption CH (Counterfactual homogeneity). For each F* € P*, there exists

some mapping C._,. = C'_,. p» such that
Pr{Y(d) =Cosw(Y(a))} =1 for all a,a’ € A. (2)

Equivalently, for some baseline treatment ag € A, there exists Cy(y,a) = Cosa,(y),

invertible in its first argument, such that for all a € A,
PF* {Y(Go) = Co(Y(a), CL)} =1.

Assumption CH states that there is a deterministic mapping C,_,, that converts
one counterfactual Y (a) into another Y(a’). This mapping is common to all mar-
kets in the population F*. Equivalently, counterfactuals Y (a’) have zero conditional

variance given any other counterfactual outcome Y (a), over draws of markets in F™*:
Varp« (Y(a') | Y(a)) =05x; forall a,d’ € A. (3)

Also equivalently, we can first convert all counterfactuals Y (a) into some baseline
outcome Y (ag), and then generating counterfactuals Y (a’) from Y(ap). In these
senses, Assumption CH restricts the heterogeneity across markets by restricting the
intrinsic dimension of the support of potential outcomes {Y'(a)},. 4. The relationship
between Y (a) and Y(ag) is kept homogeneous across all markets. We refer to it as
counterfactual homogeneity for this reason.

Counterfactual homogeneity can be viewed as the empirical content—written in
terms of outcomes—of restrictions on the dimension of unobservables £&. The ob-
servables ¢ are restricted to be J-dimensional, but the full extent of possible hetero-
geneity is much higher, essentially over functions A — ). The dimension restriction
on £ naturally restricts the intrinsic dimension of the support of potential outcomes
{Y(a)},c4- Viewing dimension restrictions on £ as counterfactual homogeneity, in

our view, clarifies its content.

13A gimilar motivation to avoid such unobservables in selection models underlies the potential
treatment notation in Imbens and Angrist (1994). See p.2251 in Imbens (2022).
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An implication of counterfactual homogeneity is that all markets that have identi-
cal conditions in the data (Y, A) = (y, a) must then also have identical counterfactual
outcomes Y (a') = C,s(y, a), for all counterfactual characteristics and prices a’ € A:
Geometrically, if two markets have crossing demand curves a — Y (a), then the two
demand curves must be identical. Assumption CH is also a generalization of rank
invariance in standard treatment effect settings.'® Relative to rank invariance, As-
sumption CH extends to non-binary treatment and multidimensional outcomes.

Counterfactual homogeneity rules out heterogeneity across markets. It is not an a
priori restriction on how a particular market, say a realization y;(a) = Y;j(a) drawn
from F*, may respond to counterfactual bundles a — y;(a). Thus, to the extent
that we think of y;(a) as aggregations of consumers within market 7, Assumption CH
generates flexible substitution patterns for any given market. What Assumption CH
does restrict—in the context of a BLP-style model—is how consumer populations can

be different across markets.

Example 1 (An economic model that violates counterfactual homogeneity). Suppose

each market aggregates BLP-style preferences:
Yi(a; &, G) / o
i\A5Giy Gi) = /

1+ ZZZI e B+Eix

However, instead of assuming that the consumer taste distributions G(+; (;) are iden-

de; Q)-

tical across markets, perhaps certain markets (¢; = 1) are more price sensitive than
others (¢; = 0). The type of the market (; is either unobserved or insufficiently prox-
ied by observables. Then (; cannot be recovered from the observed data and thus
unit-level counterfactuals are not identified, even with randomized A. An example

with J =1 is shown in Figure 1. [
The second assumption imposes some functional form restriction on the map Cj.

Assumption PL (Latent partial linearity). For all F* € P*, there exists a function
h = hp : Y x X — R’ where, for all a = (x1,p,12) € A, invertible in its first
argument, such that

¢~ (Coly,a)) = h(y,p, z2) — 21, (4)
for =1 (y) = h(y, po, v20) — T10-

4 There, rank invariance (Doksum, 1974) imposes that Y (0) = C(Y (1)) for some monotone C, and
if both outcomes are continuously distributed, C' can be taken to be F;(lo) o Fy(1) and invertible,
for Fy(;) the CDF of Y'(5).

10
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Notes. All market shares follow random coefficient logit Y (p) = [ A (—ap + &) dG(a),
for A(t) = 1/(1 + e*) and randomly assigned prlces Markets are randomly
blue or orange, corresponding to (; in Example 1. The blue markets have
Ghlue ~ Lognormal(0, 0.5%). The markets have

For each market realization (P,Y"), we plot its own counterfactual shares at nearby
price values (for blue markets, this is the blue curve). We also compute the &
value for a hypothetical market of opposite color such that its hypothetical demand
curve passes through (P,Y’) (for blue markets, this is the curve). Because
demand curves cross in this setting, this setup violates counterfactual homogeneity.
When the colors of the markets are not observed, the population distribution of
(P,Y) cannot perfectly distinguish whether a particular market is blue or orange.
Since different colors imply different counterfactuals—including price elasticities, the
counterfactuals are not identified. O

FIGURE 1. A parametric demand model with J = 1 where counter-
factual homogeneity fails to hold

Assumption PL states that, up to some invertible transformation ¢, Cy is partially
linear in z;. This functional form restriction is important for identification using
instrumental variables. It is also substantive, imposing, e.g., that x; is excluded from

elasticities: the Jacobian of Y (a) with respect to a depends on z; only through Y(a):

Y (a) _ (8h(Y(a),p, x2)>_1 Y (a) _ _0Y(a) 0h(Y (a), p, x2) (5)
0x1 Dy I(p, x2) 0z, d(p,xa)
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Assumptions CH and PL can be combined as the following homogeneity assumption

on some transformation of potential outcomes.

Assumption HOM (Homogeneous effects in a transformed outcome). There exists
some function H(y,p,xs) = Hp«(y,p, z2), invertible in y, such that the transformed
potential outcome H(a), for H(a) = H(Y (a),p, x3), satisfies:

(1) (No treatment effect in (p,x2)) For all (x1,p1,x21), (21, p2, T22) € A,

Pp- {H(xhpb-’ﬂz,l) = H(%?Pz’%zg)} =1

(2) (Homogeneous linear effects in 1) For all (z11,p, x2), (T12,p,22) € A,

Pp- {H(95171,p, 932) - H(iﬁ,z,?% ZU2) =11 — £E1,2} =1.

Assumption HOM states that for some unknown transformation of the potential
outcome H(a) = H(Y (a),p, zs3), if we treat H(a) as a new potential outcome, then it
admits no treatment effects in (p, ) and linear treatment effects in z1."> Assump-
tion HOM makes clear how Assumptions CH and PL restrict treatment effect hetero-
geneity. Viewed as assumptions on some transformation of potential outcomes, As-
sumptions CH and PL are exactly constant treatment effects assumptions. Assump-
tion HOM is weaker than standard constant treatment effects by not specifying which
transformed outcome satisfies homogeneity—only that some transformation does.

Our main result is that these assumptions are equivalent to the Berry and Haile
(2014) assumptions, in the same spirit as Vytlacil (2002, 2006)’s results for instru-
mental variable models. The equivalence is easy to derive, once we link (s,&) in
Assumptions BH14-1 and BH14-2 to (h, ¢, Cy) in Assumptions CH and PL and H in
Assumption HOM:

5= hil? 5 = (bil(Y(aO))? h(y7p7 x2) = H<y7p7 372)-

Theorem 1. The following are equivalent:
(1) Assumptions BH14-1 and BH14-2,
(2) Assumptions CH and PL,
(3) Assumption HOM.
Reformulating assumptions this way retells the progress in demand models with
market share data. In the standard telling (Ackerberg et al., 2007), different genera-

tions of demand models in the structural tradition (e.g., vertical models, simple logit,

15The slope of the x-treatment effect on H(a) can be normalized through H.
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nested logit, BLP, Berry and Haile (2014)) all maintain random utility models of con-
sumer behavior and treat market shares as aggregations of consumer choices. They
differ in the flexibility of the utility model and of implied substitution patterns. In this
retelling, all such demand models instead maintain counterfactual homogeneity and
latent partial linearity of market shares. They specify different parametrized classes
of h, which governs model-implied substitution patterns. These two perspectives—
making the random utility model increasingly flexible versus enlarging the function
class for h—meet at the nonparametric model in Berry and Haile (2014).

This reformulation also clarifies why nonparametric demand models are able to
identify unit-level counterfactuals. It likewise explains why these models avoid se-
lection assumptions on how A responds to instruments. Unit-level counterfactuals
are identified because of counterfactual homogeneity. Counterfactual homogeneity
likewise means that heterogeneity in the first stage does not matter for how A affects

Y, since different types of compliers trace out exactly the same response in H(a).

3. Discussion

3.1. The curse of unobserved heterogeneity. Theorem 1 clarifies that [O-style
demand models do restrict unobserved heterogeneity. The need to restrict unobserved
heterogeneity is not specific to these particular demand models either. Any model
that identifies unit-level counterfactuals necessarily has to impose counterfactual ho-

mogeneity: Assumption CH is necessary for identification in the sense of Definition 1.

Proposition 2 (Necessity of counterfactual homogeneity). Suppose all counterfac-
tuals are identified under P* in the sense of Definition 1, then Assumption CH is
satisfied.

No nonparametric model can relax counterfactual homogeneity without giving up
identification. Thus, the difference between the two cultures is when each incurs
this curse of unobserved heterogeneity. Standard demand models incurs it up front,
whereas causal inference approaches implicitly incurs it when extrapolating from av-
erage treatment effects. In either case, the fundamental problem of causal inference
remains.

Given the goal of identifying unit-level counterfactuals, Berry and Haile (2014)
impose little more than what is necessary. The functional form assumption, Assump-

tion PL, is strictly speaking not necessary.'® But it is not relaxable without additional

16A5 a simple example, suppose we instead assumed a different, multiplicative functional form:
Yj(ao) = ¢; (9;(Y(a), ) exp(—w;)). (6)
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assumptions, since many distinct mappings among the potential outcomes are obser-
vationally equivalent and satisfy counterfactual homogeneity.'” In this sense, the
assumptions in Berry and Haile (2014) are close to minimal for point-identification.

Nevertheless, counterfactual homogeneity is likely misspecified: The zero-variance
implication (3) is implausible in many applications. Economic models allowing for
markets that differ along two dimensions, like Example 1, would violate this assump-
tion. We may have little compelling reason to rule out these models—other than
that ruling them out makes unit-level counterfactuals identified. In parametric mod-
els, these restrictions are also testable if overidentifying moments are nonlinear in
parameters (Chesher, 1984; Hahn et al., 2014; Qian, 2025). Omitted heterogeneity
may explain rejection of overidentification restrictions.'® If researchers do not find
counterfactual homogeneity credible, what are their options? Recent reviews of the
misspecification literature (Armstrong, 2025; Andrews, Chen and Tecchio, 2025b)
offer two complementary templates.

One class of options is to expand the model (Armstrong, 2025), avoiding coun-
terfactual homogeneity altogether—conceding that point-identification of unit-level
counterfactuals is too ambitious. In some structural modeling contexts, researchers
are willing to settle for partial identification rather than imposing stronger assump-
tions (Molinari, 2020; Ciliberto and Tamer, 2009; Tebaldi et al., 2023; Kalouptsidi
et al., 2020; Pakes et al., 2015)."” Another alternative is to adopt Bayesian inference
and report a posterior predictive w(Y (a) | (Y, A, Z)) for m a prior on P*, where P*
allows for counterfactual heterogeneity. Yet another path is to focus on a smaller set
of unit-level counterfactuals. If one only demands point-identification of counterfac-
tuals in prices, then structural models can be relaxed to allow for misspecification in
characteristics x1, xo (Andrews et al., 2025a). We show in Appendix C.1 that such a

When g;(y, ) can take on zero or negative values, this multiplicative formulation is different from
Assumption PL because log(g;(Y (a),z)exp(—w;)) is undefined. However, we may continue to
exploit E[g,; (Y, X) | W, Z] = co exp(W;) to identify g;(-,-).

1"This is clear with two treatments (ag,a;), the set of observationally equivalent Cy corresponds to
the set of transport maps between the distributions Fy(4,) and Fy(,,). One would need some other
assumption to rule out all but one transport map for identification.

18 Applying Qian (2025)’s test against homogeneity of consumer taste variances for horsepower and
mileage in the application of Berry et al. (1995) (estimated by Andrews et al. (2017)) returns a
p-value of 0.003.

YHowever, the identified set for Y (a) for a unit with (Y, A, Z) cannot be smaller than the conditional
support Y (a) | Y, A, Z under F*. If counterfactual homogeneity does not hold, then this conditional
support can in principle be large. Thus, partial identification alone is unlikely to be informative of
individual counterfactual outcomes.
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relaxation exactly corresponds to allowing for counterfactual heterogeneity in charac-
teristics. Concurrent work (Borusyak, Chen, Hull and Lei, 2025b) additionally shows
that price counterfactuals in nonparametric versions of these relaxations are identified
by recentered instruments (Borusyak et al., 2025a).

A second option works under the model but treats it as likely misspecified (An-
drews et al., 2025b), finding alternative, robust interpretations for model-implied
predictions. To that end, the next subsection formalizes an equivalence—in a con-
text broader than demand—between extrapolation from ATEs and making unit-level
predictions under a structural model that identifies unit-level counterfactuals. This
result then allows us to separate quasi-experimental identification of average effects
from extrapolation in structural models. We can thus interpret structural models as
extrapolating from ATEs identified through instrument variation, thus retaining an
interpretation when the model does not hold. Modeling serves as an informative prior

over which ATEs to extrapolate from.

3.2. Reinterpretation of predicted unit-level counterfactuals. Consider a generic
context where one observes outcomes, treatments, and instruments (Y, A, Z), where

Y need not be market shares. A common recipe for extrapolating from ATEs is:

(1) Researchers specify a class H of extrapolation rules H(Y, A), invertible in Y.
Each function implicitly defines a potential outcome H(a) = H(Y (a),a).

(2) Researchers posit that some outcome H(A) = H(Y, A) is independent of the
instrument Z, in the sense that certain transforms m(H(A)) is mean independent
of Z.?° With some caveats, we may interpret this orthogonality as a lack of average
treatment effect on the transformed outcome H(a).*!

(3) When (Y, A, Z) ~ Fy, suppose the data Fj identifies a unique member Hg, € H
through the orthogonality restriction in (2). Researchers then extrapolate from
the knowledge that Hpg (a) has no ATEs—by making a leap of faith that Hpg,(a)
also has no individual treatment effects. This results in predictions of the form

Y(a;Y,A) = Hg' (Hp, (Y, A), a).

0
20Mean independence takes m(-) to be the identity. Full independence takes m(-) to be all bounded
measurable functions. This is formalized in Definition B.1

21When the treatment itself is randomly assigned (Z = A 1L Y (a)), then E[H(A) | A] = E[H(a)] = 0
means that a has no average treatment effects on H(a). When only the instrument is randomly

assigned, then this condition can be interpreted as a lack of treatment effects that are detectable
through instrument variation.
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We formalize this in Definition B.1 and call such predictions Y eztrapolated from av-
erages with respect to extrapolation rules H, since they fundamentally extrapolate a
lack of average effects to a lack of individual effects.??

This recipe rationalizes many informal extrapolation rules. For instance, a re-
searcher who extrapolates by estimating the average treatment effect in some trans-
formation f(Y) (e.g. logY’) implicitly takes H to be demeaned outcomes:

H={H(y,a) = f(y) — pla) : u(-)}. (7)

Independence with instruments pins down the average structural function u(a) =
E[f(Y (a))].*® Predictions under this model act as if individual treatment effects are

equal to differences in pu(-):

Y(a) = f(f(Y) +pla) = u(A4),  pla) =E[Y(a)].
————
ATE in f(Y)
In the case with f(Y) = log(Y’), such predictions correspond to interpreting treatment
effects in log Y as percentage effects (Chen and Roth, 2024). Predictions from quan-

tile treatment effects similarly extrapolate by choosing (Chernozhukov and Hansen,
2005; Chen et al., 2014)

H={H(y,a) € [0,1] : H(-,a) is strictly increasing} .

Through this lens, Berry and Haile (2014) choose partially linear extrapolation rules
H={H(y,z1,p,x2) = h(y,p, x2) — 1 : h(-)}. We may thus interpret Berry and Haile
(2014) as extrapolating from ATEs through H as well. Compared to extrapolating
using rules (7), these rules essentially trade flexibility with respect to the average
structural function p(a) = p(z1, p, z1) for flexibility with respect to h(y, p, z2).

This dual interpretation for model-implied counterfactuals holds more broadly: Ex-
trapolation from averages implicitly specify structural models that identify unit-level
counterfactuals, and structural models that identify unit counterfactuals implicitly
specify extrapolation rules.

Indeed, we could instead extrapolate by positing a structural model P* that ratio-
nalizes the data—in which Y = s(A, €) and unit-level counterfactuals are identified in
the sense of Definition 1. By Proposition 2, the model P* must satisfy counterfactual

homogeneity. We can thus view a member F* € P* as indexed by a joint distribution

22Concurrent work proposes a faithfulness condition that enables this extrapolation for counterfac-
tuals in prices (Borusyak, Chen, Hull and Lei, 2025b).
23The uniqueness holds, for instance, under completeness (Newey and Powell, 2003).
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(Y(ap),A,Z) ~ Q € Q and a mapping Cy(y,a) € C, since any Y (a) is obtained
by Cy'(Y(ag),a). We can thus view a structural model P* as specifying a class of
(@, Co)-pairs: (Q,Cp) € P*C QxC.

The following result shows that imposing such a model generates predictions equiv-
alent to extrapolation using some extrapolation rules H. That is, any prediction that
extrapolates from averages can be equivalently cast under a (possibly misspecified)
structural model. Conversely, any structural model P* can be thought of as choos-
ing extrapolation rules—with the technical caveat that P* allows for combining Cj
with arbitrary distributions (Y (ag), A, Z) satisfying instrument exogeneity, which we
formalize in Definition B.2.

Proposition 3. Fix a class of distributions P over observables (Y, A, Z). Extrapo-
lation from averages and structural models are equivalent in the following sense: For
any F € P, let (Y, A, Z) ~ F and let Yy (a;Y, A) be a prediction of the counterfactual
Y (a) for some observed unit (Y, A).

(1) If Yr(a; Y, A) is extrapolated from averages with respect to H in the sense of
Definition B.1, then there exists some P* that identifies unit-level counterfactuals,
generates P, and rationalizes Y as identified unit-level counterfactuals.

(2) Conversely, if the predictions Yp(a;Y, A) arise from some structural model P*
that identifies unit-level counterfactuals, rationalizes P, and is only restricted by exo-
geneity and C in the sense of Definition B.2, then there exists some H that rationalizes

Y as extrapolated averages in the sense of Definition B.1.

Proposition 3 thus allows us to separate quasi-experimental identification from
extrapolation in structural models. Models identifying unit-level counterfactuals fun-
damentally extrapolate from averages, and vice versa. The averages themselves are
identified through standard quasi-experimental research designs and do not require re-
stricting the joint distribution of potential outcomes. Tools and language from causal
inference can thus be helpful in assessing the internal validity of these average effects.

The value of structural models lies in providing economically motivated extrapola-
tion rules H, which improve on intuitively reasonable but ad hoc ones like (7). These
rules are exactly correct under the model, but can be viewed as approximately cor-
rect when counterfactual homogeneity approximately holds. Separating identification
from extrapolation in this way thus clarifies what one can credibly learn from data

and what one needs to believe to extrapolate to economically relevant quantities.
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So far, we have shown that market-level counterfactuals are only identified under
counterfactual homogeneity when we only observe market-level data. Their predic-
tion requires extrapolation from average effects over markets in some way. This
motivates considering whether richer data can restore identification of market-level
counterfactuals without strong assumptions.

As an idealized benchmark, since markets aggregate populations of consumers,
market-level causal effects are also average causal effects for consumers within a given
market. Thus, with exogenous treatment variation within a given market at the con-
sumer level, counterfactual outcomes for individual markets are identified as average
treatment effects among consumers. Close to this idealized benchmark, Tebaldi et al.
(2023) assume that prices are exogenously assigned®* for consumers participating in
the California healthcare market and partially identify counterfactual market shares.

The additional value of richer data similarly motivates the literature on “micro
BLP” (Berry and Haile, 2024; Berry et al., 2004; Conlon and Gortmaker, 2025),
where we observe market shares by demographic subgroups within a given market,
though these subgroups are subjected to the same bundle of products. Do identifica-
tion results these settings avoid the curse of unobserved heterogeneity? We conclude
this paper by deriving an analogous equivalence for identification results with micro-
data (Berry and Haile, 2024). We find that identification with micro-data continues
to impose counterfactual homogeneity. In fact, since these results are primarily mo-
tivated by relaxing dependence on instruments, they exploit even stronger forms of

homogeneity instead.

4. Demographics-specific market shares

We observe market shares for different demographic subgroupsw € W c R’. a € A
continues to denote treatment. Each market’s potential outcome is a process indexed
by w € W: Y(a)[] : W — [0,1]7. In this notation, Y (a)[w] denotes market shares
among demographics w in a randomly drawn market, when prices and characteristics
are counterfactually set to some value a. Analogous to Definition 1, we are interested
in identifying the profile of market shares for a given market, at counterfactual values
of treatment: Y'(a)[-] for some a # A. It is useful to think of w as analogous to a

time index in panel settings. Consistent with that analogy, we use square brackets

24In Tebaldi et al. (2023), prices (insurance premiums) are deterministic functions of consumer age
and income. Tebaldi et al. (2023) assume that consumers with different ages and incomes do not
have systematically different latent preferences, given the market that they reside in.
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for w to emphasize that comparisons in w are not causal comparisons that represent
counterfactual assignment of w.

Berry and Haile (2024) consider a structural model in which
Y(a)[w] = s(w,a,§)

for some function s and market demand shock &, under the following assumptions.?

These assumptions nest parametric versions like Berry et al. (2004) (see Example C.1).
Assumption BH24-1 (Index). s(w,a,&) = o(y(w, ), a), where y has codomain R,
and for all j, vj(w, &) = g;(w) + &;. For some fixed wy, g(wy) = 0 and % =1;.

Assumption BH24-2 (Invertible demand). For all a € A, o(-,a) is injective on the

support of y(w, §).
Assumption BH24-3 (Injective index). For all £ in its support, v(-,§) is injective
on W.

Assumptions BH24-1 to BH24-3 are equivalently represented in counterfactual out-

comes. The first of these equivalent assumptions is analogous to Assumption CH.

Assumption CH-micro (Counterfactual homogeneity of market share profiles). For
some baseline treatment ag € A, there exists some invertible function Cy(-,a) : Y — Y
such that for all w € W and all a € A,

Y (z9)[w] = Co(Y(a)[w],a) P*-almost surely.

Assumption CH posits that a deterministic, invertible function maps Y (a) to Y (ao).
Analogously, Assumption CH-micro posits that such a function maps the profile of
market shares Y (a)[-] to Y (ag)[-]. The mapping in Assumption CH-micro acts iden-
tically along the profile w — Y (a)[w] and does not depend on w.

Assumption PT (Latent individual parallel trends). Fix baseline values ag, wy. For
some invertible mapping ¢ : ¥ — R’ the profiles w + ¢(Y (ag)[w]) are parallel al-
most surely: There exists an invertible and differentiable function g : W — R’ such

that differences in ¢(Y (ag)[:]) are equal to differences in g(w)

o(Y (ap)[w]) — &(Y (ap)[wo]) = g(w) — g(wy)  P*-almost surely for all w € W.
Redefining ¢(-) if necessary, we normalize g(wo) = 0 and -=g(wo) = I;.
25Relative to Assumption 1 in Berry and Haile (2024), Assumption BH24-1 normalizes the index
directly, following their Section 2.5. Relative to their setting, we suppressed other market-level

interventions (their X;) that may enter 4. Doing so makes the normalization in their Section 2.3
unnecessary, which we impose in Assumption BH24-1 directly.
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Assumption PT states that, up to some invertible transformation ¢(-), the market
share profiles at some baseline treatment w +— Y (ag)[w] are parallel almost surely.
This is an individual version of the parallel trends assumption, though here the “time
index” is the demographic values w. It imposes that trends are not only parallel in
expectation, but are parallel almost surely.?® Thus, in addition to restricting hetero-
geneity in the relationship a — Y (a), Assumption PT restricts the heterogeneity of
the relationship w +— Y (ag)[w], at some fixed z, across markets.

Assumptions CH-micro and PT are further equivalent to the following assumption
by choosing h(-,a) = ¢(Cy(+, a)).

Assumption HOM-micro (Individual parallel trends in a transformed outcome).
For some fixed wy, there is an invertible function h(-, x) such that for some invertible

and differentiable function g,
h(Y (z)[w], z) — h(Y (o) [wo], z0) = g(w) — g(wo) for all z,w, z,

P*-almost surely. Redefining h if necessary, we normalize g(wg) = 0, ﬁg(wo) =1y.

Analogous to Assumption HOM, Assumption HOM-micro states that individual
parallel trends hold for transformed outcome profiles H[w] = H(a)[w] = h(Y (a)[w], x),
which do not depend on the treatment x. Thus, under Assumption HOM-micro, there
is some transformed outcome profile H(a)[-] that receives no treatment effect from a
and has parallel sample profiles.

We collect these equivalences in the following theorem.

Theorem 4. The following are equivalent:

(1) Assumptions BH24-1 to BH24-3
(2) Assumptions CH-micro and PT
(3) Assumption HOM-micro.

We conclude this section—and the paper—by explaining the identification argu-
ment in Berry and Haile (2024), from the perspective of Assumption HOM-micro.
This exposition highlights the strength of the homogeneity assumptions in delivering

261y difference-in-differences applications, where w is a time index, parallel trends is usually stated as
B[Y (zo)[w] — Y (xo)[wo] | A = a] = g(w)

and does not depend on the realized treatment a. This does not require that Y (ag)[w]—Y (ag)[wo] =
g(w) almost surely.

Similarly, suppose w is a time-index, if potential outcomes are generated through a two-way fixed
effects model Y;(a)[w] = a; + Blw] + f(a) + €;[w], then the individual-level trends are only parallel
to w — Blw] + €;[w], which depends on the path of idiosyncratic shocks €;[-]. Relative to this,
Assumption PT effectively assumes away the idiosyncratic shocks €;[w].
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(a) Distribution of market share profiles under some H(Y'), rejected by the data
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FIGURE 2. We show sample paths of Y[-] | A = @ when J = 1 and
H(Y[]) | A = a for candidate H(-). A candidate is rejected by the
data if the sample paths of H(Y[-]) are not almost surely parallel.

identification results. In short, the homogeneity structure embedded in Assump-
tion HOM-micro is already powerful enough to identify g(w) and identify h up to
level shifts,”” given the distribution of observed data (Y], A) ~ F—without any
restrictions on treatment assignment. Randomly assigned instruments then identify

the remaining unknown h(yo, -).

11 A=a.

Since A is not randomly assigned, this is the distribution of demand profiles for mar-

To see this, for a given value a, consider the conditional distribution Y

kets that select into the product bundle a. On this subpopulation, Assumption HOM-
micro states that there is some function h(-) = h(:,a), such that the sample paths
w +— h(Y[w]) are almost surely parallel:

he{h:Pr{h(Y[w]) — h(Y[wy]) =g(w) | A=a}=1}.
2TThat is, for some fixed baseline yj, h(-,x) — h(yo,x) can be identified.
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Intuitively, this requirement is highly constraining: There should not be many
transformations h that result in parallel profiles. In a setting with J = 1, Figure 2(a)
illustrates for an arbitrary candidate H(y), the sample paths post-transformation
are unlikely to be almost surely parallel, leading us to reject this candidate. Mak-
ing the sample paths parallel seems to require getting H exactly right, as in Fig-
ure 2(b). This rigidity locks in certain features of A(-). In fact, under mild smoothness
and support restrictions, this rigidity identifies h(-) up to a vertical shift and g(w):
Lemma 2, Lemma 3, and Corollary 1 in Berry and Haile (2024) show that g(w) and
h(-,a) — h(yo,a), for some baseline value yo, are identified.

Instruments eliminate this last indeterminacy in h(yg, a). Assumption HOM-micro
implies that, for any fixed w,

Identified through parallel trends

h(yo, X) = g(w) — (A(Y[w], X) — h(yo, X)) ~h(Y (ao)[wo), ao)
= Q(V,w, X) — h(Y (a0)[w), ao)

for an identified function Q(Y,w,X). Given some instrument Z I Y(ap), we then
have a moment condition that identifies h(yq, -) under completeness (Newey and Pow-
ell, 2003), since E[h(yo, X) | Z] — E[Q(Y,w, X)) | Z] is constant in Z.

This intuition concurs with that in Berry and Haile (2024) on the value of micro-
data and instruments. They argue that micro-data w provide variation akin to within-
unit comparisons in panel data settings (p.1152). Assumption PT additionally high-
lights that homogeneity—in the sense of individual parallel trends—is also important,
relative to standard assumptions in panel settings. Assumption PT, interpreted as a
panel assumption, additionally imposes that the unit fixed effect is the only hetero-
geneity across units; absent the fixed effect, all units have the same evolution over w.

The equivalence Theorem 4 reveals that in this model, the availability of micro-data
does not relax requirements on counterfactual homogeneity. In fact, additional ho-
mogeneity assumptions—those with respect to w — Y (a)[w]—are imposed to instead
weaken requirements on instruments. Thus, whether identification results exist—
without these cross-market homogeneity assumptions and without within-market

treatment variation—remains a question for future research.
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Appendix A. Proofs

Theorem 1. The following are equivalent:

(1) Assumptions BH14-1 and BH14-2,
(2) Assumptions CH and PL,
(3) Assumption HOM.

Proof. (2) = (1): Assumptions CH and PL implies that we can write
21+ ¢~ (Y (a0)) = MY (a), p, 22)
for all @ = (x1,p, z2). Define £ = ¢~ (Y (ag)). Thus we can write
Y(a) = h"" (21 + & p,22).

Assumption BH14-1 holds by choosing § = h~!. Assumption BH14-2 holds by choos-
ing 571 = h.
(1) <= (2): We can write

Y(CL) = 5(331 +€7p’ xQ) < f = 5_1(Y(a)7p7 '172) - -771
for all @ = (x1,p, x2) € A. Thus, for ag = (210, Po, T20),

5_1(Y(@)7P, To) — X1 = 5_1(Y(a0)7p07 $20) — Z10-

26



The right-hand side is some fixed invertible function of Y(ag), which we write as
¢ (Y (ap)). Therefore

Y(ao) = ¢ (s (Y(a),p,22) — a1).

We take h = s~ which is invertible, and Cy(y,a) = ¢(h(y,p,r2) — z1). Since both
h and ¢ are invertible, so is Cy. This verifies Assumptions CH and PL.
(2) < (3): Note that

¢~ (Y(ao)) + x1 = h(Y(a), p, 2)

implies that h(Y (a),p,xs) is constant in p,xs, assumed to be invertible in Y, and
homogeneously linear in x;. On the other hand, given an invertible H(Y (a),p, z2),

because it is constant in p, x5 and homogeneously linear in x;, we can write
H(Y(a)vpa x2) — I = H(Y(a0)7p07 513'20) — Z10-

This proves Assumptions CH and PL by choosing ¢ (y) = H(y, po, 20) — T10, as-

sumed to be invertible. O

Proposition 2 (Necessity of counterfactual homogeneity). Suppose all counterfac-
tuals are identified under P* in the sense of Definition 1, then Assumption CH is
satisfied.

Proof. By definition, for every F'* that generates F', there exists some m = m(-,-, -; F)
such that

Pr(Y(a) =m(a,Y(d),d; F)) =1
for all (a,a’) € A. We can thus set Cy_yy = Coroyq r» = m(a, -, a'; F). O

Proposition 3. Fix a class of distributions P over observables (Y, A, Z). Extrapo-
lation from averages and structural models are equivalent in the following sense: For
any F € P, let (Y, A, Z) ~ F and let Yy (a;Y, A) be a prediction of the counterfactual
Y (a) for some observed unit (Y, A).

(1) If Yr(a; Y, A) is extrapolated from averages with respect to H in the sense of
Definition B.1, then there exists some P* that identifies unit-level counterfactuals,
generates P, and rationalizes Y as identified unit-level counterfactuals.

(2) Conversely, if the predictions Yy (a;Y, A) arise from some structural model P*
that identifies unit-level counterfactuals, rationalizes P, and is only restricted by exo-
geneity and C in the sense of Definition B.2, then there exists some H that rationalizes

Y as extrapolated averages in the sense of Definition B.1.
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Proof. (1) Since Y are extrapolated from averages, then
Yie(a;Y,A) = H7 (Hp(Y, A), a).
For a given F' € P, let Qr denote the distribution of (Hgr(Y,A), A, Z). Define a

structural model P*:
P — {F* N ({Hl;l(f,a)}aeA,A, Z) such that (£, A, Z) ~ Qp, F € 73} _

For each F' € P, its corresponding F* € P* rationalizes F' since (Y (A),A,Z) ~ F
for (Y(-), A, Z) ~ F*. Thus P* generates P.
For any F* € P*, let F' € P be its corresponding observed distribution. By as-

sumption, consider the sole element of
Hi(F)={H e€H:Epm(H(Y,A)) | Z]=0forall m e Mgyr} (8)

and denote it as Hyr. Thus we can write m(a, Y, d'; F) = Hp' (Hp(Y (a'),d’),a). Thus
P* identifies unit-level counterfactuals, and Y are exactly the predictions under the
model.

(2) Conversely, suppose P* rationalizes P and satisfies Definition B.2. Let C be
the set of Cy associated with P*. Define X = C and My r as in (10). Given any
F e P, let Cy, C, be two members of the set

Hi(F)=(8) = {H e H:HY,A) up Z}.

(Note that if F* generates F', then Cj corresponding to F* is a member of H;(F),
and thus it is nonempty.) By Definition B.2, there are F*, F* € P*, where F* is the
distribution indexed by

Q ~ (Co(YV, A),A, Z) and Cy € C
and F* is indexed by

O ~ (éo(y, A), A, Z> and C € C.

By construction, F* and F* are observationally equivalent, since both generate F.

Since P* identifies unit-level counterfactuals, we have that
Co(Y, A) =Y (ag) = Co(Y, A) and Y (a) = CiH(Y(ap),a) = Cy (Y (ao), a).
Therefore Cy = Cy and H;(F) = {Hp} is a singleton and

Y(a) = Yp(a;Y,A) = H;' (Hp(Y, A), a).
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Theorem 4. The following are equivalent:
(1) Assumptions BH24-1 to BH24-3
(2) Assumptions CH-micro and PT
(3) Assumption HOM-micro.

Proof. (1) == (2): Under the assumptions in (1), we can write
Y(ao)[w] = o(v(a; ), ao)
=o(07 (o(v(w,§),a),a), a)
(e (Y (a)[w], a), ao)-
(Y,

a),ap). It is invertible because o is invertible.

=0

We can then define Cy(y,a) = o(c™?

This verifies Assumption CH-micro. Now, the assumptions (1) imply that
o (Y (ao)[w], ag) = v(w, &) = g(w) + &

Thus if we pick ¢(y) = o~ (y, zo), then

o(Y (ao)[w]) — ¢(Y (ao)[wo]) = g(w).

This verifies Assumption PT.
(2) = (3): This is immediate when we choose h(y,a) = ¢(Cy(-,a)).
(3) = (1): we can write

Y (a)[w] = h™" (g(w) + h(Y (ao)[wo], ao), a) .

Thus if we define £ = h(Y (ap)[wo], ap), then Y (a)[w] satisfies the structural model

under (1) with the requisite invertibility conditions. O

Appendix B. Extrapolation

We formalize the extrapolation equivalence in Section 3.2. We consider a class of
distributions P on the observed data (Y, A, Z). We first formalize a general recipe
for generating unit-level predictions Y (a; Y, A) for the counterfactual at treatment a
for a unit with observed data (Y, A).

Definition B.1. Let H be a class of functions H(y, a), invertible in the first argu-
ment. Upon observing (Y, A, Z) ~ F, let ?F(a; Y, A) be a prediction of the counter-
factual Y (a) for some unit with realized outcomes (Y, A). We say that the predictions
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f/p(a; Y, A) are extrapolated from averages with respect to extrapolation rules H and
test functions {Mpy r}y gy pep if
(1) For every F' € P, there is a unique H (Y, A) that is orthogonal to Z in terms

of the test functions My r under F:
{HeH :Epm(H(Y,A) | Z] =0, forallm e Myr}={Hr}. (9)
(2) Forall F € F,Y isrationalized by Hp(Y (a),a) = 0: Yp(a;Y, A) = Hp'(Hp(Y, A), a).

We first fix a set of extrapolation rules H € H. Each H defines a transformed out-
come H(A) = H(Y,A) = H(Y(A), A). We use the data to find which H corresponds
to outcomes H (a) with zero average treatment effects—in the sense that the outcome
is orthogonal to the instruments (with respect to test functions in M). The condition
(1) ensures that these orthogonality restrictions pinpoint a unique H € H.

To elaborate on this last point, first, technically, we mean “average treatment
effects” as the effect of the instrument on the transformed outcome. Second, orthogo-
nality with respect to the instruments is with respect to a class of test functions. This
allows for encoding different notions of independence, such as mean independence or
full independence: A simple choice is to have My p = {id} for all (H, F'), which

encodes mean independence. We can likewise encode full independence by choosing
Mprp={h— (L(h € B) —Ep[L(H(Y,A) € B)]) : Measurable sets B} . (10)

Upon finding a unique H € H that yields transformed outcomes that have zero
average effects (9), we predict outcomes by acting as if a — H (Y (a), a) is zero almost
surely, rather than just on average. If Y corresponds exactly to these predictions,
then we say Y extrapolates with respect to H.

On the flip side, consider a structural model P* that generates P. As pointed out
in the main text, if P* has identified unit-level counterfactuals, then we can view P*
as parametrized by (i) the distribution of (Y'(ag), A, Z) ~ @ and (ii) the map C, € C.
The following definition describes structural models in which the exogeneity of Z and

functional forms in the outcome Cjy € C are the only restrictions.

Definition B.2. We say a structural model P* that satisfies counterfactual homo-
geneity and generates P is only restricted exogeneity and C if every Q,Cy in the

following set indexes some member of P*:

{Q QL (Cy(Y, A), A, Z), (Y, A, Z) ~ F, Cy € C, Co(Y, A) Lp Z} % C.
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Appendix C. Additional results

C.1. Counterfactuals in prices. To consider misspecification, we let P} ;. be
some set of distributions of potential outcomes that satisfy Assumption HOM. Sup-
pose that the model is misspecified for the true distributions of potential outcomes:
F* & P qa- Following Andrews et al. (2025a), we say that Py 4, is causally cor-
rectly specified for price at F* if there is some member F* € P*_,. that generates

correct counterfactuals in prices.

Definition C.1. We say that P

mode

there is some F* € P, for which

| is causally correctly specified for price at F™* if

Ppe {Y (21,0, 22) = hH(R(Y (), p,22), D, 22) } = 1 for all a = (z1,p, 22), (21,7, 22) € A

where h(y,p, l‘2) = hﬁ*(yal% 552)-

We show that this notion is exactly equivalent to F* satisfying a type of counter-

factual homogeneity in prices.

Assumption C.1 (Counterfactual homogeneity in prices). For each (z1, z2), fix some
baseline price py where (x1, po, x2) € A, where py may depend on (x1,x3). There exists

some Cy(Y (a), p, x3), invertible in its first argument, such that

Pp- {Y($17p0,$2) = CO(Y(CL):P, $23p0)} =1

for all a = (x1,p, x2) € A.

Assumption C.1 is the analogue of Assumption CH, except that we are only trans-
porting potential outcomes along prices, from (x1,p,x2) to (x1,po,x2). Assump-

tion C.1 implies that counterfactuals in prices are homogeneous, in the sense that
Varp* (Y(xlvplv xZ) | Y(xla b, ‘TQ)) =0

for all (z1,p/,x9), (x1,p, x2) € A. Since Assumption C.1 makes no restrictions across
(x1, z2) values, the distribution of Y (2, p, z}) | Y (x1, p, x2) is not similarly restricted.
Thus, relative to Assumption CH, Assumption C.1 allows for counterfactual hetero-
geneity in characteristics. Assumption C.1 also additionally imposes that the map
Cp does not depend on x; except through pg, which is a side effect of imposing As-

sumption PL in PX .-

Proposition C.1. P} .., is causally correctly specified for price at F* if and only if
F* satisfies Assumption C.1 and P

" odel 18 sufficiently rich to include Cy:

OO(y7p7 x?;pﬂ) = h;i(hﬁ* (y7p7 5132), Z1, Po, .232)
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for some F* € P . for all a = (x1,p, 1) € A.

Proof. “If” direction: Assume P} ;. is causally correctly specified for price. Then

for some h = hz. and F* ¢ P el
PF* {Y(Z'l,po,fﬂg) = hil(h(y(a)apa 332),]?0,1'2)} =1
We can thus take

Co(y, p, w25 po) = b~ (h(y, p, x2), po, T2).
“Only if” direction: On the other hand, if

Co(y, p,x25p0) = I~ (h(y, p, 22), Po, x2)
for some h = hp.. Then for a = (z1,p, z2),
Y (w1, p',w9) = C’O_l(CO(Y(a),p, 23 0), ', @25 po) = h™ (W(Y (@), p, 22), ', 2) -
This proves that P .. is causally correctly specified. 0

C.2. Parametric example for micro-data.

Example C.1 (Micro BLP). A parametric mixed logit model posits (Berry et al.,

2004),
cTiB+Es

Vil = swad = [ 5
for some parametrized distribution F'(5 | w). One popular choice (Conlon and Gort-
maker, 2025) sets F(f | w) ~ N (Ilw, X), parametrized by coefficient matrix IT and
variance-covariance matrix .

Assumptions BH24-1 to BH24-3 generalize versions of (11) (Berry and Haile, 2024).

Suppose a; includes price, and prices do not have demographic-varying coefficients.

dF (3 | w). (11)

There is also a product fixed effect v; that does have demographic-varying coeffi-
cients.”® Moreover, suppose the random coefficient distribution is Gaussian. Then,
(11) is—using £ to denote the demand shock—

eTywHV —aa - . g

/
Ty

28These assumptions are restrictive. However, one could accommodate other characteristics Z and
price coefficients that vary by additional demographics w. In such a model, this analysis studies
the dependence on w in w — Y (a, Z)[w, @] in the subpopulation that holds Z fixed. See Section 3
and footnote 24 in Berry and Haile (2024).
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o(+,a) is injective because mixed logit market shares are invertible. If the matrix II

is full rank, then we can reparametrize
glw)y=w—wy &=T1""¢

and absorb II, wg into the demand function o. [ |

33



	1. Introduction
	2. Market-level data
	2.1. Equivalent assumptions in potential outcomes

	3. Discussion
	3.1. The curse of unobserved heterogeneity
	3.2. Reinterpretation of predicted unit-level counterfactuals

	4. Demographics-specific market shares
	References
	Appendix A. Proofs
	Appendix B. Extrapolation
	Appendix C. Additional results
	C.1. Counterfactuals in prices
	C.2. Parametric example for micro-data


