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ABSTRACT. When we interpret linear regression as estimating causal effects justified by
quasi-experimental treatment variation, what do we mean? This paper characterizes the
necessary implications when linear regressions are interpreted quasi-experimentally. A
minimal requirement for quasi-experimental interpretation is that the regression always es-
timates some contrast of individual potential outcomes under the true treatment assignment
process. This requirement implies linear restrictions on the true distribution of treatment.
If the regression were to be causal, these restrictions imply candidates for the true distribu-
tion of treatment, which we call implicit designs. Implicit designs serve as a framework that
unifies and extends existing theoretical results on causal interpretation of regression across
starkly distinct settings (including multiple treatment, panel, and instrumental variables).
They lead to new theoretical insights for widely used but less understood specifications.
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1. Introduction

Linear regression is overwhelmingly popular in applied microeconomics for estimating
causal effects. Users frequently justify it by arguing that a treatment variable is quasi-
experimentally assigned (Goldsmith-Pinkham, 2024; Angrist and Pischke, 2010; Currie
et al., 2020), rather than that it correctly specifies a structural model for potential out-
comes. Under this view, for instance, the regression Yi = Wiτ + x′

iγ + ϵi for treatment W
and covariates X does not specify a structural model Y (w, x, ϵ) = wτ + x′γ + ϵ. Rather,
it defines an estimand τ that equals a causal effect under certain assumptions on treatment
assignment. Moreover, under these assumptions, τ ’s causal interpretation holds for arbi-
trary potential outcomes and heterogeneous treatment effects.1 With a complex regression
specification, this leaves questions: what assumptions on treatment assignment do we need
for quasi-experimental interpretation? And which causal effect does the regression target?

A large applied econometrics literature studies these questions.2 This literature pro-
duces many results tailored to particular specifications: Certain specifications have quasi-
experimental interpretations under certain assignment processes, but other configurations
of specification and treatment assignment may not (e.g., produces negatively weighted
causal effects). Seemingly small differences can be critical: With binary Wi, Yi = Wiτ +

X ′
iγ + ϵi estimates a weighted average treatment effect when the propensity score is lin-

ear in Xi (Angrist, 1998), but the analogous specification3 with multi-valued W produces
uninterpretable estimands (Goldsmith-Pinkham et al., 2024).

Without a general principle, one might struggle to examine the quasi-experimental prop-
erties of a complex regression specification. For instance, what treatment assignment as-
sumptions are needed to interpret the interacted regression Yi = Wiτ0 +Wix

′
iτ1 + x′

iγ + ϵi

1This quasi-experimental view reflects in Angrist and Pischke (2010), “With the growing focus on research
design, it’s no longer enough to adopt the language of an orthodox simultaneous-equations framework [. . . ]
The new emphasis on a credibly exogenous source of variation has also filtered down to garden-variety re-
gression estimates, in which researchers are increasingly likely to focus on sources of omitted-variables bias,
rather than a quixotic effort to uncover the ‘true model’ generating the data.” This view is also articulated in
the preface to Mostly Harmless Econometrics, “Most econometrics texts appear to take econometric models
very seriously [. . . Instead,] a principle that guides our discussion is that estimators in common use almost
always have a simple interpretation that is not heavily model-dependent” (Angrist and Pischke, 2008).
2Among others, Imbens and Angrist (1994); Angrist (1998); Lin (2013); Słoczyński (2022, 2024); Blandhol
et al. (2025); Aronow and Samii (2016); Goldsmith-Pinkham et al. (2024); Borusyak and Hull (2024); Athey
and Imbens (2022); Kline (2011); Bugni et al. (2023); Mogstad and Torgovitsky (2024); Arkhangelsky and
Imbens (2023); Arkhangelsky et al. (2021); Chetverikov et al. (2023); Kolesár and Plagborg-Møller (2024);
Zhao et al. (2025).
3That is, for W that takes values {0, . . . , J}, the regression Yi =

∑J
j=1 τj1(W = j) +X ′

iγ + ϵi produces
τj that suffers from contamination bias.
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quasi-experimentally? What about a panel regression like Yit = αi+βt+Witτ+x′
itγ+ϵit?

What causal effects do they target when treatment effects are heterogeneous?
This paper develops theoretical and computational tools to answer these questions, appli-

cable to arbitrary regression specifications with a finite-valued treatment. Given a specifi-
cation, these tools compute candidate treatment assignment processes (henceforth designs)
and corresponding estimands. If the regression were to have a quasi-experimental inter-
pretation, then the actual assignment process must equal one of these candidate designs.
In this sense, the candidate designs and estimands capture necessary conditions for quasi-
experimental interpretation. Many conclusions from the literature, along with new ones,
emerge from mechanically computing these candidates on particular specifications.

To do so, we first propose a formal definition for quasi-experimental interpretation. Con-
sider n units and let π∗

i denote the true distribution of unit i’s treatment Wi. Under π∗
i , a

regression (e.g., Yi = Wiτ +x′
iγ+ ϵi) defines a parameter τ in the population: With any set

of potential outcomes yi(·) and covariates xi, we can imagine an experiment that redraws
the treatment according to Wi ∼ π∗

i . On a draw, we observe Yi = yi(Wi), and estimate
a coefficient through the regression. The large-sample limit of this process defines τ as a
function of potential outcomes yi(w).

In our view, whether τ has quasi-experimental interpretation depends on how it behaves
on hypothetical outcomes under this experiment defined by π∗

1, . . . , π
∗
n:

[MQE] Under π∗
1, . . . , π

∗
n, the estimand τ is a contrast4 of individual potential outcomes

for any potential-outcome distribution—even a worst-case one.

The condition [MQE]—for minimally quasi-experimental—codifies two requirements. First,
if τ has a causal interpretation for one outcome, it has one for all hypothetical outcomes
in the same experiment defined by π∗

i . This requirement enforces the emphasis on credible
treatment variation that researchers often appeal to. Second, [MQE] imposes that a causal
estimand should at least be a contrast of individual potential outcomes. Blandhol et al.
(2025) call this requirement level independence. Estimands failing this requirement are
nonzero even if all treatment effects are zero. For binary treatments, this simply requires
that causal estimands be weighted average treatment effects.
4If there are J + 1 treatments {0, . . . , J} and n units {1, . . . , n}, a contrast of individual potential outcomes
yi(j) is defined to be a parameter 1

n

∑n
i=1

∑J
j=0 ωi(j)yi(j), for weights that sum to zero across j,∑J

j=0 ωi(j) = 0. With binary treatments, these are parameters of the form 1
n

∑n
i=1 ωi(yi(1)− yi(0)), where

the ωi’s are permitted to be negative.
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This paper develops tools to evaluate [MQE] for arbitrary regressions. If a regression
satisfies [MQE], practitioners can safely interpret its estimates as some—though not neces-
sarily substantively meaningful—causal effects. Since candidate estimands are also com-
putable through our framework, practitioners can separately inspect whether they are sub-
stantively relevant.

While [MQE] is a minimal standard for causal interpretation justified by treatment vari-
ation, it does not apply to specifications whose causal interpretation hinges on correctly
modeling outcomes. For instance, difference-in-differences recovers causal effects under
parallel trends, which holds for certain outcomes and fails for others (Roth and Sant’Anna,
2023). Thus these specifications do not satisfy [MQE]. Nevertheless, studying [MQE] is
still informative for difference-in-differences, because researchers often appeal to treatment
variation as justifying parallel trends,5 and [MQE] evaluates these arguments.

To assess [MQE], we can separate it into a computable and a substantive question:

[MQE1] Does any design (π1, . . . , πn) consistent with the data satisfy [MQE]?
[MQE2] Is any design in [MQE1] equal to π∗

1, . . . , π
∗
n?

[MQE1] asks whether a model of treatment exists for quasi-experimental interpretation. If
researchers explicitly specified models, [MQE1] would be moot. However, because regres-
sions do not explicitly specify a design, [MQE1] is often non-obvious, and we focus on
it. In turn, [MQE2] asks whether this assignment model is correctly specified. Of course,
[MQE2] depends on the empirical context and is not amenable to generic analysis.

Our key observation is a constructive characterization—as solutions to simple linear
equations—of designs that satisfy [MQE1], which we call implicit designs. In leading
cases, these linear equations either have no solution or a unique one, making them highly
informative for [MQE1]. Computing the implicit designs then provides a narrow set of
candidates for [MQE2]. If none is substantively plausible, then we may reject [MQE2].
Failing to reject [MQE2]—like failing to reject a specification test—is reassuring but not
dispositive for quasi-experimental interpretation.
5For instance, Martinez-Bravo et al. (2022) write (emphasis ours), “we study the introduction of [Chinese
local] elections in the 1980s and 1990s [. . . ] We document that the timing of the first election is uncorrelated
with a large set of village characteristics. This suggests that timing was quasi-random [. . . ] Thus, we exploit
the staggered timing of the introduction of elections across villages to estimate a difference-in-difference
effect of the introduction of elections.”
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Two simple observations underpin this analysis. First, all linear regression estimands τ
are linear aggregations of yi(·). For a finitely-valued treatment W , linear regression esti-
mand τ can be written as6

τ︸︷︷︸
Regression estimand, Rk

=
1

n

n∑
i=1

∑
w∈W

π∗
i (w)︸ ︷︷ ︸

true design, R

· ρi(w)︸ ︷︷ ︸
potential weights, Rk×T

· yi(w)︸ ︷︷ ︸
potential outcomes, RT

. (1.1)

In (1.1), the coefficient on yi(w) involves certain numbers ρi(w) determined by the speci-
fication. Loosely speaking, ρi(w) encodes the specification’s counterfactual comparisons.
We call ρi(w) potential weights, since, like potential outcomes, they vary by treatment
and unit. Importantly, ρi(w) are known up to the population Gram matrix7 of the linear
regression, which is consistently estimable.

Second, the requirement in [MQE] that τ be a contrast is equivalent to:

For every i = 1, . . . , n,
∑
w∈W

π∗
i (w)ρi(w) = 0. (1.2)

When (1.2) holds, (1.1) can then be written as aggregations of treatment effects relative
to any arbitrarily chosen baseline w0: τ = 1

n

∑n
i=1

∑
w∈W π∗

i (w)ρi(w)(yi(w) − yi(w0)).

Because ρi(w) are known, (1.2) are linear restrictions in the unknown design π∗
i (w). Com-

puting the solutions of these equations then yields candidate designs for [MQE1].
We call any solution to (1.2) an implicit design πi(·), distinguishing it from the true de-

sign π∗
i (·). Substituting an implicit design πi(w) into (1.1) yields its corresponding implicit

estimand, which assigns weight ωi(π, w) = πi(w)ρi(w) to yi(w). The implicit estimand is
what the regression targets if the true design were πi(·). When [MQE1] and [MQE2] hold,
then this estimand is a contrast of individual treatment effects. Whether this contrast is
substantively useful can be separately assessed. Together, the implicit design and estimand
characterize (i) how a regression implicitly models the generalized propensity score and (ii)
which target parameter a regression chooses. Making these choices transparent in practice
clarifies implicit assumptions on treatment assignment.

This paper’s second contribution applies this framework to unify existing theoretical re-
sults and generate new ones. First, [MQE] captures the core logic behind many existing
results in starkly distinct settings (Angrist, 1998; Blandhol et al., 2025; Goldsmith-Pinkham
6This representation is related to the weighting representation in Chattopadhyay and Zubizarreta (2023).
Two key differences are that (i) Chattopadhyay and Zubizarreta (2023) consider weights on the observed
outcome in the regression estimator, which can be represented as ρi(Wi) in our notation, and(ii) they
consider conditions under which the estimand can be interpreted as the ATE, whereas we weaken to any
contrast of individual effects.
7For a regression of random variables Y1, . . . , Yn on Z1, . . . , Zn, the population Gram matrix is
1
n

∑n
i=1 E[ZiZ

′
i], where the expectation is taken over the joint distribution of (Z1, . . . , Zn).
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et al., 2024; Kline, 2011; Athey and Imbens, 2022). These results posit a design and derive
the corresponding estimand of a regression under the posited design. In our framework,
simply computing implicit designs and estimands for the regression recovers exactly these
designs and estimands. This computation proves converses to many existing results: The
only designs justifying quasi-experimental interpretations are exactly those posited in the
literature.

Second, we uncover new results for specifications that interact treatment with covariates
(Lin, 2013; Miratrix et al., 2013; Imbens and Wooldridge, 2009; Kline, 2011; Zhao et al.,
2025) and for two-way fixed effects (TWFE). We show that quasi-experimental interpreta-
tion in both settings can be fragile, in the sense that implicit designs may not exist—and
hence reject [MQE1]—outside of certain special cases. Implicit designs may not exist
for interacted specifications when the covariates are not saturated; they may not exist for
TWFE with time-varying covariates or with imbalanced panels.

As a major extension, we provide analogous results for two-stage least-squares (TSLS).
Our framework on regression immediately extends to TSLS and characterizes requirements
on the instrument assignment process. Implicit designs are those under which TSLS can
be interpreted as instrument-on-outcome contrasts (cf. intent-to-treat effects). The implicit
estimand, in turn, pins down restrictions for treatment compliance patterns in order to in-
terpret TSLS estimands as reasonable treatment-on-outcome effects. These computations
similarly unify and extend the TSLS literature8 by recovering converses to results in Bland-
hol et al. (2025); Imbens and Angrist (1994); Behaghel et al. (2013); Słoczyński (2024);
Bhuller and Sigstad (2024)—they even help clarify a small gap in recent work on TSLS
with multiple treatments.

As recommendations to practitioners, we offer practical diagnostics to assess and refine
implicit designs and estimands, illustrated with a re-analysis of Blakeslee et al. (2020).
Passing these diagnostics supports a causal interpretation. If these diagnostics fail, re-
searchers should then adopt explicitly causal methods (Wager, 2024) or defend the regres-
sion as a restrictive outcome model instead. These diagnostics also assess and refine the
substantive informativeness of the estimand. If the design is plausible but the correspond-
ing estimand is not of substantive interest, researchers can retarget alternative estimands by
reweighting the regression estimand.
8We share a focus on unified analysis with Navjeevan, Pinto and Santos (2023). For fixed restrictions on
compliance patterns and instrument assignment, Navjeevan et al. (2023) characterize the class of parameters
that are identified and estimable with some estimator. In contrast, we characterize the compliance patterns and
instrument assignment conditions needed for interpreting a given estimator as estimating a causal parameter.
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This paper proceeds as follows. Section 2 contains our main results. To build intu-
ition, Section 2.1 starts a simple setting with cross-sectional data and binary treatments.
Section 2.2 then formalizes [MQE], [MQE1], and [MQE2] and their relation to implicit
designs. Section 3 applies our framework to a litany of regression specifications, yielding
new theoretical results. Section 4 extends the framework to TSLS. Section 5 illustrates our
diagnostics with Blakeslee et al. (2020), who study the economic impact of water loss in
rural India. Section 6 concludes.

2. Potential weights and implicit designs

Consider a finite population of units i ∈ [n] ≡ {1, . . . , n}. Each unit receives one
treatment w from a finite set W of size J + 1. Each unit has covariates covariates xi and
vector-valued potential outcomes of length T ,

{
yi(w) ∈ RT : w ∈ W

}
.9 We denote by Wi

the realized treatment. After assignment, we observe a corresponding realized outcome
Yi = yi(Wi).

To emphasize that identification comes from variation in treatment assignment, we iso-
late this variation by thinking of (xi, yi(·)) as fixed numbers and only considering the
randomness in Wi. Cosmetically, this design-based perspective aligns with how quasi-
experimentalists argue identification and with how we compute implicit designs. Sub-
stantively, it allows for treatment assignment to be correlated. Importantly, adopting a
design-based setup does not drive substantively different conclusions from a sampling one:
Remark 2.1 derives the analogues of our results when potential outcomes, covariates, and
treatments are i.i.d., in which case our setup simply conditions on the sampled yi(·), xi.

Let π∗ denote the marginal treatment assignment probabilities (i.e., propensity scores):

π∗ = (π∗
1, . . . , π

∗
n) where π∗

i (w) = P(Wi = w).

We call π = (π1(·), . . . , πn(·)) a design. In principle, these probabilities may be arbitrarily
different across units. This paper investigates which configurations of π∗ are compatible
with [MQE] for a given regression.

Write a regression generically as Yit = zt(xi,Wi)
′β+ϵit with known zt(·, ·). For a known

matrix Λ ∈ Rk×K , we would like to interpret certain coefficient contrasts τ ≡ Λβ ∈ Rk as
causal effects. To emphasize, this regression does not specify a structural model; it simply
specifies an estimand τ given (π∗, (yi(·), xi)

n
i=1).

This setup is general: It encompasses cross-sectional (T = 1), panel (T > 1), binary
treatment (J + 1 = 2), multivalued treatment (J + 1 > 2), scalar contrast (k = 1), and
9For expositional clarity, we assume that the dimension of the outcome vector is the same across individuals
(i.e., balanced panels). Appendix E.6.1 discusses imbalanced panels.
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multiple contrasts (k > 1) settings.10 Our results also extend to two-stage least-squares,
which we discuss in Section 4. To illustrate (1.1) and (1.2), we start informally with the
binary-treatment, scalar-outcome, and scalar-contrast case (T = J = k = 1). Our main
results then push this intuition to the general case.

2.1. Core intuition. To motivate, Blakeslee et al. (2020) study the impact of water loss in
rural India on employment and income. Water loss is measured by a binary Wi, indicating
whether the first borewell household i drilled has failed. The authors justify identifica-
tion quasi-experimentally, noting that, e.g., “[well failure] . . . depends on highly irregular,
quasi-random subsurface properties” (p. 206).

The true design π∗—the natural process of borewell failure—is unknown, but the au-
thors argue that it nevertheless does not preclude causal inference. Since borewell failure is
difficult to predict, treated and untreated households are plausibly comparable. To buttress
this argument, the authors painstakingly document hydrogeological features that determine
borewell failure, even having inserted specialized camera equipment into failed wells.

To estimate this causal effect, Blakeslee et al. (2020) simply estimate a simple regression
across multiple outcomes: For i a household and covariates xi,

Yi = τWi + x′
iγ + ϵi, for which z(xi,Wi) = [Wi, x

′
i]
′, β = [τ, γ′]′,Λ = [1, 0′dim(x)]. (2.1)

That choice appears in tension with the authors’ detailed description of π∗, which the
regression model does not explicitly incorporate. What should a reader believe about
borewell failure to interpret the authors’ regression estimates as causal effects, and which
causal effects?

To answer these questions, let us return to a regression of a scalar Yi on some known
transform z(xi,Wi). The population regression coefficient is defined as:

β ≡

(
1

n

n∑
i=1

EWi∼π∗
i
[z(xi,Wi)z(xi,Wi)

′]

)−1(
1

n

n∑
i=1

EWi∼π∗
i
[z(xi,Wi)yi(Wi)]

)
.

This definition is simply the design-based analogue of the usual “E[xix
′
i]
−1E[xiyi]” for-

mula. Let Gn ≡ Gn(π
∗) ≡ 1

n

∑n
i=1 EWi∼π∗

i
[z(xi,Wi)z(xi,Wi)

′] denote the population
Gram matrix of this regression. Since Gn aggregates π∗ and is consistently estimable, we
treat it as known.11

10Our results do extend to continuous treatments, but they become much less powerful, essentially since
there are only finitely many restrictions for infinitely many objects.
11In particular, since the regression estimator replaces Gn with Ĝn = 1

n

∑n
i=1 z(xi,Wi)z(xi,Wi)

′, it is
implausible that the regression estimator is consistent but Ĝn is far from Gn. Appendices C and E.3 provide
formal guarantees for Ĝn.
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Under these definitions, τ admits the representation (1.1): For π∗
i = π∗

i (1),

τ = Λβ =
1

n

n∑
i=1

π∗
i ΛG

−1
n z(xi, 1)︸ ︷︷ ︸
ρi(1)

yi(1) + (1− π∗
i ) ΛG

−1
n z(xi, 0)︸ ︷︷ ︸
ρi(0)

yi(0). (2.2)

Here, the potential weights ρi(w) = ΛG−1
n z(xi, w) are known up to Gn. In the case of (2.1)

where xi includes a constant, we can compute ρi(w) in closed form:

ρi(w) =
w − x′

iδ
1
n

∑n
i=1 x

′
iδ(1− x′

iδ)
δ ≡

(
1

n

n∑
i=1

xix
′
i

)−1(
1

n

n∑
i=1

xiπ
∗
i

)
.

ρi(w) is proportional to the partialled out treatment w − x′
iδ, where δ is the projection

coefficient of π∗ on xi.
Potential weights are readily connected to the weighting in the regression estimator. The

least-squares estimator—itself linear in Yi—can be written as

τ̂ = Λβ̂ = ΛĜ−1
n

1

n

n∑
i=1

z(xi,Wi)Yi =
1

n

n∑
i=1

ΛĜ−1
n z(xi,Wi)︸ ︷︷ ︸
ρ̂i(Wi)

yi(Wi).

The weight on Yi in τ̂ corresponds exactly to the empirical counterpart of ρi(Wi)—the po-
tential weights for i evaluated at i’s observed outcome. Comparing with (2.2), the potential
weight ρi(1 − Wi) thus represents what the regression estimator would have done to the
potential outcome yi(1 − Wi), had unit i received the opposite assignment. In this sense,
the potential weights encode how the regression makes counterfactual comparisons.

If the regression is quasi-experimental in the sense of [MQE], the true design π∗ is such
that the estimand (2.2) satisfies level independence (Blandhol et al., 2025). This is formal-
ized in the following definition.

Definition 2.1. We say that τ is minimally quasi-experimental under π∗ if τ is always un-
changed when we replace all potential outcomes yi(w) with yi(w)+ ci for arbitrary ci ∈ R,
holding fixed (π∗, x1, . . . , xn). Since τ is a linear aggregation, equivalently, τ is mini-
mally quasi-experimental if there is some ω1, . . . , ωn ∈ R, not dependent on yi(·), such
that τ = 1

n

∑n
i=1 ωi(yi(1)− yi(0)) for all choices of yi(1), yi(0) ∈ R.

Definition 2.1 is a natural minimal requirement for quasi-experimental estimands. It im-
poses that a quasi-experimental estimand should be invariant to any changes to the potential
outcomes that do not change individual treatment effects—holding fixed the treatment as-
signment process. For linear estimands, this condition is equivalent to τ being a weighted

Because Gn depends on the unknown π∗, treating Gn as known implicitly restricts π∗ to those designs that
are consistent with the realized treatment assignment. We discuss its interpretation further in Appendix B.
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average treatment effect (these weights ωi may be negative).12 Since we could recover the
estimand only requiring minimally quasi-experimental interpretations, we could addition-
ally inspect whether the weighting is convex or whether it satisfies further restrictions.

Importantly, under Definition 2.1, estimands that rely on modeling yi(0)—e.g., difference-
in-differences estimands that rely on parallel trends—do not qualify as quasi-experimental.
Such outcome modeling strategies inherently do not work for arbitrary outcomes. They
thus fail Definition 2.1—which requires identification to arise solely from treatment as-
signment. While more accommodating definitions of quasi-experiments are reasonable,
we argue this stricter one is both principled and useful: It is principled by taking very se-
riously that quasi-experiments should emulate randomized experiments (Angrist and Pis-
chke, 2010; Leamer, 1983). It is also not overly stringent—the theoretical applications
in Section 3 show that much of the applied econometrics literature is consistent with this
standard for quasi-experimental interpretation.

Returning to (2.2), observe that τ satisfies Definition 2.1 under π∗ if and only if

π∗
i ρi(1) + (1− π∗

i )ρi(0) = 0 for all i = 1, . . . , n. (2.3)

By (2.2), the left-hand side of (2.3) is τ ’s change when unit i’s potential outcomes shifts
by ci = n. Definition 2.1 forces this effect to zero. Hence π∗ must satisfy (2.3) for τ to be
minimally quasi-experimental.

We therefore separately ask which designs satisfy (2.3) and whether π∗ can plausibly be
one of those designs (i.e., [MQE1] vs. [MQE2]). For [MQE1], we can solve for π∗

i in (2.3).
Let πi denote the solution to (2.3) viewed as equations in π∗

i , and we call π = (π1, . . . , πn)

an implicit design:

πi =
−ρi(0)

ρi(1)− ρi(0)
.

In turn, [MQE2] requires that the true and implicit designs coincide, π∗
i = πi.

Identifying π immediately pinpoints the estimand. If πi were the true design, then, for
ωi(π, w) ≡ πi(w)ρi(w) and ωi ≡ ωi(π, 1) = −ωi(π, 0), τ is a weighted average treatment
effect

τ =
1

n

n∑
i=1

ωi(π, 1)yi(1) + ωi(π, 0)yi(0) =
1

n

n∑
i=1

ωi(yi(1)− yi(0)).

Here, ωi(π, 1) = −ωi(π, 0) because πi satisfies (1.2). Thus, simply solving (2.3) yields
both candidate designs π and their corresponding implicit estimands.
12Allowing for negative weights accommodates for, e.g., interpreting differences in treatment effects between
subgroups as minimally quasi-experimental. It is also easier to extend to multiple treatments. What Blandhol
et al. (2025) term “weakly causal” additionally requires that ωi ≥ 0.
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The implicit designs and estimands are helpful for assessing a regression’s quasi-experimental
interpretation. Finding implicit designs verifies [MQE1] and provides candidates for as-
sessing [MQE2]. If some implicit design plausibly satisfies [MQE2], then [MQE] is plau-
sible, in which case the regression estimates some causal effect quasi-experimentally. Fi-
nally, if the implicit estimand is substantively informative, then this causal effect is also
useful.

There are at least two ways in which πi cannot possibly equal π∗
i , leading to a rejection

of [MQE1]. The more obvious one is if πi ̸∈ [0, 1] for any i or if ρi(1) = ρi(0) ̸= 0. This
occurs when both ρi(1) and ρi(0) are on the same side of zero. When this happens, the
implicit design is not a probability distribution, and cannot equal the true design. More
subtlely, πi is also indefensible if it generates a Gram matrix that is different from Gn(π

∗):

Gn(π) =
1

n

n∑
i=1

πiz(xi, 1)z(xi, 1)
′ + (1− πi)z(xi, 0)z(xi, 0)

′ ̸= Gn(π
∗). (2.4)

This restriction is useful when we analyze specifications theoretically under this frame-
work. It is harder to implement when we do not know and have to estimate Gn, though, with
a confidence set for Gn, one could use it as a basis for inference on π∗ (see Appendix C).

We summarize these results in the following corollary of Theorem 2.2, to be introduced.

Corollary 2.1. When k = T = J = 1, τ is minimally quasi-experimental if and only if

(1) ρi(1)ρi(0) ≤ 0 for all i. Some implicit design π generates Gn, such that πi =
−ρi(0)

ρi(1)−ρi(0)

for all i with one of ρi(1) and ρi(0) nonzero.
(2) For all units i with one of ρi(1) and ρi(0) nonzero, π∗

i = −ρi(0)
ρi(1)−ρi(0)

.

When this happens, the implicit estimand is

τ =
1

n

n∑
i=1

ω∗
i (yi(1)− yi(0)) for ω∗

i ≡ ωi(π
∗, 1) = π∗

i ρi(1).

The weight ω∗
i < 0 if and only if ρi(1) < 0 < ρi(0).

The two conditions in Corollary 2.1 separates [MQE] into [MQE1] and [MQE2]. Corol-
lary 2.1(1) formalizes [MQE1]. If an implicit design exists, it is uniquely and explicitly
defined (up to units with ρi(1) = ρi(0) = 0). Corollary 2.1(2) formalizes [MQE2], which
requires that π∗

i is equal to the unique implicit design −ρi(0)
ρi(1)−ρi(0)

. In this case, the implicit
estimand is a weighted average treatment effect, where weights ωi are all nonnegative pro-
vided no unit has ρi(1) < 0 < ρi(0).
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Applied to the simple specification (2.1), Corollary 2.1 shows that the implicit design is
precisely πi = x′

iδ and the corresponding estimand is a weighted average treatment effect

τ =
1

n

n∑
i=1

ωi(yi(1)− yi(0)) ωi =
πi(1− πi)

1
n

∑n
j=1 πj(1− πj)

. (2.5)

By simply computing these objects, we thus recover results in Angrist (1998) and Blandhol
et al. (2025).13 To interpret (2.1) as estimating an economically interesting causal effect,
one must defend (a) that π∗

i = πi = x′
iδ and (b) that one is interested in (2.5). On the other

hand, a quasi-experimental interpretation immediately fails if we observe πi ̸∈ [0, 1], which
happens when the linear probability model for π∗

i produces nonsensical fitted values.
To summarize, our analysis proceeds in four steps:

(i) We treat the triplet ({z(xi, ·)}ni=1 ,Λ, Gn) as known (at least in the population).
(ii) We write the population regression estimand τ in the form (1.1) and (2.2). Be-

cause we treat Gn as known, the potential weights ρi(w) are known for all units.
(iii) We observe that [MQE] imposes linear restrictions on π∗

i , where the coefficients
are the potential weights.

(iv) Separating [MQE] into [MQE1] and [MQE2], we call the solutions to these lin-
ear equations implicit designs. τ is minimally quasi-experimental if and only if
an implicit design exists [MQE1] and the true design equals some implicit design
[MQE2]. Computing implicit designs also yields the corresponding estimands
by (2.2). If [MQE] holds, then τ has a quasi-experimental interpretation, and
one may then assess the extent that τ is substantively relevant.

We generalize these steps in the next subsection and in Section 4. We conclude this
subsection by stating the superpopulation analogue of these results.

Remark 2.1 (Superpopulation). Suppose instead (Yi(0), Yi(1),Wi, Xi)
i.i.d.∼ P . We can

convert the sampling setup to a design-based setup by setting π∗
i = P (Wi = 1 | Xi, Yi(1), Yi(0))

and conditioning on (Xi, Yi(1), Yi(0)). Now, consider a hypothetical set of potential out-
comes Y ′

i (w) = Yi(w) + Ci where Ci is some random variable satisfying Ci y Wi |
13Both Angrist (1998) and Blandhol et al. (2025) consider a superpopulation sampling setup. Angrist (1998)
considers a binary xi in his equation (9), but the argument can be easily generalized, e.g., in Borusyak and
Hull (2024); Goldsmith-Pinkham et al. (2024). Corollary 1 in Blandhol et al. (2025)—which specializes
their TSLS result to OLS—shows that assuming unconfoundedness, τ is a positively weighted average
treatment effect if and only if the propensity score is linear. This is effectively what we find, and thus we
view our result (formally in Theorem 3.1(1)) as a reinterpretation of theirs. Additionally, Appendix E.1
clarifies how our results relate to Theorem 1 in Blandhol et al. (2025).
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Xi, Yi(·). This independence restriction makes sure that Y ′
i (·) does not introduce new se-

lection concerns:

P (W = 1 | Y ′
i (1), Y

′
i (0), Yi(1), Yi(0), Xi) = π∗

i .

The sampling analogue of Definition 2.1 is that τ is unchanged for all such Y ′
i :

τ = E[ΛE[z(Xi,Wi)z(Xi,Wi)
′]−1z(Xi,Wi)︸ ︷︷ ︸

ρi(Wi)

Yi(Wi)] = E[ρi(Wi)Y
′
i (Wi)]. (2.6)

By the law of iterated expectations, conditioning on (Yi(1), Yi(0), Ci, Xi), (2.6) is equiv-
alent to 0 = E [Ci (π

∗
i ρi(1) + (1− π∗

i )ρi(0))]. Since we can choose Ci as an arbitrary
function of Xi, Yi(1), Yi(0) and in particular as Ci = π∗

i ρi(1)+ (1−π∗
i )ρi(0), we can force

the following condition, which is the analogue of (2.1):

π∗
i ρi(1) + (1− π∗

i )ρi(0) = 0 P -almost surely.

See Appendix A for a formalized analogue with general J, k, T . ■

2.2. General setup. We now generalize to panel data and multivalued treatments. Con-
sider a regression of Yit on a some transform zt(xi,Wi) ∈ RK of covariates and treatment.
The population Gram matrix is

Gn(π
∗) ≡ 1

n

n∑
i=1

T∑
t=1

EWi∼π∗
i
[zt(xi,Wi)zt(xi,Wi)

′] .

Following (i), let z(x1, ·) ∈ RT×K stack zt(xi, ·); we treat (Λ, Gn, z(x1, ·), . . . , z(xn, ·)) as
known and refer to this tuple as a population regression specification.

We make two comments relevant for panel settings. First, since treating Gn as known
is motivated by its consistent estimation, we require representing fixed effects through the
within-transformation for z(x, ·), rather than through unit-level dummy variables.14 Sec-
ond, assuming z(x, ·) is known precludes including mediators(e.g. lagged outcomes) in
the right-hand side of the regression, since we do not know counterfactual values of the
mediator.
14That is, individual fixed effects should be incorporated by setting

∑
t zt(xi, ·) = 0, rather than by

considering unit dummies as covariates. To see this, for unit i, let z̃t(xi,Wi) denote the covariate transforms
that exclude the unit dummy. Assume zt(xi,Wi) includes a unit dummy. Then

∑T
t=1 E[z̃t(xi,Wi)] is in the

Gram matrix (it is the interaction between z̃t and the unit-i dummy variable). However, this quantity is not
consistently estimable as unit i is only observed once.
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As in (ii), the regression estimand is:

τ =
1

n

n∑
i=1

∑
w∈W

π∗
i (w) ·

[
ΛG−1

n z(xi, w)
′]︸ ︷︷ ︸

ρi(w)∈Rk×T

yi(w) (2.7)

which verifies the representation (1.1). Relative to the simple case (2.2), here we sum
over J + 1 values, and the potential weights ρi(w) ≡ ΛG−1

n z(xi, w)
′ are now matrices of

dimension k × T .15

For (iii), a natural generalization of Definition 2.1 imposes that the estimand is invariant
to shifts in potential outcome paths that do not alter treatment effects:

Definition 2.2 (Minimally quasi-experimental). τ is minimally quasi-experimental if it is
always unchanged when we replace all potential outcomes yit(w) with yit(w) + cit for
arbitrary cit ∈ R, fixing π∗, x1, . . . , xn. For linear estimands, this is equivalent to

τ =
1

n

n∑
i=1

∑
w∈W

ωi(w)yi(w) for some ωi(w) ∈ Rk×T where 0 =
∑
w∈W

ωi(w)

=
1

n

n∑
i=1

∑
w∈W,w ̸=w0

ωi(w)(yi(w)− yi(w0)) given a choice w0.

The requirement [MQE] is then equivalent to the following equations

For i = 1, . . . , n,
∑
w∈W

π∗
i (w)ρi(w) = 0,

∑
w∈W

π∗
i (w) = 1. (2.8)

Since ρi(w) is a k × T matrix and |W| − 1 = J , there are kT restrictions in J unknowns.
We call any solution an implicit design. Implicit designs are typically unique when they
exist, because often the number of equations kT is greater than the number of unknowns
J . For instance, J + 1 treatments generate k = J contrasts; panels under staggered adop-
tion admit fewer unique treatment times (J + 1) than time horizon T . Lemma E.8 proves
uniqueness when T = 1.

For a given implicit design, the corresponding implicit estimand is the following, for
ωi(π, w) ≡ πi(w)ρi(w):

τ(π) ≡ 1

n

n∑
i=1

∑
w∈W

ωi(π, w)yi(w) =
1

n

n∑
i=1

∑
w ̸=w0

ωi(π, w)(yi(w)− yi(w0)). (2.9)

15Appendix E.2 shows that the potential weights for a given contrast do not depend on how the re-
gression is parametrized. For instance, it does not matter if we write Yi = α + τWi + ϵi instead as
Yi = µ11(Wi = 1) + µ01(Wi = 0) + ϵi and consider τ = µ1 − µ0. Appendix E.2 also shows that the
potential weights are suitably invariant under the Frisch–Waugh–Lovell transform.
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These observations result in the following theorem, which formalizes how implicit designs
answer [MQE1] and relate to [MQE], as in (iv). For a given implicit design π, we call it
proper if all πi(·) are probability distributions. We say it generates Gn if it satisfies (2.4):
Gn(π) = Gn.

Theorem 2.2. τ is minimally quasi-experimental if and only if

(1) Some implicit design π exists, is proper, and generates Gn, and
(2) The true design π∗ is equal to π.

When this happens, the estimand τ is equal to the implicit estimand under π.

Theorem 2.2 separates [MQE] into a computable question [MQE1] and a substantive
question [MQE2]. Proper implicit designs that generate Gn answer [MQE1]. If none exist,
then τ cannot be minimally quasi-experimental. Assessing [MQE] further means judging
whether the true design is plausibly π [MQE2]. That judgment is context-specific. Com-
puting implicit designs makes this judgment concrete and transparent. Thus, if a researcher
interprets τ as a causal effect through quasi-experimentally, then they must be prepared to
defend why the true assignment process π∗ is plausibly one of the implicit designs π. If
[MQE] is satisfied, then the researcher should additionally justify why the implicit estimand
is a parameter of substantive interest.

2.2.1. Recommendation for practitioners. Motivated by Theorem 2.2, we recommend prac-
titioners explicitly compute implicit designs and estimands and evaluate their plausibility
and relevance. Most straightforwardly, they can be computed by replacing Gn with Ĝn.16

We prove estimation consistency in Appendix C.17 Specific implementations of these diag-
nostics are illustrated with an empirical application in Section 5.

After computing it, practitioners can evaluate whether an implicit design is plausible and
consistent with economic intuition. Beyond whether the implicit design exists and is proper
in the first place, a simple exercise is to verify whether the implicit design is a calibrated
prediction of treatment assignment.18 If the implicit design is implausible, the regression
should either be defended as a structural model or be replaced by explicitly causal methods
(Wager, 2024).
16Certain joint distribution of treatment implies that Ĝn = Gn almost surely, in which case there is no
estimation error in Gn to account for and Theorem 2.2 is applicable as-is. See Remark B.1.
17Intuitively, given a confidence set for Gn, it is in principle possible to project this confidence set to the set
of potential weights and the set of proper implicit designs that generate Gn. Moreover, if one has a candidate
design π in mind such that π and Gn(π) satisfy (1.2), it is also straightforward to check whether the implied
Gn(π) is statistically close enough to Ĝn.
18That is, among units with approximately x% probability of being assigned to treatment w, do approximately
x% of those units have Wi = w?
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After determining that the implicit design is plausibly the true design, the implicit esti-
mand informs how robust the regression is to heterogeneous treatment effects. A popular
consideration is whether any unit’s treatment effect contributes negatively to the estimand.
Furthermore, with a positively weighted average effect, applying the tools in Poirier and
Słoczyński (2024) allows one to quantify how large the implicit population that the esti-
mand is informative for.

A shortcoming of using regression as a quasi-experimental estimator is that regressions
do not separate the modeling of treatment assignment and the choice of target estimand.
Thus, a regression may use a plausible model of treatment, but targets a weighted average
treatment effect that is not relevant from first principles (Mogstad and Torgovitsky, 2024).
One could distangle the two by using the implicit design—as propensity score estimates—
to construct estimates for alternative estimands. These estimators are comparable to the
regression estimator on the treatment model, but directly target parameters of interest.

3. Theoretical applications and examples

This section applies our framework to assess [MQE] across a wide swath of regression
specifications and discusses them in self-contained vignettes. To emphasize, our results
essentially reduce the problem to computing the potential weights and the set of implicit
designs. This unifies results across starkly distinct settings. Reasoning through π∗ = π

theoretically is sometimes bespoke, but can often be aided by numerical methods.
Several specifications have known causal interpretations under specific designs (Angrist,

1998; Goldsmith-Pinkham et al., 2024; Imbens and Wooldridge, 2009; Lin, 2013; Kline,
2011; Athey and Imbens, 2022). Applied to these specifications, the implicit designs re-
cover these results and supply a converse (Section 3.1). Specifically, we show that quasi-
experimental interpretation analyzed in these settings are tenable only under those designs
assumed in the literature. These specifications target exactly those estimands found in the
literature. Thus [MQE] underpins much of the existing work. Imposing it establishes that
sufficient conditions in the literature are necessary—that is, there is no weaker or alternative
set of conditions on the design to prove the results in the literature.

Applying our framework also reveals new theoretical results: Two classes of specifi-
cations admit quasi-experimental interpretations only under stringent conditions. First,
cross-sectional regressions with W × x interactions qualify essentially only when x is sat-
urated (discrete) or W is randomly assigned independently of x (Section 3.2). Second,
TWFE regressions with time-varying covariates or imbalanced panels lack implicit designs
whenever treatment timing covaries with covariates or observation patterns (Section 3.3).
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3.1. A unified analysis of quasi-experimental interpretation in regression. Assume
throughout that the population Gram matrix is invertible.

Theorem 3.1. We compute the implicit designs and estimands of the following regres-
sion specifications. In every specification, the implicit design exists uniquely. The implicit
design generates Gn regardless of whether π = π∗ for all specifications except (4).

(1) (Angrist, 1998; Blandhol et al., 2025, Section 2.1, k = T = J = 1) Suppose xi

includes a constant. For Yi = τWi + x′
iγ + ϵi and τ the coefficient of interest:

(a) πi = x′
iδ for δ =

(
1
n

∑n
i=1 xix

′
i

)−1 1
n

∑n
i=1 π

∗
i xi

(b) π∗
i = πi if and only if π∗

i = x′
iδ

(c) ωi ≡ ωi(π, 1) = −ωi(π, 0) =
πi(1−πi)

1
n

∑n
i=1 πi(1−πi)

. When π∗
i = πi, ωi ≥ 0.

(2) (Goldsmith-Pinkham et al., 2024, k = J > 1, T = 1) Suppose W = {0, 1, . . . , J} for
J > 1 and xi includes a constant. Let Wij = 1(Wi = j). For Yi =

∑J
j=1 τjWij +

x′
iγ + ϵi and τ = [τ1, . . . , τJ ]

′ the coefficient of interest:
(a) πi(j) = x′

iδj for δj =
(
1
n

∑n
i=1 xix

′
i

)−1 1
n

∑n
i=1 π

∗
i (j)xi

(b) π∗
i = πi if and only if π∗

i (j) = x′
iδj for all j ∈ [J ]

(c) The implicit estimand is shown in (D.2). This estimand is generally contaminated
(that is, ωij(π, ℓ) ̸= 0 for some j ∈ [J ] and ℓ ̸∈ {0, j}).

(3) (Miratrix et al., 2013; Imbens and Wooldridge, 2009; Lin, 2013, k = T = J = 1)
Suppose xi represents saturated discrete covariates taking values in {0, . . . , L}, in
the sense that xi = [xi1, . . . , xiL]

′ for xiℓ = 1(xi = ℓ). Let x = 1
n

∑n
i=1 xi. For

Yi = α0 + γ′
1xi + τWi +Wi(xi − x)′γ2 + ϵi and τ the coefficient of interest:

(a) The implicit design equals the mean of π∗
i among the units with the same xi-value

(b) π∗
i = πi if and only if π∗

i is the same for all units with the same xi-value
(c) The implicit estimand is the ATE. That is, ωi = ωi(π, 1) = −ωi(π, 0) = 1.

(4) (Kline, 2011, k = T = J = 1) Let x1 =
∑n

i=1 π
∗
i xi∑n

i=1 π
∗
i

. For Yi = α0 + γ′
1xi + τWi +

Wi(xi − x1)
′γ2 + ϵi and τ the coefficient of interest:

(a) πi =
δ0+(xi−x)′δ1

1+δ0+(xi−x)′δ1
, where δ0, δ1 are equal to the population weighted least-squares

coefficients of π∗
i /(1− π∗

i ) on xi − x and a constant, weighted by 1− π∗
i

(b) π∗
i = πi if and only if π∗

i /(1− π∗
i ) = δ0 + δ′1(xi − x)

(c) When π∗ = π, the implicit estimand is the ATT: ωi = ωi(π, 1) =
πi

1
n

∑n
i=1 πi

.

(5) (Athey and Imbens, 2022, T > 1) Let W ⊂ {0, 1}T be the set of treatment paths such
that its nonzero elements are linearly independent vectors whose span excludes the
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constant vector 1T = [1, . . . , 1]′.19 For the two-way fixed effects (TWFE) specificaiton
Yit = αi + µt + τWit + ϵit and the coefficient of interest τ :
(a) The implicit design is constant in i and is unique, πi(w) =

1
n

∑n
i=1 π

∗
i (w)

(b) π∗
i = πi if and only if π∗

i is the same for all i
(c) The implicit estimand is shown in (D.4), which matches Theorem 1(ii) in Athey

and Imbens (2022) under staggered adoption.20

Theorem 3.1 computes implicit designs and estimands for several specifications indi-
vidually analyzed in the literature. Simply examining [MQE1] shows the implicit design
exists, is unique, and matches the form studied; the implicit estimand matches as well.
Theorem 3.1 is thus a set of converses to the existing results—the regression estimand is
minimally quasi-experimental only if π∗ = π and the target causal effect is the implicit
estimand. These necessity results are new, to our knowledge, except for Theorem 3.1(1).

Rather than detail every vignette, we highlight two notable findings. First, Theorem 3.1(3)
and (4) leave a few puzzles, which Section 3.2 resolves. Both regressions pick a contrast
from the interacted specification Yi = γ0 + γ′

1x + τ0Wi + τ ′1xiWi + ϵi.21 Curiously, (3)
requires saturated covariates; (4) does not. Moreover, Theorem 3.1(4) is asymmetric. If
we flip treatment and control, Theorem 3.1(4) would show that the average treatment effect
on the untreated (ATU) estimand is minimally quasi-experimental only if the reciprocal
propensity odds (1−π∗

i )/π
∗
i is linear in xi. Thus, worryingly, the same specification yields

ATT and ATU interpretations under different designs.
Second, Theorem 3.1(5) shows the TWFE estimand fails to be minimally quasi-experimental

unless treatment timing is fully randomized—the exact design Athey and Imbens (2022)
study. Section 3.3 extends this by showing TWFE’s quasi-experimental interpretation is
additionally fragile to time-varying covariates and panel imbalance. Appendix E.6 extends
the analysis to one-way FE and event-study designs.
19Staggered adoption corresponds to the case wt ≤ wt+1 for all t. If W satisfies staggered adoption and
excludes always-treated units, then it contains linearly independent vectors whose span excludes 1T .
20One might wish to impose that the post-treatment weights are nonnegative (i.e., ωit(π

∗, w) ≥ 0 if wt = 1).
Failure of this condition implies that post-treatment units are severely used as comparisons for newly treated
units, echoing the “forbidden comparison” issue in the recent difference-in-differences literature (Roth
et al., 2023; Borusyak et al., 2024; De Chaisemartin and d’Haultfoeuille, 2020; Goodman-Bacon, 2021).
Proposition E.14 shows that when W only has two elements and includes a never treated unit, all weights
post treatment are non-negative, but such forbidden comparisons are possible in all other cases.
21Theorem 3.1 (3) takes τ0 + τ ′1x while Theorem 3.1(4) takes τ0 + τ ′1x1.
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3.2. Forbidden interactions? Assume T = J = 1 and split xi into subvectors x1i, x2i

(possibly overlapping). Consider the specification

Yi = γ0 + τ0Wi + τ ′1Wix1i + γ′
1x2i + ϵi. (3.1)

Viewed as a linear outcome model, τ0 is the treatment effect for a baseline covariate value,
and τ1 captures treatment effect heterogeneity. One might hope that even without the out-
come model, τ = (τ0, τ

′
1) retains causal interpertation. Indeed, with scalar x1i, practitioners

often interpret τ1 as effect heterogeneity across x1i and τ0 as the effect at x1i = 0 (e.g.,
in Blakeslee et al. (2020)). This specification is also more flexible than the uninteracted
specification (2.1); one might hope that the additional flexibility allows quasi-experimental
interpretation to hold under weaker conditions.

We show this hope generally fails: Minimally quasi-experimental interpretation of τ ne-
cessitates that both π∗

i and π∗
i x1i be linear in x2i. When this fails, some contrast τ0 + τ ′1x1

does not satisfy level independence.22

Proposition 3.2. Consider the specification (3.1) and let τ = (τ0, τ
′
1)

′ be the coefficients of
interest. Then the corresponding implicit design exists if and only if, for some conformable
matrices (Γ0,Γ1),

(δ0 + δ′1x2i)x1i = Γ0 + Γ1x2i for all i,

where δ0, δ1 are population projection coefficients of π∗
i on x2i. When this happens, the

unique implicit design is πi = δ0 + δ′1xi2. Therefore, if τ is minimally quasi-experimental,
then π∗

i = δ0 + δ′1x2i and π∗
i x1i = Γ0 + Γ1x2i.

The necessary condition for interpreting τ as minimally quasi-experimental is that both
the propensity score π∗

i and its interaction with the covariates π∗
i x1i are linear functions

of x2i. When x1i is included in x2i, this condition is unlikely to hold in general, as π∗
i x1i

would involve nonlinear transformations of x1i and thus cannot be linear. This condition
does hold if π∗

i is constant or if x1i represents a saturated categorical variable and x2i con-
tains all other covariates interacted with x1i.23

What is wrong with interpreting τ0 + τ ′1x1i as a linear approximation of the conditional
average treatment effect? One could think of (3.1) as two regressions, one on the treated
W = 1 and one on the untreated W = 0. Both regressions are indeed best linear ap-
proximations to E[Y (1) | x,W = 1] and E[Y (0) | x,W = 0], which are equal to the

22This result was novel at the time of a working paper draft of this paper (arXiv:2407.21119v2, January
13, 2025); concurrent and independent work by Zhao et al. (2025) (arXiv:2502.00251, February 1, 2025)
provides a similar result.
23That is, x1i contains mutually exclusive binary random variables, and x2i contains x1i, some set of other
covariates x3i, and all interactions x3ikx1iℓ.
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mean potential outcomes E[Y (1) | x],E[Y (0) | x] under unconfoundedness. The contrast
τ0 + τ ′1x1 is then the difference of the fitted values of these two regressions. However, the
two regressions are only best linear approximations with respect to different distributions
of the covariates (xi | W = 1 vs. xi | W = 0). Thus, their difference is not a best linear
approximation to the conditional average treatment effect under any particular distribution
of x. Shifting Y (1) and Y (0) by the same arbitrary amount therefore causes asymmetric
behavior in the two regressions, leading to a failure of level irrelevance.

When x1i = x2i = xi, this result supplements Theorem 3.1(3)–(4) by showing different
contrasts necessitate incompatible designs.24 Insisting on all such contrasts being mini-
mally quasi-experimental imposes a knife-edge condition for the design. Without saturated
covariates, Theorem 3.1(4) shows that particular contrasts (e.g., the ATT) maintains causal
interpretation, at the expense of others.

Taken together, interacted regressions are less robust in terms of [MQE] than the simple
regression (2.1), in contrast to the qualitative takeaway in Lin (2013); Negi and Wooldridge
(2021). The uninteracted regression introduces variance weighting for the estimand, but
maintains validity under a simple design. The interacted regression removes the weighting
with saturated covariates but loses minimally quasi-experimental interpretation in general.

Is there a simple regression that estimates the average treatment effect under linear
propensity scores? Unfortunately, Proposition E.11 shows that the answer is no, at least
not with right-hand-side variables that are linear in [1, xi,Wi,Wixi].25 As a result, target-
ing the average treatment effect under the same implicit design as (2.1) necessitates moving
beyond regression estimators.

3.3. The fragility of quasi-experimental TWFE. Theorem 3.1(5) shows TWFE is min-
imally quasi-experimental only under totally randomized treatment paths. We now show
that adding time-varying covariates—common empirical practice—often destroys even that.

Proposition 3.3. Assume W ⊂ {0, 1}T . Consider the regression Yit = αi + γt + τWit +

δ′xit where τ is the coefficient of interest. Let βw→x be the population projection coefficient
24Appendix E.5 shows formally that requiring [MQE1] for the contrast τλ = λ0τ0 + λ′

1τ1 in this regression
implies implicit designs πλ, generally fractional-linear in xi, that depends on the contrast λ0, λ1.
In particular, these results are relevant for the ATE contrast τ0 + τ ′1x, which is separately studied in Theorem
1 in Chattopadhyay and Zubizarreta (2023). Chattopadhyay and Zubizarreta (2023) show that τ0 + τ ′1x is
the ATE if both propensity odds and reciprocal odds are linear. If we drop the “ATE” requirement and seek
an interpretation in terms of [MQE], the implicit design exists but is fractional-linear πi =

θ0+θ′
1(x−x)

1−Γ′
2(x−x) .

Moreover, the requirement that πi = π∗
i then imposes additional (unpleasant) restrictions on (θ0, θ1,Γ2),

formalized in Remark E.1.
25One could estimate the uninteracted regression and weigh by 1/(πi(1 − πi)) to remove the variance
weighting, but this approach requires estimating πi separately.
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of Wit on xit under π∗, with individual and time fixed effects. If an implicit design exists,
then, for xi ∈ RT×dim(xit) that stacks the covariates xit,(

xi −
1

n

n∑
j=1

xj

)
βw→x ∈ span(W ∪ {1T}) for all i = 1, . . . , n.

When βw→x = 0, if W contains linearly independent vectors whose span excludes 1T , the
implicit design is uniquely equal to πi(w) =

1
n

∑n
i=1 π

∗
i (w) for all i as in Theorem 3.1(5).

An implicit design exists only if a linear combination of demeaned covariates lies in the
span of W and 1T for every unit. This condition arises because we essentially need that
the mean treatment E[Wi] =

∑
w∈W π∗

i (w)w is exactly described by two-way fixed effects
with time-varying covariates, analogous to the intuition for (2.1). This then restricts the
space of covariates, since they need to generate vectors that lie in the linear span of W .

With staggered adoption, span (W ∪ {1T}) is the subspace of vectors that are piece-
wise constant between adjacent adoption dates. This subspace is highly restrictive if there
are relatively few adoption dates. If βw→x ̸= 0, it is thus knife-edge that

(
xi − 1

n

∑n
j=1 xj

)
βw→x

happens to be located in that subspace, unless columns of xi happens to be piecewise con-
stant over t as well.26 On the other hand, if βw→x is zero under π∗, including the co-
variates makes no difference to the coefficient on Wit in population. Thus TWFE with
time-varying covariates rarely retains a quasi-experimental interpretation. Researchers us-
ing such a specification either believe that the covariates do not affect treatment assignment
and are irrelevant for identification, or they are embedding outcome modeling assumptions.

Finally, a similar fragility inflicts regressions with imbalanced panels. Such a regression
only has a quasi-experimental interpretation when the missingness pattern is uncorrelated
with the treatment assignment pattern, in which case the design must again be total ran-
domization of treatment paths. We detail this result in Appendix E.6.1.

4. Extension: Two-stage least-squares

Similar ideas to Theorem 2.2 extend to two-stage least-squares (TSLS): We can use
level irrelevance to recover some design—now a distribution of the instrument Wi—under
which TSLS estimands have a causal interpretation in the instrument W (cf. intent-to-treat
effects). Interestingly, the implicit estimand also provides necessary conditions on com-
pliance behavior for TSLS to estimate properly weighted causal effects in terms of the
endogenous treatment.
26This is plausible if the time-varying covariates are interactions of fixed covariates with the time fixed
effects (x′

itδ = x′
iδt). Proposition E.15 shows that for this specification, causal interpretation is possible

necessarily under linear generalized propensity scores πi(w) = δ0(w) + δ1(w)
′xi.
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For instance, examining the implicit estimand for a binary treatment, binary instrument
TSLS regression recovers (strong) monotonicity as a necessary condition (Imbens and An-
grist, 1994; Słoczyński, 2024). Doing so for TSLS with multiple treatments yields a com-
pliance restriction in Bhuller and Sigstad (2024). These results are recovered simply by
enumerating which compliance types for each unit are consistent with the implicit esti-
mand assigning proper weights to said unit’s potential outcomes in the treatment.

Consider the following TSLS specification of a scalar outcome on a covariate transform

Yi = t(Di, xi)
′β + ϵi,

instrumenting t(Di, xi) with z(Wi, xi). Here, Di = d∗i (Wi) ∈ D is the endogenous
treatment, d∗i (·) is the compliance type for unit i, and t(·, ·), z(·, ·) are again known trans-
forms. Assume the exclusion restriction holds so that yi(d∗i (w), w) = yi(d

∗
i (w)). In this

notation, a binary treatment, binary instrument TSLS regression can be represented by
t(Di, xi) = [1, Di]

′ and z(Wi, xi) = [1,Wi]
′.

We extend steps (i)–(iv) in Section 2.1. For (i), define the TSLS estimand τ = Λβ as

τ = Λ
(
GtzG

−1
zz Gzt

)−1

(
GtzG

−1
zz

1

n

n∑
i=1

EWi∼π∗
i
[z(Wi, xi)yi(Wi)]

)
,

where Gtz ≡ 1
n

∑n
i=1 EWi∼π∗

i
[t(d∗i (Wi), xi)z(Wi, xi)

′], Gzt ≡ G′
tz, and Gzz ≡ 1

n

∑n
i=1

EWi∼π∗
i
[z(Wi, xi)z(Wi, xi)

′]. This representation simply replaces all averages in the TSLS
estimator with expectations over the instrument Wi.

Let Hn ≡ (GtzG
−1
zz Gzt)

−1
GtzG

−1
zz . Hn is the analogue of the inverse Gram matrix G−1

n .
Indeed, if t(di(Wi), xi) = z(Wi, xi) so that the TSLS specification is equivalent to OLS,
then Hn is exactly the inverse Gram matrix. Like G−1

n , Hn is known in population and
consistently estimable in sample. Thus, by the same reasoning, we treat Hn as known.

Next, for (ii), write τ in the form of (1.1):

τ =
1

n

n∑
i=1

∑
w∈W

π∗
i (w)ΛHnz(w, xi)yi(w) ≡

1

n

n∑
i=1

∑
w∈W

π∗
i (w) ρi(w)︸ ︷︷ ︸

k×1

yi(di(w)).

We define potential weights analogously: ρi(w) ≡ ΛHnz(w, xi). For (iii)–(iv), the require-
ment that τ is minimally quasi-experimental (Definition 2.1) continues to be reasonable.
If τ were a comparison of different potential outcomes yi(d), then it should be invariant
to shifting all {yi(w), w ∈ W} by arbitrary ci. Maintaining this restriction again yields
(1.2) for π∗

i (w), whose solutions we continue to call implicit designs. They continue to be
plausible candidates for the true design π∗

i (·) in the sense of [MQE1].
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Just-identified TSLS specifications have enough equations27 to pin down an implicit de-
sign πi(·). If there are more distinct instrument values than coefficients of interest, then
we may have too few restrictions on π∗

i (w) from τ alone. However, it may be reasonable
to also impose level irrelevance for certain first-stage coefficients, which would add more
restrictions to recover a unique implicit design.

The estimand for TSLS—in terms of yi(k) rather than yi(d
∗
i (w))—depends on units’ un-

known compliance types d∗i (·). Therefore, interpreting the estimand as a causal effect of
the treatment d implicitly restricts compliance patterns. This can be operationalized as fol-
lows. Given an implicit design πi(·), the corresponding implicit estimand τ can be written
as a weighted sum of individual potential outcomes, which can be grouped into treatment
conditions:

τ =
1

n

n∑
i=1

∑
w∈W

ωi(w;π)yi(d
∗
i (w)) where ωi(w;π) ≡ πi(w)ρi(w) (4.1)

=
1

n

n∑
i=1

∑
k∈D

 ∑
w:d∗i (w)=k

ωi(w;π)


︸ ︷︷ ︸

≡ω∗
i (k;π,d∗i )

yi(k) ≡
1

n

n∑
i=1

∑
k∈D

ω∗
i (k;π, d

∗
i )yi(k). (4.2)

(4.1) represents the estimand as an aggregation of w-on-y causal effects. (4.2) then groups
together w values that lead to the same d∗i (w) = k, thereby translating (4.1) to d-on-y
effects. In (4.2), the weight on the kth treatment is ω∗

i (k;π, d
∗
i ) ≡

∑
w:d∗i (w)=k ωi(w;π),

which is known given d∗i (·). If τ were to have a causal interpretation, we can then enumer-
ate all compliance types d∗i for each unit and check which ones lead to ω∗

i (k;π, d
∗
i ) that are

consistent with the causal interpretation.
To illustrate, consider a particular class of TSLS specifications: For xi that includes a

constant, consider a just-identified specification with J+1 values of an unordered treatment
D = {0, . . . , J}

t(d, xi) = [1(d = 1), . . . ,1(d = J), x′
i]
′

z(w, xi) = [1(w = 1), . . . ,1(w = J), x′
i]
′. (4.3)

In this TSLS specification, the coefficients of interest are τ = (τ1, . . . , τJ)
′, where τk is the

coefficient on 1(d = k), meant to capture the causal effect of d = k relative to d = 0.

27For an TSLS specification to be non-collinear, an instrument that takes J + 1 values can support k ≤ J
endogenous coefficients of interest. Since πi(·) is a J-dimensional unknown vector, we need k ≥ J
restrictions to have a unique implicit design.
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Examining entries in (4.2), we have

τk =
1

n

n∑
i=1

J∑
k′=1

ω
(k,k′)
i (d∗i )(yi(k

′)− yi(0)) for ω
(k,k′)
i ≡ (ω∗

i (k
′;π, d∗i ))k. (4.4)

If τk is to be interpreted as a causal effect of d = k relative to d = 0, then we should at
least restrict ω(k,k)

i ≥ 0 and ω
(k,k′)
i = 0 for k ̸= k′. If so, τk equals a convex aggregation of

yi(k)− yi(0) that is not contaminated by treatment effects of some other arm yi(ℓ)− yi(0).
If this is true and if π∗ = π, following Bhuller and Sigstad (2024), we say that TSLS
assigns proper weights.28

Given ω
(k,k′)
i (·), for each unit, we can then enumerate all compliance types di(·) and re-

tain those consistent with proper weights. Analogous to implicit designs, we refer to each
element of the following set as an implicit compliance profile: For D = {0, . . . , J},{

(d1(·), . . . , dn(·)) : for all i, k ̸= k′ ∈ D, ω
(k,k)
i (di) ≥ 0 and ω

(k,k′)
i (di) = 0

}
. (4.5)

The following proposition summarizes these results:

Proposition 4.1. In TSLS, τ is minimally quasi-experimental if and only if

(1) An implicit design π exists
(2) π∗ = π.

Additionally, τ from the specification (4.3) assigns proper weights if and only if the fol-
lowing is true for the implicit estimand under π:

(3) An implicit compliance profile d1(·), . . . , dn(·) in (4.5) exists
(4) Some implicit compliance profile d1(·), . . . , dn(·) is equal to d∗i (·), . . . , d∗i (·).

Like Theorem 2.2, Proposition 4.1 separates requirements for causal interpretation into
computable and substantive components. We can directly compute items (1) and (3) since
the potential weights, implicit design, and implicit estimand are known in the population.
Results from this computation are plausible candidates for items (2) and (4)—if no such
candidate is found, then causal interpretation must be rejected.

These computations are informative. To illustrate, simply computing the implicit design
and compliance profiles recovers necessary conditions to several recent results in the in-
strumental variables literature. To introduce these results, let us give terminology to certain
compliance patterns.

28When J = 2, τ is minimally quasi-experimental and assigns proper weights if and only if it is weakly
causal in the sense of Blandhol et al. (2025).
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Definition 4.1 (Compliance restrictions). • With two treatments (J + 1 = 2), we say that
a profile d1(·), . . . , dn(·) satisfies strong monotonicity if either di(1) ≥ di(0) for all i or
di(1) ≤ di(0) for all i.

• With J + 1 > 2, for k = 1, . . . , J , we say that d(·) is a k-always taker if d(·) = k; it is
a k-never taker if d(·) ̸= k; otherwise we say d(·) is a k-complier. We say d(·) is a full
complier if it is a k-complier for all k.

• We say that a compliance profile (d1(·), . . . , dn(·)) satisfies common compliance if for
any k = 1, . . . , J and any two k-compliers di(·), dj(·), we have di(w) = k if and only if
dj(w) = k.

• We say that a compliance profile satisfies extended monotonicity if there exists some per-
mutation f(·) of the instrument values {0, . . . , J} such that, for all i, either (i) for all w,
di(f(w)) ∈ {0, w} or (ii) di(·) is constant.29

Proposition 4.2. Consider the TSLS specification in (4.3),

(1) (Blandhol et al., 2025) The unique implicit design satisfies πi(j) = x′
iδj for δj =

(
∑n

i=1 xix
′
i)
−1∑n

i=1 π
∗
i (j)xi.

(2) When π∗ = π, the implicit compliance profiles relative to the implicit design satisfy:
(a) (Słoczyński, 2024, Corollary 3.4) When J+1 = 2, all implicit compliance profiles

satisfy strong monotonicity.
(b) (Bhuller and Sigstad, 2024, Proposition 5/B.1) When J + 1 > 2 and xi includes

only a constant, all implicit compliance profiles satisfy common compliance. All
implicit compliance profiles which contain a full complier satisfy extended mono-
tonicity.

Proposition 4.2 recovers several results for TSLS. Proposition 4.2(1) and (2)(a) recover
the necessary direction for Corollary 3.4 in Słoczyński (2024) and Theorem 1 in Blandhol
et al. (2025): With binary treatment, monotonicity is required for interpreting the TSLS
29For three instrument values, up to permutation of the instruments, extended monotonicity limits d(·) to one
of six types (d(0), d(1), d(2)) ∈ {(000), (111), (222), (010), (002), (012)}—for, respectively, never-taker,
1-always-taker, 2-always-taker, 1-complier, 2-complier, or full complier (Bhuller and Sigstad, 2024).
This condition is a generalization of Assumption 3 in Behaghel et al. (2013), who call this assumption
extended monotonicity. Indeed, the condition is equivalent to that, for all i, w ̸= 0 and w′, w′′ ̸= w,

1 {di(f(w)) = w} ≥ 1 {di(f(w′)) = w} = 1 {di(f(w′′)) = w} .
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coefficient causally, in the sense that it assigns proper weights.30 Without covariates, this is
a converse to Imbens and Angrist (1994).

Proposition 4.2(2)(b) recovers—and corrects—Propositions 5 and B.1 in Bhuller and
Sigstad (2024). Proposition 5 in Bhuller and Sigstad (2024) attempts to characterize ana-
logues of monotonicity with multiple treatments. It claims that if TSLS assigns proper
weights, then compliance satisfies extended monotonicity—that is, up to permutation of
the instrument values, we can think of instrument w as an encouragement to take up treat-
ment w from 0, with no effect on other treatment takeup nor substitution from other w′ ̸= w

to w. Unfortunately, just assuming TSLS assigns proper weights does not suffice for this
conclusion.31 Instead, the essence of their argument implies that compliance profiles satisfy
common compliance; their conclusion in turn stands if it is known that some full complier
exists. Both implications are captured by Proposition 4.2(2)(b).

5. Empirical application

We detail and illustrate several empirical recommendations (Section 2.2.1) by reanalyz-
ing Blakeslee et al. (2020). Blakeslee et al. (2020) study the economic impact of water
loss in rurual India, viewing borewell failure (Wi) as treatment. They consider a range of
income and employment outcomes and conclude that (i) well failure causes a decline in
agricultural income and employment, but reallocation to off-farm offsets the lost income,
and (ii) those living in high economic development areas adapt more easily.

The main empirical analyses of Blakeslee et al. (2020) estimate the following regression
(their equation (1) reproduced in our notation): For a household i, let v(i) denote its village
and t(i) denote the year when it drilled its first borewell. Consider the coefficient τ in

Yi = τWi + α0 + x′
iγ + η1v(i) + η2t(i)︸ ︷︷ ︸

x̌′
iµ

+ϵi. (5.1)

where xi collects a vector of household characteristics and includes “the age, caste, and lit-
eracy of the household head, as well as the total land inherited by the household” (p.208).
By Theorem 3.1(1), τ is minimally quasi-experimental only if π∗

i is linear in x̌i. When that
happens, the estimand is a weighted average treatment effect with weights proportional to
π∗
i (1− π∗

i ).

30Theorem 1 in Blandhol et al. (2025) imposes exogeneity and monotonicity and finds that τ is minimally
quasi-experimental and has proper weights if and only if π∗

i is linear. Proposition 4.2(1) and (2)(a) in turn
show that if τ is minimally quasi-experimental and has proper weights, then linear propensity scores and
monotonicity are satisfied (see Appendix E.1 for details). Likewise, Corollary 3.4 in Słoczyński (2024)
shows that strong monotonicity implies proper weights, but not the converse.
31See Appendix E.1 for a counter-example. We are grateful to Henrik Sigstad for discussion.
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In their heterogeneity analysis, Blakeslee et al. (2020) consider the regression that inter-
acts (5.1) with an indicator hi of whether the village v(i) has high economic development

Yi = τ0Wi + τ1Wihi + (α0 + x′
iγ0 + η1v(i) + η2t(i) + α1hi + hix

′
iγ1 + κ2t(i)hi)︸ ︷︷ ︸

x̃′
iµ

+ϵi, (5.2)

where τ0 is interpreted as a treatment effect for those with hi = 0 and τ1 is interpreted as a
difference of treatment effects among hi = 1 versus hi = 0. Our result in Proposition 3.2
show that τ0 and τ1 in (5.2) are both minimally quasi-experimental only if π∗

i is linear in x̃i

and π∗
i hi is also linear in x̃i. Because hi is in the linear span of the village fixed effects, it is

easy to check that π∗
i hi is linear if π∗

i is linear—and thus the implicit design exists. In this
case, we may also compute and verify that the corresponding estimand τ1 takes the form of
a difference of two variance-weighted estimands:

τ1 =
1

n1

∑
i:hi=1

ω1i(yi(1)− yi(0))−
1

n0

∑
i:hi=0

ω0i(yi(1)− yi(0))

such that 1
n1

∑
i:hi=1 ω1i =

1
n0

∑
i:hi=0 ω0i = 1, and ω1i, ω0i ∝ π∗

i (1− π∗
i ).

Notably, the implicit designs underlying (5.1) and (5.2) are different, as (5.2) involves
additional covariates. Since the specifications are nested, one can test H0 : π∗

i is linear in
x̌i against H1 : π

∗
i is linear in x̃i. A standard Wald test rejects H0 in favor of H1, providing

evidence against the implicit design for (5.1). In the remainder of the section, we focus on
(5.2), as well as the version of (5.1) that includes x̃i as the covariates:

Yi = τWi + x̃′
iµ+ ϵi. (5.3)

Specifications (5.2) and (5.3) in turn have the same implicit design.
We begin with diagnostics on the estimated implicit design. We first analyze if the im-

plicit design is consistent with the data. Figure 1 plots the estimated implicit design. 56 out
of 786 units have estimated implicit designs that are outside of [0, 1], which immediately
raises concerns about quasi-experimental interpretation of (5.2). Calibration performance
of the implicit design is reasonable (Figure 2); however, Ramsey’s RESET test against the
linearity in x̃i does decisively reject (p-value: 0.00).
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FIGURE 1. The distribution of the estimated implicit design for specifica-
tion (5.2). 56 out of 786 observations (or 7% of the observations) are
outside [0, 1].
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FIGURE 2. Calibration of the implicit design. This is a binned scatterplot
of Wi on π̂i, with associated pointwise confidence intervals and uniform
confidence bands (Cattaneo et al., 2024).
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0.5 0.0 0.5
Effect size (SD of the untreated outcome)

Total income (1000 rupees)

Off-farm income (1000 rupees)

On-farm income (1000 rupees)

Frac. HH member: 
semi-permanent migrant (dry season)

Frac. HH member: 
non-migrant working outside village (dry season)

Frac. HH member: 
not working (dry season)

Frac. HH member: 
working off-farm, non-agriculture (dry season)

Frac. HH member: 
working off-farm, agriculture (dry season)

Frac. HH member: 
working on own farm (dry season)

Estimated treatment effect 

0.5 0.0 0.5
Effect size (SD of the untreated outcome)

Estimated treatment effect 1

Variance-weighted
Trimmed
Variance-weighted (patched)
Trimmed (patched)
AIPW (linear mean, logit propensity)
Regression (95% CI)

Notes. “Variance-weighted” refers to weighting with weights proportional to πi(1 − πi). “Trimmed” refers to weighting with
weights proportional to 1(πi ∈ [0.02, 0.98]) (Crump et al., 2009). In either weighting scheme, the weights for πi ̸∈ [0, 1] are set
to zero. “Patched” treats the implicit design as an estimated propensity score and recalibrates it by binning π̂i and computing
the empirical treated frequency within each bin. We subclassify on the propensity scores following Chapter 17 in Imbens and
Rubin (2015). The binning in the subclassification uses the data-driven procedure in Imbens and Rubin (2015), which recursively
partitions the estimated propensity scores until either bins are too small or the mean propensity score is similar among treated and
untreated units within a bin. “AIPW” refers to augmented inverse propensity weighting; it uses a logit specification for the propen-
sity score and a linear specification for the outcome means. Both specifications use the same set of covariates as (5.3). Finally,
“regression” estimates (5.3) and (5.2) with ordinary least-squares, clustering standard errors by village following Blakeslee et al.
(2020) (The estimates in Blakeslee et al. (2020) use weighted least squares with unit-level sampling weights; since their footnote
7 reports that their results are insensitive to these weights, we ignore them and report ordinary least-squares estimates). □

FIGURE 3. Alternative coefficient estimates for τ in (5.3) and τ1 in (5.2)
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We also examine whether the implicit design is economically plausible and concurs with
descriptions in the paper. In terms of predictiveness, the implicit design accounts for about
25% of variation in Wi, indicating that observable characteristics of households do predict
treatment. Consistent with Blakeslee et al. (2020)’s explanation, most of the predictive
power comes from the village and drill-time fixed effects (the within-R2 is only 0.8%).
Blakeslee et al. (2020) (p.220) worry about selection on unobserved confounders, most
plausibly “wealthier and more skilled farmers being less likely to experience borewell fail-
ure.” The estimated implicit design from their specification does appear to rule out this
type of selection—among those with various agricultural equipment pre-drilling versus
those without, the mean estimated implicit designs are remarkably similar.32

These diagnostics on the implicit design undermine a quasi-experimental interpretation
of the specification (5.2), answering [MQE1] in the negative. However, at least as an il-
lustration, it may be interesting to understand the regression specification further. Even ig-
noring the various deficiencies of π̂, we may still be concerned with various choices in the
implicit estimand. For instance, the specification (5.3) has a variance-weighted estimand,
and we may ask—holding the propensity model fixed—how much the variance weighting
alters the estimate. The estimand τ1 in (5.1) is a difference of two variance-weighted esti-
mands. A priori, we cannot rule out that the difference is driven by the weighting scheme
compared to the difference in average treatment effects. The remainder of this section
investigates these questions.

We can simply compute a battery of alternative estimates, using the implicit design.
These are shown in Figure 3 for both the treatment effect τ in (5.3) and the treatment effect
difference τ1 in (5.2). First, the simplest assessment is whether the units with out-of-bounds
implicit design contribute prominently to the regression estimate. To that end, the variance-
weighted estimates × uses the same implicit design targets the same estimand, but removes
the out-of-bounds units. For both τ0 and τ1, these × estimates are almost identical to the
regression estimates, indicating that the regression estimates put relatively little weight on
out-of-bounds units. The estimates ⋆ patches the implicit design by treating it as an es-
timated propensity score and recalibrating it, as recommended by Zhao and Ding (2022);
van der Laan et al. (2024); Imbens and Rubin (2015). This does not meaningfully alter the
estimate.
32We assess this by regressing π̂i on indicators for whether a household owns a
{tractor, seed drill, thresher,motorcycle} before they drilled their first borewell. None of these covari-
ates, jointly or separately, is statistically significant at the conventional level. The largest |t|-statistic among
these is 1.04. These covariates are not included in the specification (5.2).
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Second, we may assess whether the variance-weighting in the implicit estimand matters
by considering weighting schemes that treat units more equally. Since the propensity score
estimates are often close or equal to zero and one, overlap violations make estimating the
average treatment effect infeasible. Thus, we trim the propensity scores to [0.02, 0.98] and
construct corresponding estimators for the trimmed average treatment effect (Crump et al.,
2009). These estimates—especially the patched estimates ⋆—are more different from the
regression estimates, though not substantially so compared to sampling noise. On average,
the difference between ⋆ and the regression estimates is about 0.5–0.7 times the standard
error of the regression estimate.

Finally, moving entirely away from the implicit designs in the regression, we also com-
pute estimates by augmented inverse propensity weighting (AIPW) by using a simple logit
model for the propensity scores and a linear model for the outcome means. These alter-
native estimates are again similar to the regression estimates, indicating that the outcomes
in this application are not so adversarially configured: The implicit design, while clearly
rejected, nevertheless produces estimates that are similar to alternative estimates.

Why do alternative weighting schemes not make a difference? Figure 4(a) partitions the
implicit designs into 7 bins by quantile, so that each bin within [0, 1] contains the same
number of units. On each bin, it displays the mean treated and mean untreated outcomes
as well as the weight placed on each bin by the implicit estimand. As the bin size be-
come small, computing the difference between the blue and orange curves, weighted by
the weights, approximates the regression estimate. As expected, the regression upweights
units with implicit design closer to 0.5. In particular, the out-of-bounds units receive a total
of about −3% in weights, explaining their apparent irrelevance to the bottom line. Remark-
ably, for agricultural employment, the treatment effects hardly vary by the implicit design.
Households with low and high propensity to lose water access appear to be affected sim-
ilarly, with about 10% fewer members engaged in agricultural work, suggesting borewell
failure is orthogonal to vulnerability to water loss.

Figure 4(b) considers the analogous decomposition for τ1.33 The weighting schemes for
hi = 1 versus hi = 0 are indeed different in τ1: High employment area (hi = 1) puts larger
weight for households more likely to lose water access—peaking at the bin (0.605, 0.719]

as opposed to at (0.435, 0.605]. Thus the apparent treatment effect heterogeneity reflects in
part the difference in weighting. But since the differences in conditional average treatment
33In Figure 4(b), if everyone is treated in a bin, we treat the mean control outcome as zero, and vice versa.
Thus the “treatment effects” for π̂i ≤ 0 represent negative mean control outcomes, and the “treatment
effects” for π̂i > 1 represent mean treated outcomes.
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(a) Treatment effect τ in (5.3)
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(b) Heterogeneous treatment effect τ1 in (5.2)
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FIGURE 4. The correlations of outcomes and implicit designs

effects are effectively constant and zero, the weighting again makes little difference to the
bottom-line estimate.

Our exercise demonstrates a few ways to use implicit designs and estimands following
Section 2.2.1. One can examine the distribution and calibration properties of the estimated
implicit design π̂ (Figures 1 and 2). One can use π̂ to construct implement alternative
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estimands that maintain the implicit model of treatment assignment (Figure 3). One can
also examine how outcomes covary with observed selection (Figure 4). These exercises add
transparency and evaluate robustness of the regression estimates, especially if practitioners,
like Blakeslee et al. (2020), stake a claim on quasi-experimental causal identification.

6. Conclusion

Linear regressions are ubiquitous. Interpreting their results as causal, thanks to quasi-
random assignment, is similarly commonplace. This paper studies the necessary condi-
tions that this interpretation imposes on treatment assignment. We do so by studying the
comparisons that regression estimands make under random assignment. Requiring that a
regression be minimally quasi-experimental imposes linear restrictions in the design. The
set of designs that satisfy these restrictions can be thought of as models of treatment assign-
ment that the regression implicitly estimates. Each design also pinpoints a corresponding
estimand that the regression implicitly chooses.

Understanding quasi-experimental interpretation of regressions in this way essentially
reduces to mechanical computations that can be scaled and automated. These computations
can aid in examining new theoretical properties of particular specifications, itself the sub-
ject of a highly influential recent literature. In several theoretical vignettes, these computa-
tions unify and strengthen disparate strands of the literature. Additionally, we find that re-
gressions with interactions and with two-way fixed effects have fragile design-based inter-
pretations. This calls for caution and nuance when using them and presenting their results.

Directly computing implicit designs and estimands in practice provides a set of simple
diagnostics for practitioners who wish to understand the quasi-experimental properties of a
given regression. Doing so makes transparent the statistical and economic choices masked
by a regression specification. Having opened up the black box, we can examine each of
its components: e.g., evaluating whether the implicit design is plausible, assessing whether
the regression targets an economically interesting estimand, and constructing estimates for
alternative estimands. Additionally, making these implicit choices transparent may nudge
practitioners to choose methods that model treatment assignment more directly.
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Appendix A. Theorem 2.2 under i.i.d. sampling

This section states and proves an analogue of Theorem 2.2 under i.i.d. sampling. To do so, we
also state an analogue of Definition 2.2.

Let (Yi(·), Xi,Wi)
i.i.d.∼ P and assume that Yi = Yi(Wi). Assume that Yi(w) ∈ RT and Wi ∈ W .

Define the random variables

π∗
i (w) = π(w;Yi(·), Xi) ≡ P (W = w | Yi(·), Xi).
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Let Y ′
i (·) = Yi(·) + Ci for some random variable Ci ∈ RT where

Ci | (Yi(·), Xi,Wi) ∼ PC(Yi(·), Xi) independently across i.

This restricts Ci y Wi | Yi(·), Xi. Define P ′ as the joint distribution of (Y ′
i (·),W,Xi) where

(Yi(·),W,Xi)
i.i.d.∼ P . Let z(Xi,Wi) ∈ RT×k be a covariate transform, and assume that

Gn(P ) ≡ EP [z(Xi,Wi)
′z(Xi,Wi)]

exists and is invertible. For a distribution Q of potential outcomes Yi(·), treatment Wi, and covari-
ates Xi, let Y Q

i = Yi(Wi). Thus Y P
i = Yi(Wi) and Y P ′

i = Y ′
i (Wi).

A population regression estimand is defined as

τ(P ) = ΛGn(P )−1EP

[
z(Xi,Wi)

′Y P
i

]
.

Assume that P has bounded moments so that τ(P ) exists.

Definition A.1. The regression estimand τ(P ) is minimally quasi-experimental under P if for all
P ′ corresponding to an arbitrary PC for C | (Yi(·), Xi),

τ(P ′) = τ(P )

whenever τ(P ′) exists.

Proposition A.1. Define ρi(Wi) = ΛGn(P )−1z(Xi,Wi)
′. τ(P ) is minimally quasi-experimental

under P if and only if ∑
w∈W

π∗
i (w)ρi(w) = 0

P -almost surely.

Proof. Note that Gn(P ) = Gn(P
′) since Gn does not depend on outcomes. Thus, taking the

expectation under the joint distribution (Yi(·),Wi, Xi, Ci):

τ(P ′)− τ(P ) = E
[
ρi(Wi)

(
Y ′
i (Wi)− Yi(Wi)

)]
= E [ρi(Wi)Ci]

= E

[
Ci

∑
w∈W

1(Wi = w)ρi(w)

]

= E

[
Ci

∑
w∈W

E[1(Wi = w) | Xi, Yi(·), Ci]ρi(w)

]

= E

[
Ci

∑
w∈W

E[1(Wi = w) | Xi, Yi(·)]ρi(w)

]

= E

[
Ci

∑
w∈W

π∗
i (w)ρi(w)

]
. (A.1)
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If one chooses PC such that
Ci =

∑
w∈W

π∗
i (w)ρi(w),

then

0 = E

[
Ci

∑
w∈W

π∗
i (w)ρi(w)

]
= E

[∥∥∥∥∑
w∈W

π∗
i (w)ρi(w)

∥∥∥∥2
]

This implies that
∑

w∈W π∗
i (w)ρi(w) = 0 P -almost surely. This proves the only if direction. The

if direction follows from Equation (A.1). □

Appendix B. Treating the Gram matrix as known

This section discusses the downstream ramification of treating Gn as known in (i) in Section 2.1.
This is subtle, since Gn itself depend on the true design π∗. We can think of (2.3) as a set of
nonlinear equations in π∗

i :

π∗
i ρi(1;π

∗) + (1− π∗
i )ρi(0;π

∗) = 0

where ρi(·;π∗) depends on π∗ through Gn. These equations then define a nonlinear surface of
designs {π : πiρi(1;π) + (1− πi)ρi(0;π) = 0∀ i} . This surface is defined solely as a function of
the regression (Λ, z(xi, ·)) and thus does not reflect any information in the data.

The implicit designs can then be thought of as choosing a point near34 this surface that is “most
consistent” with the data by fixing (Gn, ρi(·)) and solving the corresponding equations. For the
regression (2.1), this surface is the span of the column space of the covariates{

π : πi = x̃′iδ, δ ∈ Rdim(xi)+1
}
;

the implicit design chooses the point on the surface by projecting π∗ to the covariates, since all other
points are ruled out by large datasets. When π∗ belongs to the surface, doing this exactly recovers
π∗.

Additionally, some joint distributions of treatment implies that Ĝn = Gn almost surely. When
treatment arises from such a joint distribution, there is no estimation noise to ignore. We term those
fixed Gram designs and discuss them in the following remark:

Remark B.1 (Fixed Gram designs). Let Π∗ denote the joint distribution of W1, . . . ,Wn. For some
Π∗, it is possible that Ĝn = Gn(π

∗) with probability one. Under such a design, there is no esti-
mation noise to abstract away. As an example, suppose that we consider Yi = α + τWi + ϵi with
binary Wi, but Wi is assigned in a completely randomized experiment.35 Then, the sample and the

34When a implicit design generates the same Gram matrix as the true design Gn(π) = Gn(π
∗), then the

implicit design is on the surface.
35That is, there are n1 treated units, selected uniformly at random from the set of

(
n
n1

)
subsets.
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population Gram matrices are equal and fixed in every realization of the treatment,

Ĝn = Gn =

[
1 n1/n

n1/n n1/n

]
.

We term these designs fixed Gram designs for a particular specification. Our results in the popula-
tion can alternatively be read as exact results for fixed Gram designs.36 ■

We can also connect the regression estimator to inverse propensity weighting (IPW). Let π̂i =
−ρ̂i(0)

ρ̂i(1)−ρ̂i(0)
and ω̂i = π̂iρ̂i(1) = (1 − π̂i)ρ̂i(0) be the sample analogues of (πi, ωi), obtained by re-

placing Gn with its sample analogue Ĝn. We can write the regression estimator as an IPW estimator

τ̂ =
1

n

n∑
i=1

ρ̂i(Wi)yi(Wi) =
1

n

n∑
i=1

ω̂i

(
Wi

π̂i
yi(1)−

1−Wi

1− π̂i
yi(0)

)

when specialized to (2.1), =
1

n

n∑
i=1

x′iδ̂(1− x′iδ̂)
1
n

∑
j x

′
j δ̂(1− x′j δ̂)

(
Wi

x′iδ̂
yi(1)−

1−Wi

1− x′iδ̂
yi(0)

)
. (B.1)

With π̂i ∈ (0, 1), this becomes a standard IPW estimator with propensity scores estimated by
x′iδ̂. Accordingly, in effect, [MQE1] asks whether such an IPW representation exists, and [MQE2]
whether its propensity model is correctly specified. In this representation, treating Ĝn as known
exactly abstracts away from estimation error in the propensity score.

Appendix C. Estimating potential weights

This section ties up the loose ends in the sampling uncertainty for Gn. Naturally, we estimate
potential weights and implicit designs by plugging in the sample Gram matrix Ĝn. When we fail
to find valid estimated implicit designs, we may wonder whether that is due to sampling noise in
Ĝn rather than the fault of the regression specification. When we do find a valid estimated implicit
design, we may also ask whether π̂ is close to π. To answer these questions, we provide a set of
simple estimation and inference guarantees.37

In terms of inference, conceptually, for Ĝn a (1− α)-confidence set for Gn, we may form corre-
sponding confidence sets R̂i for ρi and P̂ for π∗ by projection:

R̂i =
{
ΛG−1

n z(xi, w)
′ : Gn ∈ Ĝn

}
P̂ =

{
π : G ≡ 1

n

n∑
i=1

∑
w∈W

πi(w)z(xi, w)z(xi, w)
′ ∈ Ĝn (π generates Gn)

36Regression estimators in the design-based statistical inference literature are frequently analyzed under
fixed Gram designs, as they are unbiased for the estimand (see, e.g., Rambachan and Roth, 2020; Athey and
Imbens, 2022; Zhao and Ding, 2022; Neyman, 1923/1990; Lin, 2013).
37Since we view the estimated implicit designs and potential weights as diagnostics and sanity checks, we
do not provide particularly strong or optimal guarantees and leave those to future work. In our view, if a
practitioner fails to find valid estimated implicit designs, even if that is due to noise, it should nevertheless
raise alarms for the interpretation of the regression estimator.
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∀i, πi ∈ ∆(W) (Proper)

∀i,
∑
w∈W

πi(w)ΛG
−1z(xi, w)

′ = 0

}
. (Level irrelevance)

It is easy to see that, when π∗ satisfies (1.2), P[π∗ ∈ P̂] = P[Gn(π
∗) ∈ Ĝn] ≥ 1 − α. Ĝn is

readily available from, e.g., a simultaneous confidence set for all entries of Gn. These confidence
sets are usually available upon verification of high-probability bounds for ∥Ĝn − Gn∥ or central
limit theorems for

√
n(Ĝn,jk − Gn,jk). Unfortunately, fully computing P̂ is a difficult nonlinear

optimization problem. Nonetheless, checking whether a candidate π ∈ P̂ is straightforward. Thus,
if the researcher has a particular design in mind—perhaps in response to the red flags raised by
estimated implicit designs—they can check whether such a design is a plausible justification for the
specification in question.

The rest of this subsection states consistency guarantees for the estimated potential weights and
implicit designs. Under mild assumptions, it is often possible to show that Ĝn − Gn

p−→ 0. This,
coupled with an assumption that Gn is suitably invertible, allows us to conclude that:

(1) The estimated potential weights ρ̂i(w) are consistent for ρi(w).
(2) In many cases, the consistency of potential weights implies consistency of estimated implied

designs and estimands, though the precise statement depends on further regularity conditions.
A key obstruction to a general result is that small perturbations to coefficients in linear equations
may result in large perturbations to their solutions.

To discuss asymptotics, we embed our finite population in a sequence of populations. Formally,
let y1(·), x1, y2(·), x2, . . . denote a sequence of potential outcomes and covariates. Let Π∗

n denote
the joint distribution of treatment assignments for the first n units. We shall consider the behav-
ior as n → ∞, relative to these sequences. We impose a high-level condition on the sequence of
populations such that the estimated Gram matrix is consistent for the population Gram matrix.38

Assumption C.1. Ĝn −Gn
p−→ 0.

Next, we impose the following assumption on the population Gram matrices to ensure that
Ĝ−1

n −G−1
n

p−→ 0 as well.39

Assumption C.2. The sequence of population Gram matrices Gn is such that their minimum eigen-
values are bounded below: For some ϵ > 0, for all n, λmin(Gn) ≥ ϵ > 0.

38Assumption C.1 holds whenever the underlying populations are such that a law of large numbers hold. If
the treatments are independently assigned, for instance, then Assumption C.1 is true under standard laws of
large number (e.g., Theorem 2.2.6 in Durrett (2019)), which we state in Lemma E.4. Appendix E.3.1 verifies
Assumption C.1 for designs that involve sampling without replacement (Hájek, 1964; Rambachan and Roth,
2020).
39Under Assumption C.1 and Assumption C.2, one can also show that Ĝn is invertible with probability
tending to one, and thus we may write Ĝ−1

n without essential loss of generality.
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Assumption C.2 makes sure that the population regression specification is strongly identified, in
the sense that the Gram matrix is bounded away from singularity. Under Assumption C.1 and As-
sumption C.2, we can show that the estimated potential weights are consistent for their population
counterparts.

Proposition C.1. Under Assumptions C.1 and C.2, the estimated potential weights are consistent:
For every i, as i ≤ n → ∞, ρ̂i(w)− ρi(w)

p−→ 0. If ∥zt(xi, w)∥∞ is bounded uniformly in i ∈ [n]

and w ∈ W , then the consistency is also uniform: As n → ∞

max
i∈[n],w∈W

|ρ̂i(w)− ρi(w)|∞
p−→ 0. (C.1)

where | · |∞ takes the entrywise maximum absolute value.

Naturally, we define the set of estimated implicit designs as the set of solutions to the sample
counterpart of (2.8): π̂ is an estimated implicit design if for every i,∑

w∈W
π̂i(w)ρ̂i(w) = 0,

∑
w∈W

π̂i(w) = 1. (C.2)

Unfortunately, in general, the estimated implicit designs are not always well-behaved. This is be-
cause they are the solutions to a system of overdetermined linear equations with noisy coefficients,
and small perturbations to the coefficients can result in large changes in the solutions—or even to
their existence in the first place.40 Thus, it is possible that a population implicit design exists—
meaning that (2.8) is under or exactly determined—but no estimated implicit designs do. Failing
a general result, we present weaker consistency results that apply in at least in the cross-section
(T = 1).41

In particular, if the population implicit design is unique and equal to π∗, the estimated implicit
designs are consistent for π∗. We illustrate with the following result in the cross-sectional case
(T = 1) where the system of equations (2.8) is exactly determined (k = J). To state this result,
let Ri = [ρi(0), . . . , ρi(J)] ∈ Rk×(J+1) be the matrix whose columns are potential weights at each
treatment level. Let Ri =

∑J
r=1 σiruirv

′
ir be its singular value decomposition, for σ1i ≥ . . . ≥

σiJ ≥ 0, ui1, . . . , uiJ orthonormal vectors in RJ and vi1, . . . , viJ orthonormal vectors in RJ+1.

Proposition C.2. Assume that k = J . Suppose that:

(i) The estimand τ is a vector of causal contrasts in the sense of Definition 2.2 under π∗.
(ii) Given ρi(·), the smallest singular value of Ri is uniformly bounded away from zero: For

some ϵ > 0, lim infn→∞mini∈[n] σiJ > ϵ > 0.

(iii) The estimated potential weights are consistent in the sense of (C.1).

40For instance, it is possible for noise in the coefficients of a underdetermined system to turn the system into
an overdetermined one.
41Proposition E.5 shows that if an estimated implicit design π̂ exists with bounded entries, then it is consis-
tent in the sense that it approximately solves the population level independence equations:

∑
w π̂i(w)ρi(w)

tends to zero.
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Then, for some C > 0, a unique estimated implicit design π̂ that is bounded by C (that is,
maximaxw∈W |π̂i(w)| ≤ C) exists with probability tending to one. Let π̂ be an estimated implicit
design if it exists, and otherwise let π̂ be an arbitrary probability vector. Then π̂ is consistent for π∗:

max
i∈[n],w∈W

|π̂i(w)− π∗
i (w)|

p−→ 0.

The key condition in Proposition C.2 is (ii), which ensures that the solution to the popula-
tion level-irrelevance restrictions (2.8) is unique and robust to small perturbations of the poten-
tial weights. In the binary treatment, cross-sectional setting, (ii) is equivalent to that the potential
weights are bounded away from zero: ρi(1)2 + ρi(0)

2 > ϵ2. Lemma E.8 further provides sufficient
conditions for (ii) to hold in the T = 1 case.

Appendix D. Proofs

Theorem 2.2. τ is minimally quasi-experimental if and only if

(1) Some implicit design π exists, is proper, and generates Gn, and
(2) The true design π∗ is equal to π.

When this happens, the estimand τ is equal to the implicit estimand under π.

Proof. We first show that Definition 2.2 is equivalent to the design satisfying (2.8) for a population
regression estimand. By (2.7), τ satisfies Definition 2.2 if and only if for all i, t∑

w∈W
π∗
i (w)ρit(w)cit = 0 ⇐⇒

∑
w∈W

π∗
i (w)ρit(w) = 0.

The sum-to-one condition is automatically satisfied by π∗
i . This is then equivalent to (2.8). This

shows that τ is minimally quasi-experimental if and only if π∗ is an implicit design. π∗ is proper and
generates Gn by definition. The statement that π∗ is an implicit design is equivalent to (1) and (2).

When τ is minimally quasi-experimental, the estimand τ is by definition the implicit estimand
under π∗. This proves the second statement. □

Corollary 2.1. When k = T = J = 1, τ is minimally quasi-experimental if and only if

(1) ρi(1)ρi(0) ≤ 0 for all i. Some implicit design π generates Gn, such that πi =
−ρi(0)

ρi(1)−ρi(0)
for

all i with one of ρi(1) and ρi(0) nonzero.
(2) For all units i with one of ρi(1) and ρi(0) nonzero, π∗

i = −ρi(0)
ρi(1)−ρi(0)

.

When this happens, the implicit estimand is

τ =
1

n

n∑
i=1

ω∗
i (yi(1)− yi(0)) for ω∗

i ≡ ωi(π
∗, 1) = π∗

i ρi(1).

The weight ω∗
i < 0 if and only if ρi(1) < 0 < ρi(0).

Proof. Applying Theorem 2.2, we need to show that Corollary 2.1(1) is equivalent to Theorem 2.2(1).
Some proper implicit design exists if and only if ρi(1)ρi(0) ≤ 0 for all i. When it exists, it satisfies
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πi = −ρi(0)/(ρi(1) − ρi(0)). Thus Corollary 2.1(1) is equivalent to Theorem 2.2(1). In turn,
Theorem 2.2(2) is equivalent to Corollary 2.1(2). □

Proposition C.1. Under Assumptions C.1 and C.2, the estimated potential weights are consistent:
For every i, as i ≤ n → ∞, ρ̂i(w)− ρi(w)

p−→ 0. If ∥zt(xi, w)∥∞ is bounded uniformly in i ∈ [n]

and w ∈ W , then the consistency is also uniform: As n → ∞

max
i∈[n],w∈W

|ρ̂i(w)− ρi(w)|∞
p−→ 0. (C.1)

where | · |∞ takes the entrywise maximum absolute value.

Proof. Take η > 0. For the result with fixed i, it suffices to show that P[∥ρ̂i(w)− ρi(w)∥F > η] →
0. Note that

P (∥ρ̂i(w)− ρi(w)∥F > η) ≤ P[λmin(Ĝn) ≤ ϵ/2]

+ P
[
∥Λ(Ĝ−1

n −G−1
n )z(xi, w)

′∥F > η, λmin(Ĝn) > ϵ/2
]
.

The first term converges to zero by Assumptions C.1 and C.2 and the Hoffman–Wielandt inequality.
Note that, by the submultiplicativity of the Frobenius norm, when λmin(Ĝn) > ϵ/2,

∥Ĝ−1
n −G−1

n ∥F ≤ ∥G−1
n ∥F ∥Gn − Ĝn∥F ∥Ĝ−1

n ∥F ≤ 2

ϵ2
∥Gn − Ĝn∥F

p−→ 0

Thus, for some C dependent on ϵ, Λ, and ∥zt(xi, w)∥∞,

P
[
∥Λ(Ĝ−1

n −G−1
n )z(xi, w)

′∥F > η, λmin(Ĝn) > ϵ/2
]
≤ P

[
C∥Gn − Ĝn∥F > η

]
→ 0.

Therefore ρ̂i(w)− ρi(w)
p−→ 0 for every fixed i.

To prove convergence that is uniform in i, note that, if λmin(Ĝn) > ϵ/2, up to constants,

max
i

|ρ̂i(w)− ρi(w)|∞ ≲ max
i

∥ρ̂i(w)− ρi(w)∥F

≲ max
i

∥z(xi, w)∥F · ∥Ĝ−1
n −G−1

n ∥F

≲ ∥Ĝ−1
n −G−1

n ∥F ·max
i

max
t

∥zt(xi, w)∥∞

≲ ∥Ĝ−1
n −G−1

n ∥F

≲ ∥Gn − Ĝn∥F .

Therefore,

P

(
max

i
|ρ̂i(w)− ρi(w)|∞ > η

)
≤ P[λmin(Ĝn) ≤ ϵ/2] + P

[
∥Gn − Ĝn∥F ≳ η

]
→ 0.

□

Proposition C.2. Assume that k = J . Suppose that:

(i) The estimand τ is a vector of causal contrasts in the sense of Definition 2.2 under π∗.
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(ii) Given ρi(·), the smallest singular value of Ri is uniformly bounded away from zero: For
some ϵ > 0, lim infn→∞mini∈[n] σiJ > ϵ > 0.

(iii) The estimated potential weights are consistent in the sense of (C.1).

Then, for some C > 0, a unique estimated implicit design π̂ that is bounded by C (that is,
maximaxw∈W |π̂i(w)| ≤ C) exists with probability tending to one. Let π̂ be an estimated implicit
design if it exists, and otherwise let π̂ be an arbitrary probability vector. Then π̂ is consistent for π∗:

max
i∈[n],w∈W

|π̂i(w)− π∗
i (w)|

p−→ 0.

Proof. Let R̂i = [ρ̂i(0), . . . , ρi(J)] be the sample analogue of Ri. Both R̂i and Ri may depend on
n. Assume n is sufficiently large such that mini∈[n] σiJ > ϵ/2 > 0. Thus, each Ri is a J × (J + 1)

matrix with rank J such that Riπ
∗
i = 0. As a minor abuse of notation, let πi, π∗

i be represented as
vectors in RJ+1. Let ui = π∗

i /∥π∗
i ∥ be the unit vector in the (one-dimensional) null space of Ri.

Note that 1/(J + 1) ≤ ∥π∗
i ∥∞ ≤ ∥π∗

i ∥ ≤ ∥π∗
i ∥1 = 1, and thus 1′ui = 1/∥π∗

i ∥ ∈ [1, J + 1] is
bounded above and below.

Fix some C to be chosen. Let E be complement to the event that there exists a unique bounded
estimated implicit design. Note that E =

⋃
i∈[n]Ei, where each Ei is the complement to the event

that R̂iπ̂i = 0 has a unique solution π̂i with 1′π̂i = 1 where ∥π̂i∥∞ ≤ C. Let σ̂i1 ≥ · · · ≥ σ̂iJ ≥ 0

be the singular values of R̂i. Suppose σ̂iJ > 0, then R̂i has full rank and the equation R̂iπ̂i = 0

has a unique one-dimensional space of solutions. If that space exists, let ûi be a unit vector in that
space, unique up to sign. If 1′ûi ̸= 0, then we choose the sign of ûi so that 1′ûi > 0. Note that if
|û′i1| > 1/C, then π̂i = ûi/û

′
i1 is a bounded estimated implicit design with ∥π̂i∥∞ ≤ C.

Note that
Ei ⊂ {σ̂iJ ≤ ϵ/4} ∪

{
σ̂iJ > ϵ/4, |û′i1| < 1/C

}
.

We will show that Ei ⊂
{
∥R̂i −Ri∥F > κ

}
for some κ. For the event {σ̂iJ ≤ ϵ/4}, the Hoffman–

Wielandt inequality implies that

|σ̂iJ − σiJ |2 ≤
J∑

k=1

|σ̂ik − σik|2 ≤ ∥Ri − R̂i∥2F ,

and thus σ̂iJ ≥ ϵ/2−∥Ri−R̂i∥F , which further implies that {σ̂iJ < ϵ/4} ⊂
{
∥Ri − R̂i∥F > ϵ/4

}
.

Let ûi = ĉiui +
√

1− ĉ2i û⊥,i where ĉi, û⊥,i are uniquely chosen so that û⊥,i is a unit vector
orthogonal to ui. Then

|û′i1| ≥ |ĉi1′ui| −
√

1− ĉ2i |1
′û⊥,i| ≥ |ĉi| −

√
1− ĉ2i

√
J + 1.

(1′ui ≥ 1, |1′ûi| ≤ ∥1∥∥ûi∥ =
√
J + 1)

Now, note that
∥Riûi∥ = ∥(Ri − R̂i)ûi∥ ≤ ∥Ri − R̂i∥F .
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On the other hand,

∥Riûi∥ =
√

1− ĉ2i ∥Riû⊥,i∥ ≥
√
1− ĉ2iσiJ ≥

√
1− ĉ2i

ϵ

2
,

and thus

1− ĉ2i ≤
4

ϵ2
∥R̂i −Ri∥2F ⇐⇒ |ĉi| ≥

√
1− 4

ϵ2
∥R̂i −Ri∥2F . (D.1)

Hence,

|û′i1| ≥
√

1− 4

ϵ2
∥R̂i −Ri∥2F − 2

√
J + 1

ϵ
∥R̂i −Ri∥F .

Suppose ∥Ri − R̂i∥F < ϵ/(4
√
J + 1) < ϵ/(2

√
J + 1), then

|û′i1| ≥
√
1− 1

J + 1
− 1

2
≥
√
1/2− 1/2 ≥ 0.207.

Thus, if we pick C > 1/0.207, then

Ei ⊂ {σ̂iJ < ϵ/4} ∪
{
σ̂iJ > ϵ/4, |û′i1| < 1/C

}
⊂
{
∥Ri − R̂i∥F >

ϵ

4
√
J + 1

}
.

As a result,

P

[⋃
i

Ei

]
≤ P

[
max
i∈[n]

∥Ri − R̂i∥F >
ϵ

4
√
J + 1

]
→ 0

by assumption. This proves the first part regarding the existence of a unique bounded implicit
design.

For the second part, note that when σ̂iJ > 0,

π̂i − πi =
ûi
1′ûi

− ui
1′ui

=
1′

1′ûi
(ui − ûi)

ûi
1′ui

+
1

1′ui
(ûi − ui).

Thus
∥π̂i − πi∥2 ≤

1

0.207

√
J + 1∥ui − ûi∥2 + ∥ûi − ui∥2

if ∥Ri − R̂i∥F ≤ ϵ/(4
√
J + 1).

To bound ∥ûi−ui∥, we first show that ĉi > 0 when Ri is close to R̂i. When ∥Ri−R̂i∥F ≤ ϵ
4
√
J+1

,
we note that by (D.1),

|ĉi| ≥

√
1− 1

4(J + 1)
≥
√
7/8.

When ∥Ri − R̂i∥F ≤ ϵ
4
√
J+1

, we also have that, because we pick ûi to have 1′ûi ≥ 0,

0.207 ≤ 1′ûi = ĉi+
√

1− ĉ2i 1
′û⊥,i ≤ ĉi+

√
1− ĉ2i

√
J + 1 ≤ ĉi+

2

ϵ

ϵ

4
√
J + 1

√
J + 1 = ĉi+

1

2
.

Thus ĉi > 0.207 − 0.5. Since |ĉi| >
√
7/8, we conclude that ĉi >

√
7/8 > 0. Thus, when

∥Ri − R̂i∥F ≤ ϵ
4
√
J+1

, (D.1) implies

ci ≥
√

1− 4

ϵ2
∥Ri − R̂i∥2F ≥ 1− 4

ϵ2
∥Ri − R̂i∥2F .
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Now, when ∥Ri − R̂i∥F ≤ ϵ
4
√
J+1

,

∥ûi − ui∥22 ≤ (1− ĉi)
2 + (1− ĉ2i )

= 2− 2ĉi ≤
8

ϵ2
∥Ri − R̂i∥2F

Therefore, for some constant C(J, ϵ),

∥π̂i − πi∥2 ≤ C(J, ϵ)∥Ri − R̂i∥F .

Hence, for η > 0,{
max
i∈[n]

∥π̂i − πi∥2 > η

}
⊂
{
max
i∈[n]

∥Ri − R̂i∥F > max

(
ϵ

4
√
J + 1

,
1

C(J, ϵ)

)}
The probability on the right-hand side converges to zero by assumption. This proves the conver-
gence of π̂i to πi uniformly in i in ∥·∥2. Since ∥·∥∞ ≤ ∥·∥2 in RJ+1, this concludes the proof. □

Theorem 3.1. We compute the implicit designs and estimands of the following regression speci-
fications. In every specification, the implicit design exists uniquely. The implicit design generates
Gn regardless of whether π = π∗ for all specifications except (4).

(1) (Angrist, 1998; Blandhol et al., 2025, Section 2.1, k = T = J = 1) Suppose xi includes a
constant. For Yi = τWi + x′iγ + ϵi and τ the coefficient of interest:
(a) πi = x′iδ for δ =

(
1
n

∑n
i=1 xix

′
i

)−1 1
n

∑n
i=1 π

∗
i xi

(b) π∗
i = πi if and only if π∗

i = x′iδ

(c) ωi ≡ ωi(π, 1) = −ωi(π, 0) =
πi(1−πi)

1
n

∑n
i=1 πi(1−πi)

. When π∗
i = πi, ωi ≥ 0.

(2) (Goldsmith-Pinkham et al., 2024, k = J > 1, T = 1) Suppose W = {0, 1, . . . , J} for J > 1

and xi includes a constant. Let Wij = 1(Wi = j). For Yi =
∑J

j=1 τjWij + x′iγ + ϵi and
τ = [τ1, . . . , τJ ]

′ the coefficient of interest:
(a) πi(j) = x′iδj for δj =

(
1
n

∑n
i=1 xix

′
i

)−1 1
n

∑n
i=1 π

∗
i (j)xi

(b) π∗
i = πi if and only if π∗

i (j) = x′iδj for all j ∈ [J ]

(c) The implicit estimand is shown in (D.2). This estimand is generally contaminated (that is,
ωij(π, ℓ) ̸= 0 for some j ∈ [J ] and ℓ ̸∈ {0, j}).

(3) (Miratrix et al., 2013; Imbens and Wooldridge, 2009; Lin, 2013, k = T = J = 1) Sup-
pose xi represents saturated discrete covariates taking values in {0, . . . , L}, in the sense that
xi = [xi1, . . . , xiL]

′ for xiℓ = 1(xi = ℓ). Let x = 1
n

∑n
i=1 xi. For Yi = α0 + γ′1xi + τWi +

Wi(xi − x)′γ2 + ϵi and τ the coefficient of interest:
(a) The implicit design equals the mean of π∗

i among the units with the same xi-value
(b) π∗

i = πi if and only if π∗
i is the same for all units with the same xi-value

(c) The implicit estimand is the ATE. That is, ωi = ωi(π, 1) = −ωi(π, 0) = 1.
(4) (Kline, 2011, k = T = J = 1) Let x1 =

∑n
i=1 π

∗
i xi∑n

i=1 π
∗
i

. For Yi = α0 + γ′1xi + τWi + Wi(xi −
x1)

′γ2 + ϵi and τ the coefficient of interest:
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(a) πi =
δ0+(xi−x)′δ1

1+δ0+(xi−x)′δ1
, where δ0, δ1 are equal to the population weighted least-squares coef-

ficients of π∗
i /(1− π∗

i ) on xi − x and a constant, weighted by 1− π∗
i

(b) π∗
i = πi if and only if π∗

i /(1− π∗
i ) = δ0 + δ′1(xi − x)

(c) When π∗ = π, the implicit estimand is the ATT: ωi = ωi(π, 1) =
πi

1
n

∑n
i=1 πi

.

(5) (Athey and Imbens, 2022, T > 1) Let W ⊂ {0, 1}T be the set of treatment paths such that
its nonzero elements are linearly independent vectors whose span excludes the constant vector
1T = [1, . . . , 1]′.42 For the two-way fixed effects (TWFE) specificaiton Yit = αi+µt+ τWit+

ϵit and the coefficient of interest τ :
(a) The implicit design is constant in i and is unique, πi(w) = 1

n

∑n
i=1 π

∗
i (w)

(b) π∗
i = πi if and only if π∗

i is the same for all i
(c) The implicit estimand is shown in (D.4), which matches Theorem 1(ii) in Athey and Im-

bens (2022) under staggered adoption.43

Proof. We prove the following:

(1) By Theorem E.1, the potential weights of this regression are the same as those for the Frisch–
Waugh–Lovell-transformed regression of Yi on W − δ′xi. For the FWL-transformed regression, its
Gram matrix is a positive scalar

G̃n =
1

n

n∑
i=1

π∗
i (1− δ′xi)

2 + (1− π∗
i )(δ

′xi)
2 > 0.

Thus the potential weights are
ρi(w) = G̃−1

n (w − x′iδ).

Since G̃n > 0, ρi(1) ̸= ρi(0) for all i.
(a) By Corollary 2.1, the implicit design is equal to

πi = − ρi(0)

ρi(1)− ρi(0)
= x′iδ.

To show that π generates Gn, note entries of the Gram matrix of the original regression take
the form

1

n

n∑
i=1

πizk(xi, 1)zℓ(xi, 1) + (1− πi)zk(xi, 0)zℓ(xi, 0)

42Staggered adoption corresponds to the case wt ≤ wt+1 for all t. If W satisfies staggered adoption and
excludes always-treated units, then it contains linearly independent vectors whose span excludes 1T .
43One might wish to impose that the post-treatment weights are nonnegative (i.e., ωit(π

∗, w) ≥ 0 if wt = 1).
Failure of this condition implies that post-treatment units are severely used as comparisons for newly treated
units, echoing the “forbidden comparison” issue in the recent difference-in-differences literature (Roth
et al., 2023; Borusyak et al., 2024; De Chaisemartin and d’Haultfoeuille, 2020; Goodman-Bacon, 2021).
Proposition E.14 shows that when W only has two elements and includes a never treated unit, all weights
post treatment are non-negative, but such forbidden comparisons are possible in all other cases.
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where zk(xi, w)zℓ(xi, w) take one of the following forms: 1, w, wxiℓ, xik, xiℓxik. Thus, it
suffices to check that

1

n

n∑
i=1

π∗
i =

1

n

n∑
i=1

πi

1

n

n∑
i=1

π∗
i xi =

1

n

n∑
i=1

πixi.

Both are true since πi is the projection of π∗
i onto xi, which contains a constant.

(b) Immediately, π∗
i = πi implies π∗

i = x′iδ. On the other hand, if π∗
i = x′iδ, then the correspond-

ing implicit design is equal to x′iδ by (a).
(c) We may compute

ωi = πiρi(1) = G̃−1
n x′iδ(1− x′iδ).

and that

G̃n =
1

n

n∑
i=1

EWi∼π∗
i

[
W 2

i − 2Wiπi + π2
i

]
=

1

n

n∑
i=1

π∗
i︸ ︷︷ ︸

= 1
n

∑n
i=1 πi since xi includes a constant

−2
1

n

n∑
i=1

π∗
i πi +

1

n

n∑
i=1

π2
i

=
1

n

n∑
i=1

πi − 2
1

n

n∑
i=1

( π∗
i − πi︸ ︷︷ ︸

orthogonal to πi

+πi)πi +
1

n

n∑
i=1

π2
i

=
1

n

n∑
i=1

πi(1− πi).

Lastly, when πi = π∗
i ∈ (0, 1), ωi > 0 since G̃n > 0.

(2) By Theorem E.1, the potential weights of this regression are the same as those for the FWL-
transformed regression

Yi =
∑
j

τj(Wij − δ′jxi) + ϵi

The Gram matrix for this regression is a positive definite matrix whose kℓth entry is:

G̃n,kℓ =

− 1
n

∑n
i=1 π

∗
i (k)(1− δ′kxi)δ

′
ℓxi + π∗

i (ℓ)δ
′
kxi(1− δℓxi) + (1− π∗

k − π∗
ℓ )(δ

′
kxi)(δ

′
ℓxi), if k ̸= ℓ

1
n

∑n
i=1 π

∗
i (k)(1− δ′kxi)

2 + (1− π∗
i (k))(δ

′
kxi)

2 if k = ℓ.

As a result, the potential weights are of the form

ρi(j) = G̃−1
n

ej −


δ′1xi

...
δ′Jxi



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where ej is the jth standard basis vector and e0 = 0J is the vector of zeros.
(a) Set πi(0) = 1−

∑J
j=1 πi(j). The equations (2.8) are then equivalent to

G̃−1
n

J∑
j=0

πi(j)

ej −


δ′1xi

...
δ′Jxi


 = 0.

Since G̃n is positive definite, we must then have

J∑
j=0

πi(j)

ej −


δ′1xi

...
δ′Jxi


 = 0

The jth coordinate of the above equations is of the form

0 = πi(j)− πi(j)δ
′
jxi − δ′jxi

∑
ℓ∈{0,...,J}\{j}

πi(ℓ) = πi(j)− δ′jxi.

The implicit design is thus πi(j) = δ′jxi.
The proof for π generating Gn is analogous to the case in (1)(a).

(b) Analogous to (1)(b)
(c) Inspecting ωi(π, ℓ), we compute that

ωi(π, ℓ) = G̃−1
n πi(ℓ)

eℓ −


πi(1)

...
πi(J)




Thus the implicit estimand is
τ1
...
τJ

 =
1

n

∑
i

J∑
ℓ=0

ωi(π, ℓ)yi(ℓ). (D.2)

For the contamination statement, it suffices to show an example. The setup in Example D.1
features a contaminated estimand.

(3) The specification is equivalent to the following specification:

Yi =
L∑

ℓ=0

αℓ + τℓWi (D.3)

where τ =
(
1−

∑L
ℓ=1 xℓ

)
τ0 +

∑L
ℓ=1 xℓτℓ ≡

∑L
ℓ=0 xℓτℓ.

For this specification (D.3), let us order the covariates to be

[xi0, xi0Wi, xi1, xi1Wi, . . . , xiL, xiLWi].
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Note that the population Gram matrix is of the form

Gn =


G0

G1

. . .

GL

 Gℓ =

[
xℓ xℓπ(ℓ)

xℓπ(ℓ) xℓπ(ℓ)

]

where π(ℓ) is the mean of π∗
i among those with ci = ℓ. Since Gn is block-diagonal, its inverse is

similarly block-diagonal with

G−1
ℓ =

1

xℓπ(ℓ)(1− π(ℓ))

[
π(ℓ) −π(ℓ)

−π(ℓ) 1

]
on the diagonal. Note that Λ = [0, x0, 0, x1, . . . , 0, xL]. Thus

ΛG−1
n =

[
−π(0)

π(0)(1− π(0))
,

1

π(0)(1− π(0))
, . . . ,

−π(L)

π(L)(1− π(L))
,

1

π(L)(1− π(L))

]
.

For someone with xi = ℓ, the covariate transform is of the form

z(xi, w) = [0, . . . , 0, 1, w, 0, . . . , 0]′

where it is nonzero at the ℓth pair. Thus ρi(w) = ΛG−1
n z(xi, w) =

w−π(ℓ)
π(ℓ)(1−π(ℓ)) .

(a) By Corollary 2.1, the only implicit design sets πi = π(ℓ) for ci = ℓ. This design generates Gn

by our explicit calculation of the Gram matrix.
(b) Analogous to (1)(b).
(c) Note that the implicit estimand is described by ωi = π(ℓ)ρi(1) = 1. Therefore the implicit

estimand is the average treatment effect.
(4) The proof for this result is rather long and is delegated to self-contained claims. In the nota-

tion setup by Proposition E.9, the potential weights are

ρi(w) = G̃−1
n (w − α0 − α′

1(xi − x)− Γ′
21(w(xi − x1)− Γ01 − Γ11(xi − x1)))

where

G̃n =
1

n

n∑
i=1

EWi∼π∗
i

[{
Wi − α0 − α′

1(xi − x)− Γ′
21(Wi(xi − x1)− Γ01 − Γ11(xi − x1))

}2]
.

(a) The implicit design is shown in Proposition E.10. Proposition E.10 shows that the odds for the
implicit design is equal to

πi/(1− πi) = a0 + a′1(x− x0)

where a0, a1 are population projection coefficients of π∗
i /(1 − π∗

i ) on x − x0, weighted by
1 − π∗

i . Since it does not matter where we center xi for this regression, as it includes an
intercept, we can reparametrize to show that πi/(1− πi) = δ0 + δ′1(x− x) as described.
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(b) Immediately, π∗
i = πi implies that π∗

i /(1 − π∗
i ) = δ0 + δ′1(x − x). On the other hand, if

π∗
i /(1 − π∗

i ) = δ0 + δ′1(x − x), then the corresponding implicit design has odds equal to
πi/(1− πi) = δ0 + δ′1(x− x) = π∗

i /(1− π∗
i ).

(c) We calculate, in the notation of Proposition E.9

G̃nρi(1)πi =
{
(1− Γ′

21(xi − x1))− θ01 − θ′11(xi − x)
}
πi.

By the proof of Proposition E.10,

(1− Γ′
21(xi − x1))− θ01 − θ′11(xi − x)

does not depend on i, since Γ21 = −θ11. As a result, ρi(1)πi is proportional to πi.
It suffices to show that 1

n

∑
i ρi(1)πi = 1. Showing this is rather tedious by computing G̃n. Al-

ternatively, we note that ωi = ρi(1)πi do not depend on individual outcomes. When π∗
i = πi,

the regression estimates 1
n

∑n
i=1 ωi(yi(1) − yi(0)) by Corollary 2.1. If the outcomes are such

that the model is well-specified: yi(w) = vw, then the regression estimates τ = v exactly for
all v ∈ R. But for this to happen, we must have

τ =
1

n

n∑
i=1

ωi(yi(1)− yi(0)) = v
1

n

n∑
i=1

ωi = v.

As a result 1
n

∑n
i=1 ωi = 1.

(5) Let π(w) = 1
n

∑n
i=1 π

∗
i (w). By Theorem E.1, the potential weights of this regression are

equal to those of the regression
Yit = τẄit + ϵit

where

ẅ = w − 1T
1′T
T

w −
∑

w1∈W
π(w1)w1 + 1T

1′T
T

∑
w1∈W

π(w1)w1.

For the FWL-transformed regression, the Gram matrix G̃n is a positive scalar by Theorem E.1.
(a) Any implicit design π̃i then satisfies

0 = G̃−1
n ·
∑
w∈W

π̃i(w)ẅ = G̃−1
n

{∑
w∈W

π̃i(w)w − 1T
∑
w∈W

π̃i(w)
1′Tw

T
−
∑
w∈W

π(w)w + 1T
∑
w∈W

π(w)
1′T
T

w

}
Note that π̃i(w) = π(w) solves this equation, and so π(w) is an implicit design. We now show
its uniqueness.
The preceding display implies that the vector∑

w∈W
(π̃i(w)− π(w))w ∈ span(1T ).

However, the only vector in span(1T ) and span(W) is the zero vector by assumption. Thus∑
w∈W (π̃i(w)− π(w))w =

∑
w∈W,w ̸=0 (π̃i(w)− π(w))w = 0. Since W \ {0} is a linearly

independent collection of vectors, we conclude that π̃i(w) = π(w) for all w ̸= 0. Since both
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probability vectors sum to one, we conclude that π̃i(w) = π(w). Therefore, π(w) is the unique
implicit design.
To show that π(·) generates Gn, observe that the Gram matrix of the original regression is
equal to

Gn =
1

n

n∑
i=1

∑
w∈W

π∗
i (w)z(w)

′z(w) =
∑
w∈W

{
1

n

n∑
i=1

π∗
i (w)

}
z(w)′z(w)

and thus depends on π∗
i only through π(w). Therefore Gn(π) = Gn.

(b) Immediately, if π∗
i is equal to the implicit design, then it must be constant for all i. Conversely,

if π∗
i is constant for all i, then the implicit design in (a) is equal to it.

(c) For πi(w) = π(w), define

wπ =
∑
w∈W

π(w)w gt(w) = ẅt = wt − wπ,t −
1

T
(1′Tw − 1′Twπ).

Note that

G̃n =

T∑
t=1

∑
w∈W

π(w)gt(w)
2.

Then by definition,

ωt(π, w) = π(w)ρit(w) =
π(w)gt(w)∑T

t=1

∑
w∈W π(w)gt(w)2

. (D.4)

Inspecting Theorem 1(ii) in Athey and Imbens (2022), in their expression, for w having adop-
tion time a ∈ {2, . . . , T,∞}, the weight put on the potential outcome yt(w) is equal to

γt,a =
π(w)g(t, a)∑T

t=1

∑
w∈W π(w)g(t, a(w))2

for the expression in their (3.1)

g(t, a(w)) =

1(a(w) ≤ t)−
∑

w∈W:a(w)≤t

π(w)


+

1

T

a(w)1(a(w) ≤ T )−
∑

w∈W\{0T }

a(w)π(w)

+
T + 1

T
(1(a = ∞)− π(0T )).

Here, we let a(w) denote the adoption time of a treatment path w.
Now, observe that

1(a(w) ≤ t) = wt∑
w∈W:a(w)≤t

π(w) =
∑
w∈W

wtπ(w) = wπ,t
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a(w)1(a(w) ≤ T ) =

0 w = 0T

number of untreated periods +1 = T + 1− 1′Tw otherwise.∑
w∈W\{0T }

a(w)π(w) = T + 1− 1′Twπ − (T + 1)π(0T )

Therefore,

a(w)1(a(w) ≤ T )−
∑

w∈W\{0T }

a(w)π(w)


= 1′Twπ +

(T + 1)(π(0T )− 1) w = 0T

−1′Tw + (T + 1)π(0T ) otherwise

Therefore,

g(t, a) = wt − wπ,t −
1

T

(
1′Tw − 1′Twπ

)
= gt(w)

and these expressions match. □

Example D.1. It is simple to analyze Theorem 3.1(2) fully numerically, at least given a concrete
data-generating process. To do so, we follow the numerical example in Section 2.2 of Goldsmith-
Pinkham et al. (2024). Consider the specification

Yi = α0 + τ1Wi1 + τ2Wi2 + γ′xi + ϵi

with binary xi and J = 2. Suppose exactly half the units have xi = 1. For the units with
xi = 0, π∗

i (0) = 0.5, π∗
i (1) = 0.05, and π∗

i (2) = 0.45. For the units with xi = 1, π∗
i (0) = 0.1,

π∗
i (1) = 0.45, and π∗

i (2) = 0.45. The coefficients of interest are τ = [τ1, τ2]
′.

Numerically, we can verify that the assignment probabilities π∗ are the only solution to (2.8),
and thus π∗ is the only implicit design for this regression specification. The corresponding implicit
estimand for τj is then

τj =
1

n

n∑
i=1

J∑
k=0

πi(k)ρij(k)︸ ︷︷ ︸
ωij(π,k)

yi(k),

which is the sum of potential outcomes weighted by ωij(π, k).
We can calculate the implicit estimand as well, and inspecting the implicit estimand allows us

to recover the contamination bias in Goldsmith-Pinkham et al. (2024). For each xi value and each
estimand, we tabulate ωij(·) for individuals with those xi:

τ1 τ2

ωi1(0) ωi1(1) ωi1(2) ωi2(0) ωi2(1) ωi2(2)

xi = 0 −140/106 41/106 99/106 −160/106 9/106 151/106

xi = 1 −72/106 171/106 −99/106 −52/106 −9/106 61/106
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We find that the implicit estimand for τj does not solely involve yi(0) and yi(j), contrary to intu-
ition; moreover, τj does not measure the same estimand for individuals with xi = 0 and xi = 1.
This echoes the result by Goldsmith-Pinkham et al. (2024). In fact, under π∗, the estimand τ1 is

τ1 =
1

2

[
41

106
τ1|x=0 +

99

106
τ2|x=0

]
+

1

2

[
171

106
τ1|x=1 −

99

106
τ2|x=1

]
where τk|x=j is the mean of yi(k) − yi(0) among those with xi = j. This decomposition exactly
matches the decomposition (7) in Goldsmith-Pinkham et al. (2024). ■

Proposition 3.2. Consider the specification (3.1) and let τ = (τ0, τ
′
1)

′ be the coefficients of inter-
est. Then the corresponding implicit design exists if and only if, for some conformable matrices
(Γ0,Γ1),

(δ0 + δ′1x2i)x1i = Γ0 + Γ1x2i for all i,

where δ0, δ1 are population projection coefficients of π∗
i on x2i. When this happens, the unique

implicit design is πi = δ0 + δ′1xi2. Therefore, if τ is minimally quasi-experimental, then π∗
i =

δ0 + δ′1x2i and π∗
i x1i = Γ0 + Γ1x2i.

Proof. By Theorem E.1, we can analyze the regression

Yi = τ0(Wi − δ0 − δ′1x2i) + τ ′1 (Wix1i − Γ0 − Γ1x2i) + ϵi

instead. Here, δ0, δ1 are population projection coefficients of π∗
i on 1, x2i and Γ0,Γ1 are popu-

lation projection coefficients of π∗
i x1i on 1, x2i. The potential weights for this FWL-transformed

regression is

ρi(w) = G̃−1
n

[
w − δ0 − δ′1xi2

wx1i − Γ0 − Γ1x2i

]
,

where G̃n is a positive definite matrix by Theorem E.1. Now, the implicit design solves (2.8)

G̃−1
n

(
πi

[
1− δ0 − δ′1xi2

x1i − Γ0 − Γ1x2i

]
+ (1− πi)

[
−δ0 − δ′1xi2

−Γ0 − Γ1x2i

])
= 0.

This equation admits a solution if and only if

πi

[
1− δ0 − δ′1xi2

x1i − Γ0 − Γ1x2i

]
+ (1− πi)

[
−δ0 − δ′1xi2

−Γ0 − Γ1x2i

]
= 0,

which immediately rearranges into

πi = δ0 + δ′1xi2 πix1i = Γ0 + Γ1x2i.

If the implicit design exists, then πi satisfies the above display, meaning that (δ0 + δ′1xi2)x1i =

Γ0+Γ1x2i for all i. On the other hand, if (δ0+δ′1xi2)x1i = Γ0+Γ1x2i, then setting πi = δ0+δ′1xi2

would solve these equations. Hence an implicit design exists iff (δ0 + δ′1xi2)x1i = Γ0 + Γ1x2i.
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When this happens, πi = δ0 + δ′1xi2. Applying Theorem 2.2, if τ is a vector of causal contrasts,
then π∗

i = πi = δ0 + δ′1xi2 and (δ0 + δ′1xi2)x1i = π∗
i x1i = Γ0 + Γ1x2i, since an implicit design

exists. □

Proposition 3.3. Assume W ⊂ {0, 1}T . Consider the regression Yit = αi+γt+τWit+δ′xit where
τ is the coefficient of interest. Let βw→x be the population projection coefficient of Wit on xit under
π∗, with individual and time fixed effects. If an implicit design exists, then, for xi ∈ RT×dim(xit)

that stacks the covariates xit,xi −
1

n

n∑
j=1

xj

βw→x ∈ span(W ∪ {1T }) for all i = 1, . . . , n.

When βw→x = 0, if W contains linearly independent vectors whose span excludes 1T , the implicit
design is uniquely equal to πi(w) =

1
n

∑n
i=1 π

∗
i (w) for all i as in Theorem 3.1(5).

Proof. By Theorem E.1, we can focus on the population regression of yi on Ẅi − ẍiβw→x. Here,

ẅt = wt −
1′w

T
− 1

n

n∑
i=1

∑
w̃∈W

π∗
i (w̃)w̃t +

1

n

n∑
i=1

∑
w̃∈W

π∗
i (w̃)

1′w̃t

T
(Scalar)

and

ẍit = xit −
1′xi
T

− 1

n

n∑
i=1

xit +
1

n

n∑
i=1

1′xi
T

. (Dimension 1×K)

The potential weight vector is then

ρi(w) =
ẅ − ẍiβw→x

1
n

∑n
i=1 EWi∼π∗

i (·)

[
(Ẅi − ẍiβw→x)′(Ẅi − ẍiβw→x)

] .
where the denominator is strictly positive by Theorem E.1.

The condition (2.8) is then

0 =
∑
w∈W

πi(w)ρi(w) =⇒ ẍiβw→x =
∑
w∈W

πi(w)ẅ (D.5)

The right-hand side is a linear combination of the columns of W and 1T . Thus, a necessary condi-
tion for the existence of implicit designs is that ẍiβw→x ∈ span(W ∪ {1T }). The left-hand side is
further more xi −

1

n

n∑
j=1

xj

βw→x + c1T

for some scalar c. Thus, a necessary condition is furthermorexi −
1

n

n∑
j=1

xj

βw→x ∈ span(W ∪ {1T }).
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When we know that βw→x = 0, then the condition (2.8) is∑
w∈W

πi(w)ẅ = 0.

By the same argument as for Theorem 3.1(5)(a), the unique implicit design is πi(w) = 1
n

∑n
i=1 π

∗
i (w).
□

Proposition 4.1. In TSLS, τ is minimally quasi-experimental if and only if

(1) An implicit design π exists
(2) π∗ = π.

Additionally, τ from the specification (4.3) assigns proper weights if and only if the following is
true for the implicit estimand under π:

(3) An implicit compliance profile d1(·), . . . , dn(·) in (4.5) exists
(4) Some implicit compliance profile d1(·), . . . , dn(·) is equal to d∗i (·), . . . , d∗i (·).

Proof. Technically, we never precisely defined minimal causality for TSLS. For completeness’ sake,
we say that τ is minimally quasi-experimental if under π∗ it is invariant to replacing yi(·) with
yi(·) + ci.

Then exactly analogous to Theorem 2.2, it is minimally quasi-experimental if and only if an
implicit design exists and equals π∗.

The estimand τ depends on the profile of compliance types d∗i (·), i = 1, . . . , n. The estimand
is (4.4). By definition, τ assigns proper weights if and only if π∗ belongs to the set of implicit
compliance profiles (4.5). This is in turn equivalent to (3) and (4). □

Proposition 4.2. Consider the TSLS specification in (4.3),

(1) (Blandhol et al., 2025) The unique implicit design satisfies πi(j) = x′iδj for δj = (
∑n

i=1 xix
′
i)
−1∑n

i=1 π
∗
i (j)xi.

(2) When π∗ = π, the implicit compliance profiles relative to the implicit design satisfy:
(a) (Słoczyński, 2024, Corollary 3.4) When J +1 = 2, all implicit compliance profiles satisfy

strong monotonicity.
(b) (Bhuller and Sigstad, 2024, Proposition 5/B.1) When J+1 > 2 and xi includes only a con-

stant, all implicit compliance profiles satisfy common compliance. All implicit compliance
profiles which contain a full complier satisfy extended monotonicity.

Proof. (1) For (4.3), partition conformably

H−1
n = Gzt =

[
Hzt Hzx

Hxt Hxx

]
.

Let G1|2 = Hzt−HzxH
−1
xx Hxt be a J×J matrix. It is invertible if Hn is invertible. We compute that

ρi(j) = [IJ , 0]Hn

[
ej

xi

]
= G−1

1|2
(
ej −HwxH

−1
xx xi

)
.
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The implicit design is therefore πi(·) such that

0 = G−1
1|2



πi(1)

...
πi(J)

−HwxH
−1
xx xi

 ⇐⇒ πi(j) = (HwxH
−1
xx xi)j

We conclude the proof by observing that (HwxH
−1
xx xi)j is exactly the population projection of

π∗
i (j) on xi. That is, (HwxH

−1
xx xi)j = x′iδj .

(2) (a) When J + 1 = 2, we can compute

G1|2 =
1

n

n∑
i=1

π∗
i d

∗
i (1)−

1

n

n∑
i=1

HzxH
−1
xx xi︸ ︷︷ ︸

πi

{π∗
i d

∗
i (1) + (1− π∗

i )d
∗
i (0))}

=
1

n

n∑
i=1

π∗
i (1− πi)d

∗
i (1)−

1

n

n∑
i=1

πi(1− π∗
i )d

∗
i (0)

=
1

n

n∑
i=1

π∗
i (1− π∗

i )(d
∗
i (1)− d∗i (0)).

Given a compliance profile di(·), the estimand is in turn characterized by

ωi(1) = ρi(1)π
∗
i =

1

G1|2
(1− π∗

i )π
∗
i =

(1− π∗
i )π

∗
i

1
n

∑n
i=1 π

∗
i (1− π∗

i )(d
∗
i (1)− d∗i (0))

,

where

τ =
1

n

n∑
i=1

ωi(1)(yi(di(1))− yi(di(0))).

For this estimand to assign proper weights, ωi(1) should weakly have the same sign as di(1)−
di(0). Since the sign of ωi(1) is determined globally by 1

n

∑n
i=1 π

∗
i (1 − π∗

i )(di(1) − di(0)),
this implies that either di(1) ≥ di(0) or the reverse for all i.

(b) Without covariates, let

Q =

[0, IJ ]−


π(1)

...
π(J)

 1′J+1

 · diag(π(0), . . . , π(J)).

Because xi is just a constant, the implicit design π(·) = π∗
i (·) is the same for every i. Observe

that with this definition, the RJ×(J+1) matrix representing the implicit estimand is equal to

[ω(0;π), . . . , ω(J ;π)] = G−1
1|2Q.

A given compliance type d(·) can be represented with a matrix C(d) ∈ R(J+1)×J , for which

Ckk′(d) = 1(d(k) = k′).
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For this compliance type, the matrix Ω(d) whose entries are Ωkk′(d) = ω
(k,k′)
i (d) can be rep-

resented as Ω(d) = G−1
1|2QC(d). This matrix does not depend on i.

If di = d is included in an implicit compliance profile, then Ω(d) is a positive semidefinite
diagonal matrix. When that happens, since

QC(d) = G1|2Ω(d),

each column of QC(d) is equal to the corresponding column of G1|2, scaled by some nonneg-
ative scalar cd. To that end, note that the kth column of QiC(d) is

(QC(d))[:, k] = −

 ∑
w:d(w)=k

π(w)



π(1)

...
π(J)

+ ed ⊙


π(1)

...
π(J)


where ed is the binary vector for which ed,m = 1 if d(m) = k, for m ∈ {1, . . . , J}.
We first show common compliance. Take two compliance types di, dj in the implicit compli-
ance profile. Without loss, suppose i = 1, j = 2. Then for all k = 1, . . . , J − 1, either (i) one
of (QC(dℓ))[:, k] = 0 for some ℓ = 1, 2, or (ii)

(QC(d1))[:, k] = c(QC(d2))[:, k]

for some c > 0.
Suppose (i) occurs and, without loss of generality, suppose (QC(d1))[:, k] = 0. Then

ed1 = 1J

 ∑
w:d1(w)=k

π(w)


Because ed1 is a binary vector, this implies

∑
w:d1(w)=k πi(w) ∈ {0, 1}—equivalently, either

the treatment is k for all instrument values or it is never k for all instrument values. That is, d1
is a k-always taker or a k-never taker.
Suppose neither d1, d2 are k-always/never takers, ruling out (i). This in turn implies that

(ed1 − ced2) =

−c

 ∑
w:d2(w)=k

π(w)

+

 ∑
w:d1(w)=k

π(w)

 1J

for some c > 0. The right-hand side is proportional to a vector of all ones. For this to happen,
either (a) ed1 = ed2 or (b) without loss of generality, ed1 = 1J , ed2 = 0J .
Suppose (b) occurs, then since neither d1, d2 are always/never-takers, we must have d1(0) ̸= k

(otherwise 1 is a k-always taker) and d2(0) = k (otherwise 2 is a k-never taker). Then we must
have

1J = (−cπ(0) + (1− π(0)))1J

Since −cπ(0) + (1− π(0)) < 1, we conclude that (b) is impossible.
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Thus (a) occurs and ed1 = ed2 . Then the equation is

(1− c)ed2 =

(1− c)e′d2


π(1)

...
π(J)

+ (1(d1(0) = k)− 1(d2(0) = k)c)π(0)

 1J

If c = 1 or if ed2 = 0, then this forces

(1(d1(0) = k)− 1(d2(0) = k))π(0) = 0 =⇒ 1(d1(0) = k) = 1(d2(0) = k)

This implies that d1(w) = k if and only if d2(w) = k.
If c ̸= 1 and ed2 ̸= 0, then ed2 = 1. We then require

(1− c) = (1− c)(1− π(0)) + (1(d1(0) = k)− 1(d2(0) = k)c)π(0)

which implies

(1− c)π(0) = (1(d1(0) = k)− 1(d2(0) = k)c)π(0)

The only option is then 1(d1(0) = k) = 1(d2(0) = k) = 1. This implies that both d1, d2

are k-always takers, which is a case that is already covered. This proves that all compliance
profiles satisfy common compliance.
Among implicit compliance profiles that contain a full complier di(·), f−1(·) = di(·) is a per-
mutation of {0, . . . , J − 1}. Take any other dj(·). Suppose dj(·) is not constant, then it must
be a k-complier for some k. By common compliance, d−1

j (k) = d−1
i (k) = {f(k)}, meaning

that dj(f(k)) = k and that dj(w) ̸= k for all w ̸= f(k). Thus if dj is not a k-complier,
then dj(f(k)) = 0, since any other value ℓ is inconsistent with dj being an ℓ-complier. This
shows that dj(·) is either constant or dj(f(k)) ∈ {0, k}. Thus the compliance profile satisfies
extended monotonicity. □

Appendix E. Additional results

E.1. Relation to Blandhol et al. (2025) and Bhuller and Sigstad (2024).

E.1.1. Relation to Blandhol et al. (2025), Theorem 1. We now discuss the relation to Blandhol et al.
(2025) between their Theorem 1 and our Proposition 4.2(1) and (2)(a). In our finite-population set-
ting, the terminology of Blandhol et al. (2025) has analogues:

(1) Montonicity / Assumption MON: d∗i (1) ≥ d∗i (0) for all i
(2) τ is weakly causal: This is equivalent to that τ assigns proper weights and can be decomposed

into
(a) τ is minimally quasi-experimental: τ = 1

n

∑
i ω

∗
i (yi(1)− yi(0)) for some ω∗

i ∈ R
(b) τ has convex weights ω∗

i ≥ 0.
(3) Exogeneity/Assumption EXO: π∗

i not a function of yi(·), di(·).
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Theorem 1 in Blandhol et al. (2025) states that under exogeneity and monotonicity, τ from (4.3)
(with J = 2) is weakly causal if and only if π∗

i is linear in xi. Proposition 4.1 and Proposition 4.2(1)
shows that τ is minimally quasi-experimental if and only if π∗

i is linear in xi. It does not need to
impose exogeneity because exogeneity must be satisfied were the regression to estimate treatment
effect contrasts for arbitrary outcomes, per [MQE]. Compared to Blandhol et al. (2025), it allows
for J > 2 but restricts to finitely valued instruments. Proposition 4.2(1) thus clarifies that the
equivalence in Theorem 1 of Blandhol et al. (2025) is coming from the equivalence between level
independence and linearity of π∗

i .
When τ is minimally quasi-experimental and J = 2, Proposition 4.1 and Proposition 4.2(2)(a)

shows that τ is furthermore weakly causal if and only if monotonicity holds. Thus, together, we
show the following: Under exogeneity, τ is weakly causal if and only if π∗

i is linear in xi and
monotonicity holds. This moves monotonicity in Blandhol et al. (2025) from an assumption to an
implication.

E.1.2. A counterexample to Bhuller and Sigstad (2024)’s Proposition 5. Following Bhuller and
Sigstad (2024), we work in a sampling framework. Let Z be an instrument that takes values {0, 1, 2}
and D be a treatment that takes values {0, 1, 2}. Let Zz = 1(Z = z) and similarly define D1, D2.
Consider the two-stage least-squares regression

Y = α+ β1D1 + β2D2 + ϵ,

instrumenting for [1, D1, D2] using [1, Z1, Z2]. Assume that the instrument Z randomly assigned.
Let s(·) denote a response type, mapping from instrument values to treatment values.

Proposition 5 in Bhuller and Sigstad (2024) states that TSLS assigns proper weights in this re-
gression if and only if there exists a one-to-one f : {0, 1, 2} → {0, 1, 2} such that for all k ∈ {1, 2}
and response type s(·), either (i) s(z) ̸= k for all z ∈ {0, 1, 2}, (ii) s(z) = k for all z ∈ {0, 1, 2},
or (iii) s(z) = k ⇐⇒ f(z) = k.

They then conclude that, up to permuting the instrument values, we must then have response
types only being

(s(0), s(1), s(2)) ∈ {(000), (111), (222), (010), (002), (012)} .

Unfortunately, this claim is not quite correct as stated. Consider instead three types of individuals
characterized by (A,B,C) ≡ (000), (011), (002). That is, type A always picks D = 0. Type B

picks D = 1 when Z = 1 or Z = 2. Type C picks D = 2 only when Z = 2. These response types
do satisfy common compliance—the only 1-complier is type B and the only 2-complier is type C.
Compliance does not satisfy extended monotonicity: Z = 2 moves type C to 2 but type B to 1.

Indeed, consider the only if clause of Proposition 5 in Bhuller and Sigstad (2024):

• For k = 1, types A and C satisfy (i). However, type B satisfying (iii) necessitates f(1) = f(2) =

1. This contradicts f(·) being one-to-one.
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Thus, Proposition 5 in Bhuller and Sigstad (2024) would claim that TSLS does not assign proper
weights. However, in this example, one can show that

β1 = E[Y (1)− Y (0) | B] β2 = E[Y (2)− Y (0) | C].

Thus TSLS does assign proper weights.
To verify this claim, observe that since Y = D1(Y (1)− Y (0)) +D2(Y (2)− Y (0)) + Y (0)

Y − α− β1D1 + β2D2

= D1(Y (1)− Y (0)− β1) +D2(Y (2)− Y (0)− β2) + Y (0)− α

= Y (0)− α+



0, Z = 0 or type A

Y (1)− Y (0)− β1 Z = 1, type B

0 Z = 1, type C

Y (1)− Y (0)− β1 Z = 2, type B

Y (2)− Y (0)− β2 Z = 2, type C.

.

Therefore,

E[Y − α− β1D1 + β2D2 | Z = z]

=


E[Y (0)− α] z = 0

E[Y (0)− α] + P(B)E[Y (1)− Y (0)− β1 | B] z = 1

E[Y (0)− α] + P(C)E[Y (1)− Y (0)− β2 | C] + P(B)E[Y (1)− Y (0)− β1 | B] z = 2.

Thus, α = E[Y (0)], β1 = E[Y (1)− Y (0) | B] and β2 = E[Y (2)− Y (0) | C] satisfies the moment
condition for the TSLS specification: E[ϵ | Z = z] = 0.

E.2. Invariances.

Theorem E.1 (Frisch–Waugh–Lovell, in population). Consider a population regression specifica-
tion (Λ, Gn, z1, . . . , zn). Partition zt(xi, w) into zt1(·) and zt2(·). Suppose Λ = [Λ1, 0] loads solely
on entries in zt1: Λzt = Λ1zt1. Let

Γ =

 1

n

∑
i,t

∑
w∈W

π∗
i (w)zt1(xi, w)zt2(xi, w)

′

 1

n

∑
i,t

∑
w∈W

π∗
i (w)zt2(xi, w)zt2(xi, w)

′

−1

be the population projection matrix of zt1 onto zt2. Define z̃t(xi, w) = zt1(xi, w) − Γzt2(xi, w).
Consider the regression specification defined by Λ1, z̃t(·), and

G̃n =
1

n

∑
i,t

∑
w∈W

π∗
i (w)z̃t(xi, w)z̃t(xi, w)

′.

Then:
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(i) Γ, G̃n are functions of the original Gram matrix Gn. Since Gn is assumed to be invertible, Γ
is well-defined and G̃n is positive definite.

(ii) The potential weights associated with the two population regression specifications are the
same.

Proof. Note that we can partition

Gn =
1

n

∑
i,t

∑
w∈W

π∗
i (w)zt(xi, w)zt(xi, w)

′ =

[
G11 G12

G21 G22

]
conformably where G11 is the Gram matrix associated with zt1 and G22 is the Gram matrix as-
sociated with zt2. Since Gn is assumed to be invertible and thus positive definite, G11, G22 are
invertible and positive definite as well. This implies that Γ = G12G

−1
22 and G̃n = G11 − ΓG21 are

well-defined. This also implies that the Schur complement G̃n = G11 − ΓG21 is invertible (and
positive definite). This proves (i).

By the block matrix inversion formula,

G−1
n =

[
(G11 −G12G

−1
22 G21)

−1 −(G11 −G12G
−1
22 G21)

−1G12G
−1
22

−G−1
22 G21(G11 −G12G

−1
22 G21)

−1 G−1
22 +G−1

22 G21(G11 −G12G
−1
22 G21)

−1G12G
−1
22

]
.

Hence
ΛG−1

n =
[
Λ1(G11 − ΓG21)

−1 − Λ1(G11 − ΓG21)
−1Γ

]
Now, the potential weights for the original regression specification are

ρit(w) = Λ1(G11 − ΓG21)
−1zt1(xi, w)− Λ1(G11 − ΓG21)

−1Γzt2(xi, w)

= Λ1(G11 − ΓG21)
−1z̃t(xi, w)

= Λ1G̃
−1
n z̃t(xi, w).

This proves (ii). □

Theorem E.2 (Frisch–Waugh–Lovell, in sample). Consider a population regression specification
(Λ, Gn, z1, . . . , zn). Partition zt(xi, w) into zt1(·) and zt2(·). Suppose Λ = [Λ1, 0] loads solely in
entries in zt1: Λzt = Λ1zt1. Suppose the sample Gram matrix is invertible. Let

Γ̂ =

 1

n

∑
i,t

zt1(xi,Wi)zt2(xi,Wi)
′

 1

n

∑
i,t

zt2(xi,Wi)zt2(xi,Wi)
′

−1

be the sample projection matrix of zt1 onto zt2. Define z̃t(xi, w) = zt1(xi, w) − Γ̂zt2(xi, w).
Consider the regression specification defined by Λ1, z̃t(·). Then the estimated potential weights
associated with the two regression specifications are the same.

Proof. The proof entirely follows from the proof of Theorem E.1 by setting π∗
i (w) = 1(w =

Wi). □
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Theorem E.3 (Invariance under reparameterization). Consider a population regression specifica-
tion (Λ, Gn, z1, . . . , zn). Consider an invertible matrix M and another population specification
defined by z̃t(xi, w) = Mzt(xi, w) and Λ̃ = ΛM ′, so that the two vectors of coefficients repre-
sent the same underlying contrasts. Then the potential weights associated with the two regression
specifications are the same. The estimated potential weights are also the same.

Proof. We can easily see that the second regression specification has Gram matrix G̃n = MGnM
′

(and ̂̃Gn = MĜnM
′). Thus the potential weights for the second specification are

ρ̃it(w) = Λ̃(M ′)−1G−1
n M−1Mzt(xi, w) = ρit(w).

The corresponding equalities similarly hold for the estimated potential weights. □

E.3. Additional consistency results. Recall the sequence of populations setup in Appendix C.
Additionally, let π∗

1,n, . . . , π
∗
n,n denote a triangular array of marginal treatment assignment proba-

bilities, and let Π∗
n denote the joint distribution of the treatment assignments W1, . . . ,Wn under the

nth population with marginals equal to π∗
1,n, . . . , π

∗
n,n.

Lemma E.4. Suppose that in each Π∗
n, treatments are independently assigned according to π∗

i =

π∗
i,n. Let Gi =

∑T
t=1 zt(xi,Wi)zt(xi,Wi)

′. Assume that for all 1 ≤ j ≤ K, 1 ≤ ℓ ≤ K, the

average second moment of Gi,jℓ grows slower than n: as n → ∞, 1
n

(
1
n

∑n
i=1 Eπ∗

i,n
[G2

i,jℓ]
)
→ 0.

Then Assumption C.1 holds.

Proof. Fix a coordinate (j, k). Let Sn =
∑n

i=1Gi,jk and note that Ĝn,jk = 1
nSn. Define µn =

E[Sn] and σ2
n = Var(Sn). Theorem 2.2.6 in Durrett (2019) states that if σ2

n/n
2 → 0 then

Sn − µn

n
= Ĝn,jk −Gn,jk

p−→ 0.

Note that

σ2
n ≤

n∑
i=1

E[G2
i,jk].

Thus the condition that 1
n2

∑
i E[G2

i,jk] → 0 is sufficient for σ2
n/n

2 → 0. Thus Theorem 2.2.6 ap-

plies and Ĝn,jk −Gn,jk
p−→ 0 for every entry. Since there are finitely many entries, Ĝn −Gn

p−→
0. □

Proposition E.5. Suppose that, for some 0 < C < ∞, with probability tending to one, an estimated
implicit design π̂ exists and is bounded in the sense that:

max
i

max
w∈W

|π̂i(w)| < C.

Let π̂ be a bounded estimated implicit design if it exists, and let it be an arbitrary vector of probabil-
ity distributions otherwise. If |ρ̂i(w) − ρi(w)|∞

p−→ 0, then
∑

w∈W ρi(w)π̂i(w)
p−→ 0. If further
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(C.1) holds, then the convergence is uniform:

max
i∈[n],w∈W

∣∣∣∣∑
w∈W

ρi(w)π̂i(w)

∣∣∣∣
∞

p−→ 0.

Proof. Fix η > 0. Note that

P

[∣∣∣∣∑
w∈W

ρi(w)π̂i(w)

∣∣∣∣
∞

> η

]
≤ P[a bounded implicit design does not exist]

+ P

[∣∣∣∣∑
w∈W

ρi(w)π̂i(w)

∣∣∣∣
∞

> η, a bounded implicit design exists

]
Note that if π̂i is a bounded implicit design, then∣∣∣∣∑

w∈W
ρi(w)π̂i(w)

∣∣∣∣
∞

=

∣∣∣∣∑
w∈W

(ρi(w)− ρ̂i(w))π̂i(w)

∣∣∣∣
∞

≤ C(J + 1)max
w∈W

|ρi(w)− ρ̂i(w)|∞.

Thus,

P

[∣∣∣∣∑
w∈W

ρi(w)π̂i(w)

∣∣∣∣
∞

> η

]
≤ P[a bounded implicit design does not exist]

+ P

[
C(J + 1)max

w∈W
|ρi(w)− ρ̂i(w)|∞ > η

]
→ 0.

by assumption. The claim of uniform-in-i convergence follows by essentially the same argument,
where we take maximum over i. □

E.3.1. Consistency of Ĝn to Gn under rejective sampling. This subsection considers a law of large
numbers under a version of sampling with replacement (what Hájek, 1964, calls “rejective sam-
pling”), and largely follows Rambachan and Roth (2020). In particular, we assume that the treat-
ment is binary, and there is a sequence of unconditional probabilities p1, p2, . . . as well as a sequence
of sample sizes Nn such that Π∗

n describes the joint distribution of W1, . . . ,Wn conditional on the
event

∑n
i=1Wi = Nn, where Wi ∼ Bern(pi) independently unconditionally. Correspondingly, let

πi,n be the probability that Wi = 1 under Π∗
n.

Lemma E.6. Write πi(w) = πi,n(w) and omit the n subscript. Consider yw = 1
n

∑
i 1(Wi = w)yi

where E[yw] = 1
n

∑
i πi(w)yi(w). Suppose Cn ≡

∑n
i=1 πi(w)(1−πi(w)) → ∞ as n → ∞. Then,

as n → ∞

Var(yw) =
(1 + o(1))

n

Cn

n

n∑
i=1

πi(w)(1− πi(w))

Cn

(
yi(w)−

∑n
j=1 πj(w)(1− πj(w))yj(w)

Cn

)2

Proof. This is a restatement of Theorem 6.1 in Hájek (1964). The notation yi in the theorem corre-
sponds to πi(w)yi(w) in our notation. □

A sufficient condition for the variance to tend to zero is the following:
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Assumption E.1. For all entries k, zk(xi, w) is uniformly bounded by 0 < M < ∞ and Cn(w) ≡∑n
i=1 πi(w)(1− πi(w)) → ∞ as n → ∞.

The boundedness condition for zk is stronger than needed. In particular, what is needed is that
the πi(w)(1− πi(w))-weighted variance of yi(w) is O(1).

Lemma E.7. Under rejective sampling, suppose Assumption E.1 holds, then Ĝn
p−→ Gn in prob-

ability.

Proof. We prove this claim by showing all entries converge in probability, since there are finitely
many entries. Fix some j, k. Note that

Ĝn,jk =
∑

w∈{0,1}

1

n

n∑
i=1

1(Wi = w)zj(xi, w)zk(xi, w)︸ ︷︷ ︸
zn(w)

.

By Lemma E.6 and Assumption E.1 applied to zn where yi(w) is taken to be zj(xi, w)zk(xi, w),
we have that Var(zn(w)) → 0 as n → ∞, since Cn(w)/n ≤ 1. Since E[zn(w)] = 1

n

∑
i πi(w)zj(xi, w)zk(xi, w),

we have that

Ĝn,jk −Gn,jk =
∑

w∈{0,1}

{
zn(w)−

1

n

∑
i

πi(w)zj(xi, w)zk(xi, w)

}
p−→ 0

by Chebyshev’s inequality. □

E.4. Uniqueness of implicit designs in cross-sections. Consider a cross-sectional setup with J+1

treatments where the potential weights are

ρi(w) = Λ̃G̃−1
n z̃(xi, w)

and Λ̃ is a J ×K matrix with rank J . It is possible to reparametrize the regressors (i.e. choose an
invertible M such that z(·) = Mz̃(·)) such that

ρi(w) = ΛG−1
n z(xi, w)

and Λ = [IJ , 0]. Without essential loss of generality, let us assume the sequence of reparametrized
specifications satisfy Assumption C.2.

Partition z into z1 and z2 where z1 is J-dimensional. By Theorem E.1, the potential weights are
further equivalent to

ρi(w) = G−1
n,1|2z1|2(xi, w)

where z1|2(xi, w) = z1(xi, w)− Γ′z2(xi, w) for population projection coefficients Γ and

Gn,1|2 =
1

n

∑
i,w

π∗
i (w)z1|2(xi, w)z1|2(xi, w)

′.
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Assumption E.2. The residualized covariate transform is non-singular in the sense that the J ×
(J + 1) matrix

Zi ≡ [z1|2(xi, 0), . . . , z1|2(xi, J)]

whose columns are covariate transforms evaluated at a treatment level has minimum singular value
(that is, the J th singular value) greater than some η > 0, uniformly for all i.

Assumption E.3. The maximum eigenvalue of Gn is bounded above by M < ∞ for all n.

Lemma E.8. Under Assumptions C.2, E.2, and E.3, condition (ii) in Proposition C.2 is satisfied for
some lower bound ϵ > 0 on the minimum (i.e. J th) singular value.

Note that since the potential weight matrix G−1
n,1|2Zi is J × (J + 1) and has J positive singular

values bounded below, if there exists an implicit design, then it must be unique.

Proof. We first show that Assumption C.2 implies that the minimum eigenvalue of Gn,1|2 is bounded
away from zero and maximum bounded by M . Note that Gn,1|2 is a Schur complement of a subma-
trix of Gn, and so G−1

n,1|2 is a principal submatrix of G−1
n . The eigenvalues of G−1

n,1|2 interlace the
eigenvalues of G−1

n by Cauchy’s interlace theorem (Hwang, 2004). In particular, the spectrum of
G−1

n,1|2 is included in the range of the spectrum of G−1
n . Hence λmin(Gn,1|2) > ϵ by Assumption C.2

and λmax(Gn,1|2) < M by Assumption E.3.
Next, it suffices to show that G−1

n,1|2Zi has minimum singular value bounded below. Write the
compact SVD as

Zi = UΣV ′

for diagonal J × J matrix Σ with UU ′ = U ′U = V ′V = IJ . Similarly, write

G−1
n,1|2 = QDQ′

for an orthogonal matrix Q and diagonal D. Then

G−1
n,1|2ZiZ

′
iG

−1
n,1|2 = QDQ′UΣ2U ′QDQ′.

is a real symmetric matrix. The spectrum of this matrix is the same as the spectrum of

D Q′UΣ2U ′Q︸ ︷︷ ︸
positive definite matrix with spectrum Σ2

D.

Since λmin(AB) ≥ λmin(A)λmin(B) for two positive definite matrices A,B,44 we have that the
minimum eigenvalue of G−1

n,1|2ZiZ
′
iG

−1
n,1|2 is bounded below by η2

λmax(Gn,1|2)2
. Thus, the minimum

singular value of G−1
n,1|2Zi is bounded below by η/M . □

E.5. Additional results for interacted regression. Proposition E.9 provides a unified analyses of
the regression (E.1). It implies our results in Theorem 3.1(4) when xt = x1 or x0, but allows for

44To see this, note that the operator norm (largest eigenvalue of a positive semidefinite matrix) is
submultiplicative ∥AB∥op ≤ ∥A∥op∥B∥op. Apply this inequality to A−1B−1.
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evaluating on other points in the line segment connecting x1 and x0. The implicit design for the
model-based ATE is analyzed when we set t = α0 =

1
n

∑n
i=1 π

∗
i .

Inspecting the resulting implicit designs (E.2), we find that they are in general fractional linear,
encompassing the linear-odds result of t = 1 as a special case. Moreover, a necessary implication of
π∗
i = πi is the condition (E.3), which is very difficult to satisfy unless t = 0 or t = 1. In this sense,

the model-based ATU and the model-based ATT are the only estimands whose implicit design is
reasonable. See Remark E.1 for an example where the implicit model for the ATE depends on the
support of xi.

Proposition E.9. Consider the specification indexed by t ∈ R,

Yi = γ0 +Wiτt + γ0 + γ′1xi +Wi(xi − xt)
′γ2 + ϵi (E.1)

where xt = tx1 + (1− t)x0 for x1 =
1
n

∑n
i=1 π

∗
i xi

1
n

∑n
i=1 π

∗
i

and x0 =
1
n

∑n
i=1(1−π∗

i )xi
1
n

∑n
i=1(1−π∗

i )
.

Let

A =
1

n

n∑
i=1

(xi − x)(xi − x)′

Vt =
1

n

n∑
i=1

π∗
i (xi − xt)(xi − xt)

′ Ut =
1

n

n∑
i=1

(1− π∗
i )(xi − xt)(xi − xt)

′

α0 =
1

n

n∑
i=1

π∗
i

Γ0t =
1

n

n∑
i=1

π∗
i (xi − xt)

α1 = A−1 1

n

n∑
i=1

π∗
i (xi − x) = A−1(Γ0t + α0(xt − x))

Γ1t =
1

n

n∑
i=1

π∗
i (xi − xt)(xi − x)′ =

(
Vt + Γ0t(xt − x)′

)
A−1

Γ2t =

(
1

n

n∑
i=1

E
[
Wi(x− xt) (Wi(x− xt)− Γ0t − Γ1t(xi − x))′

])−1

× 1

n

n∑
i=1

E
[
(Wi − α0 − α′

1(xi − x)) (Wi(xi − xt)− Γ0t − Γ1t(x− x))
]

=
(
Vt − Γ0tΓ

′
0t − VtΓ

′
1t − Γ0t(xt − x)′Γ′

1t

)−1 (
Γ0t − α0Γ0t − Vtα1 − Γ0t(xt − x)′α1

)
Then, the potential weights satisfy

ρi(w) = G̃−1
n

w(1− Γ′
2t(xi − xt))− (α0 − Γ′

2tΓ0t)︸ ︷︷ ︸
θ0t

− (α1 − Γ′
1tΓ2t)

′︸ ︷︷ ︸
θ′1t

(xi − x)

 ,
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for some scalar G̃n > 0. The implicit design πi satisfies(
1− Γ′

2t(xi − xt)
)
πi = θ0t + θ′1t(xi − x). (E.2)

Moreover, if π∗
i = πi, then a necessary condition is that

tV1(θ1t + Γ2t) = (1− t)U0θ1t. (E.3)

Proof. Observe that by the Frisch–Waugh–Lovell transform, the coefficient τt is the same as in the
regression

Yi = τt
(
Wi − α0 − α′

1(xi − x)− Γ′
2 (Wi(xi − xt)− Γ0 − Γ1(xi − x))

)
+ ϵi. (E.4)

The quantities α0, α1,Γ0,Γ1,Γ2 are defined exactly as these auxiliary regression coefficients. Thus,
by Theorem E.1, the potential weights are equivalent to the potential weights of (E.4), which rear-
range exactly to the potential weights displayed. The constraint on the implicit design corresponds
exactly to

ρi(1)πi + (1− πi)ρi(0) = 0.

For the “moreover” part, observe that we can rewrite Γ2t as satisfying

VtΓ2t − Γ0t(xt − x)′Γ′
1tΓ2t − Γ0tΓ

′
0tΓ2t − VtΓ

′
1tΓ2t = Γ0t − α0Γ0t − Vtα1 − Γ0t(xt − x)′α1.

Thus,

0 =
(
α0Γ0t − Γ0tΓ

′
0tΓ2t

)
+
(
Vtα1 − VtΓ

′
1tΓ2t

)
+
(
Γ0t(xt − x)′α1 − Γ0t(xt − x)′Γ′

1tΓ2t

)
+ VtΓ2t − Γ0t

= Γ0tθ0t + Vtθ1t + Γ0t(xt − x)′θ1t︸ ︷︷ ︸
Γ1tAθ1t

+VtΓ2t − Γ0t

Observe that
Aθ1t = Γ0t + α0(xt − x)− VtΓ2t − (xt − x)Γ′

0tΓ2t

and hence

VtΓ2t − Γ0t = −Aθ1t + α0(xt − x)− (xt − x)Γ′
0tΓ2t = −Aθ1t + θ0t(xt − x)

Therefore

0 = (Γ0t + (xt − x)) θ0t + (Vt −A+ Γ0t(xt − x)′)θ1t

=
1

n

n∑
i=1

{(π∗
i (xi − xt)− (xi − xt))θ0t

+
(
π∗
i (xi − xt)(xi − xt)

′ − (xi − x)(xi − x)′ + π∗
i (xi − xt)(xt − x)′

)
θ1t}

= − 1

n

n∑
i=1

(1− π∗
i )(xi − xt)(θ0t + θ′1t(xi − x))
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Thus, if π∗
i = πi,

θ0t + θ′1t(xi − x) = (1− Γ′
2t(xi − xt))π

∗
i .

We thus have that

0 =
1

n

n∑
i=1

π∗
i (1− π∗

i )(xi − xt)(1− Γ′
2t(xi − xt))

= t
1

n

n∑
i=1

π∗
i (xi − x1)(1− π∗

i )(1− Γ′
2t(xi − xt)) + (1− t)

1

n

n∑
i=1

(1− π∗
i )(xi − x1)π

∗
i (1− Γ′

2t(xi − xt))

where we may plug in

π∗
i (1−Γ′

2t(xi−xt)) = θ0t+θ′1t(x−x) (1−π∗
i )(1−Γ′

2t(xi−xt)) = 1−θ0t−Γ′
2t(xi−xt)−θ′1t(xi−x).

Simplifying by noting that
∑n

i=1 π
∗
i (xi − x1) = 0 =

∑n
i=1(1− π∗

i )(xi − x0) yields the condition

tV1(θ1t + Γ2t) = (1− t)U0θ1t.

□

Proposition E.10. In Proposition E.9, for t = 1, the implicit design is equal to

πi =
α0 + ((I − Γ′

1)
−1α1)

′(x− x)

1 + ((I − Γ′
1)

−1α1)′(x− x1)
.

The associated odds is

πi
1− πi

=
α0 + ((I − Γ′

1)
−1α1)

′(x− x)

1− α0 + ((I − Γ′
1)

−1α1)′(x− x1)
≡ δ0 + δ′1(xi − x0).

Here,

δ1 =

(
1

n

n∑
i=1

(1− π∗
i )(xi − x0)(xi − x0)

)−1
1

n

n∑
i=1

(1− π∗
i )(xi − x0)

π∗
i

1− π∗
i

δ0 =
α0

1− α0
=

1

n

n∑
i=1

(1− π∗
i )

1− α0

π∗
i

1− π∗
i

Proof. Here, we omit the t subscript for objects defined in Proposition E.9. Observe that Γ0 = 0.
Hence

Γ2 = −(I − Γ′
1)

−1α1 and θ0 = α0

and thus
θ1 = α1 − Γ′

1Γ2 = (I + Γ′
1(I − Γ′)−1)α1 = (I − Γ′)−1α1.

It remains to show that δ0, δ1 take the form stated. First, observe that

θ1 = (I − Γ′
1)

−1α1 = (A− V1)
−1α0(x1 − x) = (A− V1)

−1α0(1− α0)(x1 − x0).
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by plugging in α1 = A−1(α0(x1 − x)). Here,

A =
1

n

n∑
i=1

(xi − x)(xi − x0)
′

=
1

n

n∑
i=1

(xi − x0)(xi − x0)
′ − (x− x0)(x− x0)

′

=
1

n

n∑
i=1

(xi − x0)(xi − x0)
′ − α2

0(x1 − x0)(x1 − x0)
′

V1 =
1

n

n∑
i=1

π∗
i (xi − x1)(xi − x0)

=
1

n

n∑
i=1

π∗
i (xi − x0)(xi − x0)

′ + (x0 − x1) ·
1

n

n∑
i=1

π∗
i (xi − x0)

′

= V0 + α0(x0 − x1)(x1 − x0)
′

Therefore,
A− V1 = U0 + α0(1− α0)(x1 − x0)(x1 − x0)

′

By Sherman–Morrison,

(A− V1)
−1 = U−1

0 − α0(1− α0)
U−1
0 (x1 − x0)(x1 − x0)

′U−1
0

1 + α0(1− α0)(x1 − x0)′U
−1
0 (x1 − x0)

Then,

θ1
α0(1− α0)

= (A− V1)
−1(x1 − x0)

=

(
1− α0(1− α0) · (x1 − x0)

′U−1
0 (x1 − x0)

1 + α0(1− α0)(x1 − x0)′U
−1
0 (x1 − x0)

)
U−1
0 (x1 − x0)

=
1

1 + α0(1− α0)(x1 − x0)′U
−1
0 (x1 − x0)

U−1
0 (x1 − x0)

=⇒ θ′1(x1 − x0) =
α0(1− α0)(x1 − x0)

′U−1
0 (x1 − x0)

1 + α0(1− α0)(x1 − x0)′U
−1
0 (x1 − x0)

and

θ′1(x− x1) = −(1− α0)θ
′
1(x1 − x0)

= −(1− α0)
α0(1− α0)(x1 − x0)

′U−1
0 (x1 − x0)

1 + α0(1− α0)(x1 − x0)′U
−1
0 (x1 − x0)

Hence,

1− α0 + ((I − Γ′
1)

−1α1)
′(x− x1) = (1− α0)

1

1 + α0(1− α0)(x1 − x0)′U
−1
0 (x1 − x0)

,
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and therefore

δ1 =
θ1

1− α0 + ((I − Γ′
1)

−1α1)′(x− x1)
= U−1

0 α0 (x1 − x0) = U−1
0

1

n

n∑
i=1

(1−πi)
πi

1− πi
(xi−x0),

as claimed.
Now,

δ0 =
α0 + θ′1(x0 − x)

1− α0 + ((I − Γ′
1)

−1α1)′(x− x1)

=
α0 − θ′1α0(x1 − x0)

(1− α0)
1

1+α0(1−α0)(x1−x0)′U
−1
0 (x1−x0)

=
α0

1− α0
,

as claimed. □

Remark E.1. Here we consider the ramifications of (E.3) for the model-based ATE (τα0). For some
true design π∗ to justify causal interpretation, we must have that this design is fractional linear:

π∗
i =

θ0 + θ′1(xi − x)

1− Γ′
2(xi − x)

for some θ0, θ1,Γ2. Moreover, the choices θ0, θ1,Γ2 needs to satisfy (E.3), which depends on the
covariates x1, . . . , xn. We may thus consider the parameter space as

Θ(t;x1:n) = {(θ0, θ1,Γ2) : τt is a causal contrast under the corresponding π∗ under (θ0, θ1,Γ2) } .

Note that for t = 0 and t = 1, this parameter space does not depend on x1:n aside from the obvious
support restriction. For instance, if x1:n and x̃1:n are two sets of covariate values, and

π∗
i /(1− π∗

i ) = δ0 + δ′1(xi − x1) ≥ 0 π̃∗
i /(1− π̃∗

i ) = δ0 + δ′1(x̃i − x̃1) ≥ 0,

then the corresponding parameters are in Θ(1;x1:n) ∩Θ(1; x̃1:n)—similarly for t = 0. This is true
by Proposition E.10.

However, for other t, and in particular for t = α0, it is possible that some (θ0, θ1,Γ2) ∈
Θ(α0;x1:n), still does not belong to Θ(α0; x̃1:n), even though no support restriction is violated

π̃∗
i ≡ θ0 + θ′1(x̃i − x̃)

1− Γ′
2(x̃i − x̃)

∈ [0, 1] for all i.

It is not very difficult to come up with a numerical example. See Listing 1. ■

LISTING 1. Example for Remark E.1
1 import numpy as np
2
3 n = 100
4 x = (np.arange(n) / n) ∗∗ 3
5
6 lin form = 1 + (x − 1 / 2) ∗ 0.25
7
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8 # Search for a valid pi∗ from this value
9 pi init = lin form / (1 + 2 ∗ lin form)

10
11 # Regression is y ~ 1 + w + x + wx
12 z0 = np.c [np.ones(n), np.zeros(n), x, np.zeros(n)]
13 z1 = np.c [np.ones(n), np.ones(n), x, x]
14
15 gram = ((1 − pi init[:, None, None]) ∗ z0[:, :, None] ∗ z0[:, None, :]).mean(0) + (
16 (pi init[:, None, None]) ∗ z1[:, :, None] ∗ z1[:, None, :]
17 ).mean(0)
18 lmbda = np.array([0, 1, 0, x.mean()]) # for the model−based ATE
19 rho0 = lmbda @ np.linalg.inv(gram) @ z0.T
20 rho1 = lmbda @ np.linalg.inv(gram) @ z1.T
21 pi = −rho0 / (rho1 − rho0)
22
23 # Iterate to find a fixed point
24 for in range(1000):
25 new gram = ((1 − pi[:, None, None]) ∗ z0[:, :, None] ∗ z0[:, None, :]).mean(0) + (
26 (pi[:, None, None]) ∗ z1[:, :, None] ∗ z1[:, None, :]
27 ).mean(0)
28 new rho0 = lmbda @ np.linalg.inv(new gram) @ z0.T
29 new rho1 = lmbda @ np.linalg.inv(new gram) @ z1.T
30 new pi = −new rho0 / (new rho1 − new rho0)
31 pi = new pi
32
33 # Decompose to find the fractional linear parameters
34 A = ((x − x.mean()) ∗∗ 2).mean()
35 v = (pi ∗ (x − x.mean()) ∗∗ 2).mean()
36 gamma1 = v / A
37 gamma0 = (pi ∗ (x − x.mean())).mean()
38 a0 = pi.mean()
39 a1 = gamma0 / A
40 gamma2 = 1 / (v − v ∗ gamma1 − gamma0 ∗ gamma0) ∗ (1 − a0 − v ∗ a1 / gamma0) ∗ gamma0
41 theta0 = a0 − gamma2 ∗ gamma0
42 theta1 = a1 − gamma1 ∗ gamma2
43
44 print(theta0,

theta1, gamma2) # 0.3254446337090774 0.014146176384094272 0.044263163071495276
45
46 # pi \in [0,1]
47 assert (pi > 0).all() and (pi < 1).all()
48
49 # the fractional linear representation is correct
50 assert (
51 np.abs(pi − (theta0 + theta1 ∗ (x − x.mean())) / (1 − gamma2 ∗ (x − x.mean()))) < 1e−11
52 ).all()
53
54 # Now, consider a new set of x's, will show that the parameters theta0, theta1, gamma2 no
55 # longer form a design justifying level independence for the corresponding estimand
56 new x = np.arange(n) / n
57 new z0 = np.c [np.ones(n), np.zeros(n), new x, np.zeros(n)]
58 new z1 = np.c [np.ones(n), np.ones(n), new x, new x]
59 new design

= (theta0 + theta1 ∗ (new x − new x.mean())) / (1 − gamma2 ∗ (new x − new x.mean()))
60
61 # \tilde \pi \in [0,1]
62 assert (new design > 0).all() and (new design < 1).all()
63
64 gram new design

= ((1 − new design[:, None, None]) ∗ z0[:, :, None] ∗ z0[:, None, :]).mean(0) + (
65 new design[:, None, None] ∗ z1[:, :, None] ∗ z1[:, None, :]
66 ).mean(0)
67 new lmbda = np.array([0, 1, 0, new x.mean()])
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68 new rho0 = new lmbda @ np.linalg.inv(gram new design) @ new z0.T
69 new rho1 = new lmbda @ np.linalg.inv(gram new design) @ new z1.T
70
71 # Failure of level independence
72 print(
73 np.abs(new design ∗ new rho1 + (1 − new design) ∗ new rho0).max()
74 ) # Equal to 0.08293240507391064, not zero

Proposition E.11. Let n ≥ 3. Consider binary Wi, covariates xi ∈ Rd, and scalar outcomes. Sup-
pose the true design is linear π∗

i = δ0 + δ′1xi for some δ0 ∈ R, δ1 ∈ Rd. There is no regression
(Λ, z(x,w))—where Λ may45 depend on x1:n, π

∗
1:n—such that:

(1) (Regression is linear in covariates) For all m and all w, the mth entry of z(xi, w) is of the form
am(w) + bm(w)′xi for some fixed conformable am(·), bm(·).

(2) (Λβ is the ATE) The corresponding estimand Λβ ∈ R is equal to the ATE, regardless of the
configuration of d, x1:n, δ0, δ1 (such that π∗

i ∈ [0, 1] for all i)

Proof. It suffices to show that for certain given choices of x1:n, δ0, δ1, there is no regression that
satisfies (1) and estimates the ATE.

Suppose xi ∈ [−1, 1] is scalar (d = 1) and suppose {x1, . . . , xn} includes {−1, 0, 1}. Set
δ0 = 1/2, δ1 = 1/4 so that π∗

i ∈ (0, 1) for all i.
Fix some covariate transform z(xi, w). By assumption, its mth entry is of the form amw+bmwxi.

Suppose this regression estimates the ATE. In particular, it estimates a causal contrast. Thus

π∗
i ρi(1) + (1− π∗

i )ρi(0) = 0. (E.5)

Because the estimand is the ATE, we also have that ωi = ρi(1)π
∗
i = 1. Hence, by (E.5), we have

that for all i

1 +

(
1− 1

ρi(1)

)
ρi(0) = 0 ⇐⇒ ρi(1)ρi(0) = ρi(1) + ρi(0)

Now, the potential weights are of the form

ρi(w) = ΛG−1
n z(xi, w) = c0w + c1wxi

where the coefficients c0w, c1w may depend on x1:n, π
∗
1:n, but are the same for all i. As a result, for

the regression to estimate the ATE, we must have

(c00 + c10x)(c01 + c11x) = (c00 + c10x) + (c01 + c11x)

for x = −1, 0, 1: That is,

c00c01 = c00 + c01 (x = 0)

c00c01 + c10c11 + c10c01 + c00c11 = c00 + c01 + c10 + c11 (x = 1)

c00c01 + c10c11 − c10c01 − c00c11 = c00 + c01 − c10 − c11 (x = −1)

45This is to accommodate for estimands like the model-based ATT, where we may consider contrasts that
depend on x1 =

∑
i π

∗
i xi/

∑
i π

∗
i
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Now, adding the last two equations yield

c00c01 + c10c11 = c00 + c01 = c00c01 =⇒ c10c11 = 0 =⇒ one of c10, c11 is zero

Suppose c10 = 0. Then the bottom two equations simplify to

c00c11 = c11.

This implies that c00 = 1 or c11 = 0. c00 = 1 contradicts the x = 0 equation. Thus, we must have
c11 = 0. Suppose instead we assumed c11 = 0, by a symmetric argument we would derive c10 = 0.
Thus, c10 = c11 = 0.

However, in that case, ρi(w) = c0w does not depend on x. For (E.5) to hold (for x = −1, 0, 1)
then, we must have c0w = 0, since π∗

i does depend on x. This means ρ1(w) = 0 regardless of x,
but this contradicts the fact that we estimate the ATE (ρ1(1)π∗

i = 1). Thus, this regression does not
estimate the ATE. □

E.6. Additional results for panel specifications.

Proposition E.12 (One-way fixed effects). Consider the regression Yit = αi + τWit + ϵit. If the
span of W ⊂ {0, 1}T excludes 1T , then the set of implicit designs is empty.

Proof. Let ẇ = w − 1T
1′Tw
T . Then, by Theorem E.1, the potential weights are equal to

ρi(w) =
ẇ

1
n

∑n
i=1

∑
w∈W π∗

i (w)ẇ
′ẇ

.

Thus, if πi corresponds to some implicit design π,∑
w∈W

πi(w)

(
w − 1T

1′Tw

T

)
= 0.

In particular, this implies that 1T is in the linear span of W . By assumption, this is not the case.
Therefore the set of implicit designs must be empty. □

Intuitively, this is because one-way fixed effects fail to account for the case where the treatment
path correlates with underlying potential outcomes. If there are no treatment effects whatsoever, but
the baseline potential outcome correlates with the treatment path (e.g., later potential outcomes tend
to be larger in staggered adoption), then one-way fixed effects would in general estimate a nonzero
coefficient, violating level irrelevance.

These results contrast with the results in Arkhangelsky and Imbens (2023), where the one-way
fixed effect regression admits a design-based interpretation under within-unit random assignment
of Wit. To reconcile, Arkhangelsky and Imbens (2023) consider a sampling-based setup and the
unconfoundedness restriction

Wit y (Yit(0), Yit(1)) |
1

T

T∑
s=1

Wis,
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which is their (2.2) in our notation. Under staggered adoption, for instance, the associated propen-
sity score P

(
Wit = 1 | 1

T

∑T
s=1Wis

)
is always degenerate, since 1

T

∑T
s=1Wis perfectly distin-

guishes which treatment path unit i is assigned. Conversely, if Wit is randomly assigned within a
unit and that permuting the time index results in valid counterfactual assignments, then W is large
enough to contain 1T .

Proposition E.13 (Event-study and more complex TWFE). Consider the regression Yit = αi +

γt + β′ft(Wi) with target estimand τ = Λβ under some design π∗. We have:

(i) Whether or not τ satisfies level irrelevance under the true design π∗, one proper and Gram-
consistent implicit design is

πi(w) ≡ π(w) ≡ 1

n

n∑
j=1

π∗
j (w). (E.6)

Correspondingly, one estimated implicit design sets π̂i(w) to be the empirical frequency of treat-
ment path w for all i.

(ii) Suppose Λ = I . If any column k of ft(Wi) is such that the multiset

f1k(w)

...
fTk(w)

 : w ∈ W


(a) contains the zero vector at most once, (b) has nonzero vectors that are linearly independent, and
(c) does not span the subspace {c1T : c ∈ R}, then π is also the unique implicit design.

Proof. (i) By Theorem E.1, it suffices to compute potential weights for the two-way residualized
specification. That is, let

zi(w) =


f1(w)

′

...
fT (w)

′

 ≡ z(w)

be the covariate transform. Note that the population residual of projecting zi(Wi) on unit and time
fixed effect is

z̈(w) = z(w)− 1T
1′T
T

z(w)− 1

n

n∑
i=1

∑
w′∈W

π∗
i (w

′)z(w′) + 1T
1′T
T

1

n

n∑
i=1

∑
w′∈W

π∗
i (w

′)z(w′)

= z(w)− 1T
1′T
T

z(w)−
∑
w′∈W

π(w′)z(w′) + 1T
1′T
T

∑
w′∈W

π(w′)z(w′)

Thus the potential weights are

ρi(w) = Λ

(
1

n

n∑
i=1

E[z̈(w)′z̈(w)]

)−1

z̈(w)′
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Note that ∑
w∈W

π(w)ρi(w) = Λ

(
1

n

n∑
i=1

E[z̈(w)′z̈(w)]

)−1(∑
w∈W

π(w)z̈(w)′

)
︸ ︷︷ ︸

=0

= 0.

Therefore π defined by πi(w) = π(w) is a valid implicit design. It is proper by definition. Now,
let ż(w) be the within-transformed covariate transform for this regression (which includes the time
fixed effects), which does not depend on i. Note that the Gram matrix is

Gn(π
∗) =

1

n

n∑
i=1

E[ż(w)′ż(w)] =
∑
w∈W

π(w)ż(w)′ż(w) = Gn(π).

Thus π is Gram-consistent.
The argument for the estimated implicit design is analogous. The sample residuals of z(Wi)

regressing on unit and time fixed effects is

z(Wi)− 1T
1′T
T

z(Wi)−
∑
w′∈W

π̂(w′)z(w′) +
∑
w′∈W

π̂(w′)1T
1′T
T

z(w′)

where π̂(w) = 1
n

∑n
i=1 1(Wi = w). The estimated potential weights are proportional to these

residuals evaluated at Wi = w. Thus π̂ defined by π̂i(·) = π̂(·) solves (C.2).
(ii) In this case, any implicit design π̃i needs to satisfy

0 =
∑
w∈W

π̃(w)ρi(w) =

(
1

n

n∑
i=1

E[z̈(W )′z̈(W )]

)−1(∑
w∈W

π̃i(w)z̈(w)
′

)

Since Λ = I and 1
n

∑n
i=1 E[z̈(W )′z̈(W )] is positive definite by Theorem E.1, this implies that∑

w∈W
π̃i(w)z̈(w)

′ = 0

Inspecting this expression, we have∑
w∈W

(π̃i(w)− π(w))z(w) = 1T
∑
w∈W

(π̃i(w)− π(w))
1′T z(w)

T

Column k of this expression is in turn

∑
w∈W

(π̃i(w)− π(w))


f1k(w)

...
fTk(w)

 = 1TCk
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for some scalar Ck. The left hand side is in the span of


f1k(w)

...
fTk(w)

, which excludes 1T by assump-

tion. Thus,

∑
w∈W

(π̃i(w)− π(w))


f1k(w)

...
fTk(w)

 = 0.

Since at most only one w leads to


f1k(w)

...
fTk(w)

 = 0, and nonzero vectors


f1k(w)

...
fTk(w)

 are linearly

independent, we have that
π̃i(w) = π(w)

for all but one w by linear independence. Since both designs sum to 1, they also equal for remaining
w.

□

Proposition E.14 (Forbidden comparisons). Consider the TWFE specification Yit = αi+γt+τWit

under staggered adoption (wt ≤ wt+1 for all w ∈ W and all t ∈ [T ]). Suppose the treatment time is
randomly assigned so that π∗

i (w) = π∗(w). If there are two treatment paths with one being never-
treated, W = {0, w}, then ρit(w) ≥ 0 for all post treatment periods wt = 1 and i ∈ [n]. Otherwise,
in all other configurations where |W| ≥ 2, there exists a choice of π∗(w) such that the correspond-
ing ρit(w) < 0 for some treatment path w with positive assignment probability (π∗(w) > 0) and
some post-treatment period t (wt = 1).

Proof. The potential weight can be computed in closed form. For some V > 0,

ρit(w) = V −1

[
wt −

1′

T
w −

∑
w̃∈W

π∗(w̃)w̃t +
∑
w̃∈W

π∗(w̃)
1′

T
w̃

]
.

When W = {0, w}, then for a post-treatment t,

ρit(w) = V −1(1− π∗(w))(1− 1′w/T ) ≥ 0.

Otherwise, let w be the treatment path with the earliest adoption date, and consider t = T . By
assumption, W contains a path that adopts later than w. Then

ρit(w) = V −1

(1− π∗(w))(1− 1′w/T )−
∑
w̃ ̸=w

π∗(w̃)
(
1− 1′w̃/T

)
Pick π∗(w) = 1/2 = π∗(w̃) where w̃ adopts later than w. Then

ρit(w) = V −1
(
1/2(1− 1′w/T )− 1/2

(
1− 1′w̃/T

))
=

1

2
V −11′(w̃ − w)/T < 0
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since w̃ adopts later than w. □

Proposition E.15 (Time-varying covariates by interacting unit-specific covariates with time fixed
effect). Suppose W satisfies staggered adoption and excludes an always-treated unit. Consider the
TWFE specification

Yit = αi + γt + τWit + x′iηt.

τ is a causal contrast only if there is some δ0(·), δ1(·) such that

π∗
i (w) = δ0(w) + δ1(w)

′xi

for all i ∈ [n], w ∈ W .

Proof. Let w(t) be the path in W that is first treated in time t. The never-treated unit is denoted by
w(∞). By excluding the always-treated path, w(t) ∈ W implies that t ≥ 2.

By the same argument leading to (D.5), we have that if τ is a causal contrast, then for some
ρi, λt, κt, for all t ∈ [T ] and i ∈ [n],∑

w∈W
π∗
i (w)wt = ρi + λt + κ′txi

For s ≥ 2 a treatment time, consider taking the difference of the above equation between s and
s− 1. Because

ws − ws−1 =

1, if w = w(s)

0 otherwise,

we have
π∗
i (w(s)) = λs − λs−1 + (κs − κs−1)

′xi ≡ δ0(w(s)) + δ1(w(s))
′xi.

This shows the desired representation for all i ∈ [n] and all 0 ̸= w ∈ W . Lastly,

π∗
i (0) = 1−

∑
w∈W\{0}

πi(w)

can also be written as δ0(0) + δ1(0)
′xi. □

E.6.1. Imbalanced panels. To introduce our result on imbalanced panels, suppose units are ob-
served in some subperiod Ti ⊂ {1, . . . , T}. We consider the TWFE specification

Yit = αi + γt + τWit + ϵit (E.7)

over i = 1, . . . , n and t ∈ Ti. The objects T1, . . . , Tn are considered fixed and observed.
Let WT be a multiset collecting the non-zero treatment paths restricted to some subperiod T ⊂

[T ]. That is, WT collects the vectors (wt : t ∈ T ) for all w ∈ W \ {0T }, possibly with repetition.
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We say that W has rich variation on T if the vectors in WT are linearly independent and their linear
span excludes the vector of all ones.46

Proposition E.16. Let the population regression specification be characterized by (E.7) under π∗,
where τ is the coefficient of interest. Suppose W satisfies staggered adoption and excludes always-
treated units. Assume further that there is a commonly observed period T ⊂

⋂n
i=1 Ti such that the

treatment paths have rich variation in T .

Let π(w) ≡ 1
n

∑n
i=1 π

∗
i (w). Let Qi(w) =

∑
t∈Ti

wt

|Ti| be the proportion of treated periods within
unit i’s observed period for treatment path w. Then an implicit design exists if and only if π∗ is
uncorrelated with the missingness pattern in the sense that for all t ∈ [T ]:∑

w∈W
π(w)

∑
i:t∈Ti

(wt −Qi(w))︸ ︷︷ ︸∑
i:t∈Ti

Ew∼π [(wt−Qi(w))]

=
∑
w∈W

∑
i:t∈Ti

π∗
i (w)(wt −Qi(w))︸ ︷︷ ︸∑

i:t∈Ti
Ew∼π∗

i
[(wt−Qi(w))]

. (E.8)

When this happens, the implicit design is unique and satisfies πi(w) = π(w) for all i.

Proposition E.16 gives a necessary and sufficient condition for an implicit design to exist, and
characterizes the implicit design when it does. In short, an implicit design exists if and only if the
missingness patterns are uncorrelated with the treatment timing in a particular sense (E.8). When
it exists, the implicit design is the same for all units. Therefore, if π∗ justifies τ as a design-based
estimand in the sense of Definition 2.2, then π∗ must equal to the implicit design and thus must
describe random assignment.

The condition (E.8) describes a situation where for any given time period t, among units for
whom t is observed, the average expected de-meaned treatment path under π∗, Ew∼π∗

i
[wt−Qi(w)],

is equal to its analogue under the random assignment π. This condition is difficult to satisfy unless
the design is constant π∗

i (w) = π(w) in the first place. As a result, Proposition E.16 shows that
TWFE is fragile to imbalanced panels.

Proof of Proposition E.16. For a given unit i and t ∈ Ti, let Li = |Ti| and let Ri(w) =
∑

s∈Ti ws

so that Qi(w) = L−1
i Ri(w). The covariate transform—where we specify the unit fixed effect via

within transformation—is
zit(w)

′ = [1̇it1, . . . , 1̇itT , ẇt]

where

1̇its =


0 s ̸∈ Ti
1− 1

Li
s = t

− 1
Li

s ∈ Ti \ {t}

46As an example, note that if W satisfies staggered adoption and excludes an always treated unit, then the
period that spans all adoption dates, T = {tmin − 1, . . . , tmax}—where tmin is the first adoption date and
tmax is the last adoption date, is a subperiod on which W has rich variation.
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is the demeaned time dummy and
ẇt = wt −Qi(w).

By Theorem E.1, it suffices to analyze the potential weights of regressing Yit on Ẅit, where

Ẅit = Ẇit −
T∑

s=1

δs1̇its = Ẇit −
∑
s∈Ti

δs1̇its.

and δs are the population projection coefficients of Ẇit on 1̇its. Let V ≡ 1
n

∑n
i=1

∑
t∈Ti E[Ẅ

2
it],

which is strictly positive by Theorem E.1. The potential weights are then

ρit(w) = V −1

ẇt −
∑
s∈Ti

δs1̇its

 = V −1

ẇt − δt +
1

Li

∑
s∈Ti

δs

 .

An implicit design π exists if and only if there is some πi(·) and
∑

w πi(w) = 1 such that∑
w∈W

πi(w)ρit(w) = 0 for all i and t ∈ Ti.

This is further equivalent to that for all i, t ∈ Ti,∑
w∈W

πi(w)

(
wt −

Ri(w)

Li

)
= δt −

1

Li

∑
s∈Ti

δs. (E.9)

Suppose first that such a π exists. Fix t ∈ T and consider two units i, j, where Ti ∩ Tj ⊃ T by
assumption. Then, by (E.9), we have that

δt =
∑
w∈W

πi(w)wt −
∑
w∈W

πi(w)
Ri

Li
+

1

Li

∑
s∈Ti

δs =
∑
w∈W

πj(w)wt −
∑
w∈W

πj(w)
Rj

Lj
+

1

Lj

∑
s∈Tj

δs.

Thus, rearranging, we have for all t ∈ T ,∑
w∈W,w ̸=0

(πi(w)− πj(w))wt = M(i, j)

where M(i, j) does not depend on t. Viewed as linear combinations for vectors in WT , the left-
hand side collecting over all t ∈ T lies in the span of WT . The right-hand side lies in the span of
the constant vector on |T | dimensions. By assumption, these two spans contain only the zero vector
in common. Thus, both sides are equal to zero:∑

w∈W,w ̸=0

(πi(w)− πj(w))wt = 0 for all t ∈ T .

By linear independence of vectors in WT , we conclude that πi(w) = πj(w). Therefore, the implicit
design must be constant across units:

πi(w) = π(w)

for some π(·).
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Next, we show that if π exists, then it must equal to π(·). The fact that δt are projection co-
efficients is equivalent to the following orthogonality conditions holding for all t ∈ [T ]: For all
s ∈ {1, . . . , T},

0 =
1

n

n∑
i=1

∑
t∈Ti

∑
w∈W

π∗
i (w)ẅit1̇its

=
1

n

∑
i:s∈Ti

∑
w∈W

π∗
i (w)

∑
t∈Ti

wt −Ri(w)/Li −
∑
ℓ∈Ti

δℓ1̇itℓ

 1̇its

=
1

n

∑
i:s∈Ti

∑
w∈W

π∗
i (w)

∑
t∈Ti

(wt −Ri(w)/Li) 1̇its −
1

n

∑
i:s∈Ti

∑
t∈Ti

∑
ℓ∈Ti

δℓ1̇itℓ1̇its

=
1

n

∑
i:s∈Ti

∑
w∈W

π∗
i (w)

∑
t∈Ti

(wt −Ri(w)/Li)1(t = s)− 1

n

∑
i:s∈Ti

∑
t∈Ti

∑
ℓ∈Ti

δℓ1(t = ℓ)1̇its

(ẇ and 1̇i sum to zero over t ∈ Ti)

=
1

n

∑
i:s∈Ti

∑
w∈W

π∗
i (w) (ws −Ri(w)/Li)−

1

n

∑
i:s∈Ti

∑
ℓ∈Ti

δℓ1̇iℓs

=
1

n

∑
i:s∈Ti

∑
w∈W

π∗
i (w) (ws −Ri(w)/Li)−

1

n

∑
i:s∈Ti

∑
ℓ∈Ti

δℓ(1(ℓ = s)− 1/Li)

Rearranging, we have that the orthogonality condition is equivalent to

1

n

∑
i:s∈Ti

∑
w∈W

π∗
i (w) (ws −Qi(w)) =

1

n

∑
i:s∈Ti

δs −
1

Li

∑
ℓ∈Ti

δℓ

 (E.10)

for all s ∈ [T ].
Pick t ∈ T and consider the corresponding (E.10). Note that t ∈ Ti for all i, and hence

δt =
1

n

n∑
i=1

1

Li

∑
ℓ∈Ti

δℓ +
∑
w∈W

(
1

n

n∑
i=1

π∗
i (w)

)
︸ ︷︷ ︸

π(w)

wt −
1

n

n∑
i=1

∑
w∈W

π∗
i (w)Qi(w).

Given (E.9), we can plug in

δt =
∑
w∈W

πi(w) (wt −Qi(w)) +
1

Li

∑
s∈Ti

δs =
∑
w∈W

π(w) (wt −Qi(w)) +
1

Li

∑
s∈Ti

δs.

Rearranging, we obtain that ∑
w∈W,w ̸=0

(π(w)− π(w))wt = M ′(i)

for some M ′(i) that does not depend t ∈ T . Again, the left-hand side, over t ∈ T , is in the span of
WT , whereas the right-hand side is in the span on 1T . As a result, both sides are equal to zero by

82



assumption. Since vectors in WT are linearly independent, we have that

π(w) = π(w) for all w ̸= 0 =⇒ π(w) = π(w) for all w ∈ W.

Now, we plug πi(w) = π(w) into (E.9), and then plug the expression into (E.10). We obtain that
for all t ∈ [T ], ∑

i:t∈Ti

∑
w∈W

π∗
i (w)(wt −Qi(w)) =

∑
i:t∈Ti

∑
w∈W

π(w)(wt −Qi(w)).

This is (E.8). Thus, we proved that if an implicit design exists, then the above condition holds and
it must be uniquely equal to π(·).

For the reverse direction, let us assume that (E.8) holds. For a given t, set

δt =
∑
w∈W

π(w)wt, (E.11)

and thus
δt −

1

Li

∑
ℓ∈Ti

δℓ =
∑
w∈W

π(w) (wt −Qi(w)) .

This means that πi(w) = π(w) satisfies (E.9). Thus π(·) is an implicit design upon checking that
(E.11) defines the projection coefficients.

Summing over i where t ∈ Ti:

1

n

∑
i:s∈Ti

δs −
1

Li

∑
ℓ∈Ti

δℓ

 =
1

n

∑
i:s∈Ti

∑
w∈W

π(w) (wt −Qi(w)) =
1

n

∑
i:s∈Ti

∑
w∈W

π∗
i (w)(wt−Qi(w)),

where the last equality follows from (E.8). This verifies the orthogonality condition (E.10) for t.
Therefore, our choice of (E.11) does indeed equal the projection coefficients. This concludes the
proof. □
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