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ABSTRACT. Empirical Bayes shrinkage methods usually maintain a prior independence as-
sumption: The unknown parameters of interest are independent from the known standard
errors of the estimates. This assumption is often theoretically questionable and empirically
rejected. For one, the sample sizes associated with each estimate may select on or may
influence the underlying parameters of interest, thereby making standard errors predictive
of the unknown parameters. This paper instead models the conditional distribution of the
parameter given the standard errors as a flexibly parametrized family of distributions, lead-
ing to a family of methods that we call cLOSE. This paper establishes that (i) CLOSE is
rate-optimal for squared error Bayes regret, (ii) squared error regret control is sufficient for
an important class of economic decision problems, and (iii) CLOSE is worst-case robust when
our assumption on the conditional distribution is misspecified. Empirically, using CLOSE
leads to sizable gains for selecting high-mobility Census tracts targeting a variety of eco-
nomic mobility measures. Census tracts selected by CLOSE are substantially more mobile on
average than those selected by the standard shrinkage method. This additional improvement
is often multiple times the improvement of the standard shrinkage method over selection

without shrinkage.
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1. Introduction

Applied economists often use empirical Bayes methods to shrink noisy parameter esti-
mates, in hopes of accounting for the imprecision in the estimates and improving subsequent
policy decisions." The textbook empirical Bayes method assumes prior independence—that
the precisions of the noisy estimates do not predict the underlying unknown parameters.
However, prior independence is economically questionable and empirically rejected in many
contexts. This is frequently because sample sizes associated with the estimates either select
on or affect the underlying parameters, rendering the resulting standard errors highly pre-
dictive of the parameters.” Inappropriately imposing prior independence can harm empirical
Bayes decisions, possibly even making them underperform decisions without using shrinkage.
Motivated by these concerns, this paper introduces empirical Bayes methods that relax prior
independence.

To be concrete, our primary empirical example (Bergman et al., 2023) computes empirical
Bayes posterior means for economic mobility estimates of low-income children® published

in the Opportunity Atlas (Chetty et al., 2020). Here, prior independence assumes that the

'Empirical Bayes methods are appropriate whenever many parameters for heterogeneous populations are
estimated in tandem. For instance, value-added modeling, where the parameters are latent qualities for
different service providers (e.g. teachers, schools, colleges, insurance providers, etc.), is a common thread in
several literatures (Angrist et al., 2017; Mountjoy and Hickman, 2021; Chandra et al., 2016; Doyle et al.,
2017; Hull, 2018; Einav et al., 2022; Abaluck et al., 2021; Dimick et al., 2010). Our application (Bergman
et al., 2023) is in a literature on place-based effects, where the unknown parameters are latent features
of places (Chyn and Katz, 2021; Finkelstein et al., 2021; Chetty et al., 2020; Chetty and Hendren, 2018;
Diamond and Moretti, 2021; Baum-Snow and Han, 2019). Empirical Bayes methods are also applicable in
studies of discrimination (Kline et al., 2022, 2023; Rambachan, 2021; Egan et al., 2022; Arnold et al., 2022;
Montiel Olea et al., 2021), meta-analysis (Azevedo et al., 2020; Meager, 2022; Andrews and Kasy, 2019;
Elliott et al., 2022; Wernerfelt et al., 2022; DellaVigna and Linos, 2022; Abadie et al., 2023), and correlated
random effects in panel data (Chamberlain, 1984; Arellano and Bonhomme, 2009; Bonhomme et al., 2020;
Bonhomme and Manresa, 2015; Liu et al., 2020; Giacomini et al., 2023).

In terms of policy decisions driven by empirical Bayes posterior means, Gilraine et al. (2020) report that by
the end of 2017, 39 states require that teacher value-added measures—typically, empirical Bayes posterior
means of teacher performance—Dbe incorporated into the teacher evaluation process.

2To see this, take value-added modeling as an example. The precision of value-added estimates is usually
a function of the number of customers associated with a service provider (e.g. number of students for a
teacher). It is possible that customers select into higher quality providers. It is also possible that congestion
effects render more popular service providers worse. These channels predict that the sample sizes for a
provider are associated with latent value-added, and the direction of association depends on the interplay of
the selection and congestion effects. Appendix A.5 outlines a formal discrete choice model to illustrate these
effects. Potential failure of prior independence is noted by, among others, Bruhn et al. (2022), Kline et al.
(2023), George et al. (2017), and Mehta (2019).

3Throughout this paper, measures of economic mobility are defined as certain average outcomes of children
from low-income households. There are various definitions of economic mobility provided by Chetty et al.
(2020), discussed later in the paper. They are all measures of economic outcomes for children from low-
income households (households at the 25" percentile of the national income distribution). One example is
the probability that a Black person have incomes in the top 20 percentiles, whose parents have household
incomes at the 25" percentile. As another example, Bergman et al. (2023) measure economic mobility as
the mean income rank of children growing up in households at the 25" income percentile.
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standard errors of these noisy mobility estimates do not predict true economic mobility. How-
ever, more upwardly mobile Census tracts tend to have fewer low-income children and hence
noisier estimates of economic mobility. Consequently, the standard errors of the estimates
and true economic mobility are positively correlated, violating prior independence.

Bergman et al. (2023) use empirical Bayes posterior means to select high-mobility Census
tracts, choosing those with high estimated posterior means. Using a validation procedure
that we develop, for a few measures of economic mobility where prior independence is severely
violated, we find that screening on conventional empirical Bayes posterior means selects less
economically mobile tracts, on average, than screening on the unshrunk estimates.” In
contrast, screening on empirical Bayes posterior means computed by our method selects
substantially more mobile tracts.

To describe our method, let Y; be some noisy estimates for some parameters 6;, with
standard errors o;, over heterogeneous populations i = 1, ..., n. In our empirical application,
(Y;, 0;) are published in the Opportunity Atlas for each Census tract ¢ and are designed to
measure true economic mobility ¢;. Motivated by the central limit theorem applied to the

underlying micro-data, Y; is approximately Gaussian:
Y | 0,00 ~ N (0;,07) i=1,...,n. (1.1)

If we knew the distribution of (6;,0;), then we can do no better than oracle Bayes deci-
sions, based on the posterior distribution 6; | 0;, Y;. Empirical Bayes emulates such optimal
decisions by estimating the oracle prior distribution of (6;,0;). Prior independence 6; 1 o;
simplifies this estimation problem. However, empirical Bayes methods based on this assump-
tion can have poor performance when it fails to hold.

We relax prior independence by modeling the prior distribution 6; | o; flexibly, detailed
in Section 2. We model 6; | o; as a conditional location-scale family, controlled by o;-
dependent location and scale hyperparameters and a o;-independent shape hyperparameter.
Under this assumption, different values of the standard errors o; translate, compress, or
dilate the distribution of the parameters 6; | o;, but the underlying shape of 6; | o; does
not vary. This model subsumes prior independence as the special case where the unknown
location and scale parameters are constant functions of o;.

This conditional location-scale assumption leads naturally to a family of empirical Bayes
methods that we call CLOSE. Since the unknown prior distribution 6; | o; is fully described

by its location, scale, and shape hyperparameters, CLOSE estimates these parameters flexibly

4Fortunately, for the measure of economic mobility (mean income rank pooling over all demographic groups
whose parents are at the 25'® percentile of household income) used in Bergman et al. (2023), the violation
of prior independence is sufficiently mild, so that screening on these empirical Bayes posterior means still
outperforms screening on the raw estimates.



and plugs the estimated parameters into downstream decision rules. Among different estima-
tion strategies for the hyperparameters, our preferred specification of CLOSE uses nonpara-
metric maximum likelihood (NPMLE, Kiefer and Wolfowitz, 1956; Koenker and Mizera, 2014)
to estimate the unknown shape of the prior distribution 6; | ;. We find that CLOSE-NPMLE
inherits the favorable computational and theoretical properties of NPMLE documented in the
literature (Soloff et al., 2021; Jiang, 2020; Polyanskiy and Wu, 2020).

Section 3 provides three statistical guarantees for CLOSE-NPMLE. First and foremost,
CLOSE-NPMLE emulates the oracle as well as possible, at least in terms of squared error
loss. Specifically, Corollary 1 and Theorem 2 establish that CLOSE-NPMLE is minimax rate-
optimal—up to logarithmic factors and under the conditional location-scale assumptions—
for Bayes regret in squared error, a standard performance metric (Jiang and Zhang, 2009).
Bayes regret is the performance gap between CLOSE-NPMLE and oracle Bayes decisions made
with knowledge of the distribution of (6;, ;).

Second, our guarantee for squared error regret also controls the Bayes regret for two
ranking-related decision problems, including the problem of selecting high-mobility tracts
encountered by Bergman et al. (2023). Theorem 3 shows that the Bayes regret in squared
error dominates the Bayes regret for these decision problems. Thus, these ranking-related
problems are easier than squared error estimation, and our squared error regret result implies
upper bounds for the regrets of these problems.

Third, to assess robustness of CLOSE to the location-scale modeling assumption, Theorem 4
establishes that CLOSE-NPMLE is worst-case robust. Without imposing the location-scale
assumptions, for a population version of CLOSE-NPMLE, we show that its worst-case mean-
squared error is a bounded multiple of that of the minimax procedure. Since the minimax
procedure optimizes its worst-case risk, this result shows that CLOSE-NPMLE does not perform
exceedingly poorly even when the location-scale model is misspecified.

Since practitioners may want to assess how and whether CLOSE-NPMLE provides improve-
ments in specific applications, Section 4.3 produces an out-of-sample validation procedure by
extending the coupled bootstrap in Oliveira et al. (2021). If one had access to the micro-data,
one could split the data into training and testing samples, use one to compute decisions,
and use the other to evaluate them. Our validation procedure emulates this sample-splitting
without needing access to the underlying micro-data. It provides unbiased loss estimates
for any decision rules. In particular, this procedure allows practitioners to evaluate whether
CLOSE provides improvements for their setting by comparing loss estimates for CLOSE and
those for the standard shrinkage procedure.

To illustrate our method, Section 5 applies CLOSE to two empirical exercises, building on
Chetty et al. (2020) and Bergman et al. (2023). The first exercise is a calibrated Monte Carlo



simulation, in which we have access to the true distribution of (6;,0;). We find that CLOSE-
NPMLE has mean-squared error (MSE) performance close to that of the oracle posterior,
uniformly across the 15 measures of economic mobility that we include. For all 15 measures,
CLOSE-NPMLE captures over 90% of possible MSE gains relative to no shrinkage, whereas
conventional shrinkage captures only 70% on average and as little as 40% for some measures.

The second exercise evaluates the out-of-sample performance of various procedures for
an economic policy problem. Bergman et al. (2023) use empirical Bayes procedures to
select high-mobility Census tracts in Seattle. We consider a version of their exercise with
different mobility measures, scaled up to the largest Commuting Zones in the United States.
We find that CLOSE-NPMLE selects more economically mobile tracts than the conventional
shrinkage method. These improvements are large relative to two benchmarks. First, they
are on median 3.2 times the value of basic empirical Bayes—that is, the improvements the
standard method delivers over screening on the raw estimates Y; directly. Therefore, if one
finds using the standard empirical Bayes method a worthwhile methodological investment,
then the additional gain of using CLOSE is likewise meaningful. Second, for 6 out of 15
measures of mobility, CLOSE even improves over the standard method by a larger amount
than the value of data—that is, the amount by which the standard method improves over
selecting Census tracts completely at random. These improvements are substantial, since
the value of data is likely economically significant if the mobility estimates are at all useful

for the policy problem.

2. Model and proposed method

We observe estimates Y; and their standard errors o; for parameters 6;, over populations
i€ {1,...,n}. We maintain throughout that the estimates are conditionally Gaussian and
independent across i:

Y| 05,07 ~N(0;,08)  i=1,...,n. (2.1)

The Normality in (2.1) is motivated by the central limit theorem applied to the underlying

micro-data that generate the estimates Y;. That is, let n; denote the underlying sample size
in the micro-data which generate (Y, 0;). Standard large-sample approximation implies

Y, 6,

0;

L5 N(0,1) (2.2)

as n; — 00.”

We also assume that the population parameters (6;,0;) are sampled from some joint dis-
tribution. Throughout this paper, we condition on 1., = (01,...,0,) and treat them as
"Note that, under standard assumptions, the approximation (2.2) holds regardless of whether o; is an

estimated standard error or its unknown population counterpart. This is because the estimation error
in o; is typically of order 1/n;, which is smaller than that in Y;, which is of order 1/,/n;.
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fixed. We assume that (6;, 0;) are independently and identically drawn,® but the conditional

distribution 6; | o; may be different across o;:
0; | 0: "R G, (2.3)

We use G;) to denote the distribution of 6; | o;. We use P, to denote the distribution of
1:n | 01, which is fully described by (Gqy,...,G)). We refer to P as the oracle Bayes
prioT.

These assumptions imply that the Bayes decision rule with respect to the oracle Bayes
prior Py is optimal (Lehmann and Casella, 2006). Consider a loss function L(4, 6;.,), which
evaluates an action & at a vector of parameters 6.,,. For instance, in our empirical appli-
cation, the loss function may measure how well we estimate true mobility 6;., or how well
we select high mobility Census tracts.” At any realization of the data (Yi.n, 01.n), the oracle

Bayes decision rule 6* picks an action that minimizes the posterior expected loss:
6*(}/1:717 O1:ns PO) S arg;nin EPO [L((i, ‘glzn) | Yl:n’ Ul:n]- (24)

Empirical Bayesians seek to approximate the oracle Bayes rule 6* (Efron, 2014). With an
estimate P for Py, it is natural to plug P into (2.4):®

A

(SEB(lesrm O1:n; P) € arg min EP[L((Sa elzn) ’ le:na Ul:n]' (25)
[

Popular empirical Bayes methods impose more structure than (2.3) in order to simplify
estimating P,.” The standard parametric empirical Bayes method additionally models G
as identical across i and Gaussian: i.e., for all i, G "~ N (mg, s3) (Morris, 1983). Following
the recipe (2.5), this approach estimates the prior parameters (my, s3). Henceforth, we shall
refer to this method as INDEPENDENT-GAUSS. On the other hand, state-of-the-art empirical
6Combined with the independence assumption of Y; across i, we assume that (0;,04,Y;) are independently
drawn unconditionally. The independence assumption for the estimates Y; conditional on (6;, 0;) holds when
the underlying micro-data for different estimates Y; are sampled independently. This assumption does not
precisely hold for the Opportunity Atlas, but the correlation between Y; and Y}, which arises from individuals
who move between tracts, is likely small. Papers imposing this assumption include Mogstad et al. (2020)
and Andrews et al. (2023). Moreover, we discuss an interpretation of the procedure when we erroneously
assume that Y; and/or 6; are independent across i in Appendix A.6.

"We formalize the sense of optimality and formalize three decision problems in Section 2.3.
8To emphasize the distinction between the true expectation with respect to the data-generating process (2.3)

and a posterior mean taken with respect to some possibly estimated measure P, we shall use E to refer to
the former and E to refer to the latter. Subscripts typically make the distinction clear as well. Specifically,

fL ((S(Yl;nv Ul:n)a gl:n) H?:l 2] (%) P(d@ln | Ul:n)
JITZ e (%) P(dby.p | 01:n)

where ¢(+) is the probability density function of a standard Gaussian.
9The literature on empirical Bayes methods is vast. For theoretical and applied results of particular interest
to economists, see the recent lecture by Gu and Walters (2022) and references therein. Efron (2019) and
accompanying discussions are excellent introductions to the statistics literature.

6
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Bayes methods (Jiang, 2020; Soloff et al., 2021; Jiang and Zhang, 2009; Koenker and Gu,
2019; Gilraine et al., 2020) assume that the marginal distributions are equal to some common,
unknown distribution G, not necessarily Gaussian: i.e., for all i, G B G). They
estimate () with nonparametric maximum likelihood and form decision rules according
to (2.5). We refer to this method as INDEPENDENT-NPMLE. The “INDEPENDENT” here
emphasizes that these methods assume prior independence: 6; 1L o; under the prior F,.

We relax prior independence by instead modeling 6; | o; as a location-scale family,"”
indexed by unknown hyperparameters (mq(-), so(-), Go(+)): Specifically, we assume

P <t|o) =Gy (M) | (2.6)
So(0)

where the distribution Gg is normalized to have zero mean and unit variance. Under (2.6),
different values of o may translate, compress, or dilate the conditional distribution of 6 | o
via the location parameter mg(-) and the scale parameter sy(-), but the conditional distri-
butions can be normalized to take the same shape Gy(+). Under this model, the oracle prior
distribution P is fully described by the hyperparameters (mg(-), so(+), Go(-)). Our method,
CLOSE, proposes to estimate P with an estimate P derived from estimated hyperparame-
ters (m(-), $(+), én) CLOSE then produces empirical Bayes decision rules with respect to the
estimated prior P, following the recipe (2.5).

Before specifying our procedure in detail in Section 2.2, we illustrate with an example
where prior independence fails and show what happens to empirical Bayes decision rules

that inappropriately impose prior independence.

2.1. Plausibility of prior independence. As a running example, let us define economic
mobility #; as the probability of family income ranking in the top 20 percentiles of the
national income distribution, for a Black individual growing up in tract ¢« whose parents are
at the 25" national income percentile. Note that the standard error o; for an estimate of
0; is then related to the implicit sample size—the number of Black households at the 25"
income percentile in tract .

Prior independence is readily rejected for this measure of economic mobility. Figure 1
plots Y; against log,,(0;) and imposes a nonparametric regression estimate of the conditional
mean function mg(o;) = Elf; | 0;] = E[Y; | 04]. If 6; were independent of o;, then the true
10we explore alternatives to the location-scale model in Appendix A.7. We find that no alternative provides

a free-lunch improvement over our assumptions.
More restrictive forms of this assumption also appear in the past and concurrent literature. For instance,

Kline et al. (2023) model the dependence as a pure scale model 8 | o ~ s(o) - T for some 7 | o g (with
additional parametric restrictions on s(-)) and George et al. (2017) impose the location scale model (2.6)
with Go ~ N (0,1) (as well as additional parametric restrictions on so(+), mo(-)).



Opportunity Atlas estimates for
P(Income ranks in top 20 | Black, Parent at 25th Percentile)
All tracts in the largest 20 Commuting Zones
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0.2 —— Estimated E[6 | 0] = E[Y | 0]
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log1o (Standard error o;)

Notes. All tracts within the largest 20 Commuting Zones (CZs) are shown. Due to the
regression specification in Chetty et al. (2020), point estimates of §; € [0, 1] do not always
lie within [0, 1]. The orange line plots nonparametric regression estimates of the conditional
mean E[Y | o] = E[f | o] = mo(0), estimated via local linear regression with automatic
bandwidth selection implemented in Calonico et al. (2019). The orange shading shows a 95%
uniform confidence band, constructed by the max-t confidence set over 50 equally spaced
evaluation points. The confidence band excludes any constant function. See Appendix G for
details on estimating conditional moments of #; given o;. O

FIGURE 1. Scatter plot of Y; against log,,(¢;) in the Opportunity Atlas

conditional mean function mg(o;) should be constant. Figure 1 shows the contrary—tracts
with more imprecisely estimated Y; tend to have higher economic mobility.'*

This correlation is in part through the following channel. Since 6; is an average outcome
for children from poor Black families, tracts with more poor Black families tend to have more
precise estimates of 6;.'> However, these tracts also tend to have lower economic mobility 6;
due to the pernicious effects of residential segregation.

What happens if we apply empirical Bayes methods that assume prior independence here?
Figure 2 overlays empirical Bayes posterior means on the Y;-against-log o; scatterplot. In the
top panel, INDEPENDENT-GAUSS shrinks estimates Y; towards a common estimated mean 1,
depicted as the black line. INDEPENDENT-GAUSS shrinks noisier estimates more aggressively.

H)Moreover, log o; remains predictive of Y; even if we residualize Y; against a vector of tract-level covariates
(Figure B.9).

Prior independence is also readily rejected for the mobility measure used in Bergman et al. (2023), but its
violation is not as severe once adjusted for tract-level covariates (see Section 5 and Figure B.8).

2Gince 6; is also the mean of a binary outcome, the asymptotic variance of its estimators also depend on
mechanically on 6;.



Opportunity Atlas estimates for
P(Income ranks in top 20 | Black, Parent at 25th Percentile)
All tracts in the largest 20 Commuting Zones
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0.4 - Shrunk (Independent Gaussian)
—— Estimated E[6]
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-0.2
0.6
Estimates Y; | 6;, 0; ~ N(6;, 07)
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Notes. The top panel shows posterior mean estimates with INDEPENDENT-GAUSS shrinkage.
The middle panel shows the same with INDEPENDENT-NPMLE shrinkage. The bottom panel
displays posterior mean estimates from our preferred procedure, CLOSE-NPMLE. In the top
panel, the estimates for my, s3 are weighted by the precision 1/0? (as in Bergman et al.,
2023). Under 6; L oy, this weighting scheme improves efficiency of the (mg, so)-estimates by
underweighting noisier Y;. O

FIGURE 2. Posterior mean estimates under prior independence



When o; and 6, are positively correlated—as is the case here—estimated posterior means
under INDEPENDENT-GAUSS systematically undershoot 6; for populations with imprecise
estimates. Similarly, the middle panel of Figure 2 shows that INDEPENDENT-NPMLE suffers
from the same undershooting, though less so. In contrast, the bottom panel of Figure 2
previews our preferred procedure, CLOSE-NPMLE, which shrinks towards the conditional
mean E[f; | o;], thus avoiding the undershooting.

This undershooting is particularly problematic if one would like to select high-mobility
Census tracts. These high-mobility tracts are exactly those with high imprecision o;, owing
to the positive correlation between 6#; and o;. By shrinking these tracts severely towards
the estimated common mean, empirical Bayes under prior independence makes suboptimal
selections that may even underperform screening directly based on Y;.'?

For a given empirical context, prior independence can always be checked empirically by
plotting a la Figure 1. Nevertheless, we discuss the general plausibility of prior independence

in the following remark.

Remark 1 (Plausibility of prior independence). To describe the general channels underlying
the potential failure of prior independence, let us write (2.2) in a different form
00i

Nk

Expression (2.7) decomposes the (estimated) standard error into the underlying sample size

Vni(Y; —6;) N N(0,0%) where o; ~ (2.7)

n; in the micro-data and the asymptotic variance o3, of the (properly scaled) estimator. Both
n; and og; may predict 6; in a variety of empirical contexts.

Let us start with the implicit sample sizes n;. It is possible that n; is in part determined by
0;, which we loosely term selection. In value-added modeling, n; is the number of observations
associated with a provider. It is possible that n; selects on the latent quality 6; of that
provider. For instance, Chandra et al. (2016) find “higher quality hospitals have higher
market shares and grow more over time.” If market share and hospital size relate to the
underlying sample size n; (e.g. number of patient observations) for estimating hospital value-
added, then this suggests non-independence between 6; and o; (see George et al. (2017) for
some empirical evidence). As another example, in meta-analysis, suppose 6; represents the
treatment effect of some intervention . If researchers power studies based on informative
priors for 6;, then we should observe that interventions with larger conjectured effect sizes
have smaller sample sizes n,.

Another channel driving the correlation between n; and 6; can be loosely termed conges-
tion, where n; affects the latent feature ;. For our primary application, n; represents the
number of poor and minority households in a Census tract, and 6; represents underlying eco-

nomic or social mobility. Places with more poor and minority households experience white

I3This latter point is similarly made in Mehta (2019), though for different loss functions.
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flight and residential segregation (Cutler et al., 1999; Agan and Starr, 2020; Kain, 1968),
develop oppressive institutions (Derenoncourt, 2022; Alesina et al., 2001), and provide worse
public goods (Laliberté, 2021; Jackson and Mackevicius, 2021; Colmer et al., 2020). These
factors contribute to lower economic mobility ;. Appendix A.5 contains more examples
of violation of prior independence and outlines a model in which selection and congestion
effects drive correlation between n; and 0;.

There are also channels for the asymptotic variance o, to correlate with ;. In the context
of intergenerational mobility, a parallel literature on the Great Gatsby curve (Durlauf et
al., 2022) seeks to explain a negative relationship between inequality—which contributes to
o2;,—and intergenerational mobility. For instance, Becker et al. (2018) posit that parental
investment and parental human capital are complements for forming the skills of a child. As
a result, parents with higher human capital—and more wealth—invest disproportionately
more in their children’s education than parents with lower human capital. This process then
produces both inequality and low economic mobility. In other words, places that are more

unequal (which may result in higher o2,) have lower mobility 6;. |

2.2. Conditional location-scale relaxation of prior independence. Having argued
that (i) prior independence is theoretically suspect and empirically rejected and that (ii)
inappropriately imposing it can harm empirical Bayes decision rules, we propose the con-
ditional location-scale model (2.6) as a relaxation.'* Here, we state the location-scale as-

sumption (2.6) equivalently as the following representation with transformed parameters

_ Bi—mo(oy).
T = 50(21) :
91' = mo(O'i) + 80(0i>Ti Ti ’ g; 1’1\51 GO EGO [Tz] =0 VaI"G()(Ti) =1. (28)

To estimate P, under (2.8), it suffices to estimate the unknown hyperparameters (my, so, Go)-
Expression (2.8) makes clear that, under the location-scale model, the transformed param-
eter 7; ~ (g is independent from o;. Analogously, let Z; = %{3()‘”) be the transformed
estimates and v; = ﬁ be their standard errors.

Crucially, (Z;, 7;, v;) obey an analogue of the Gaussian location model (2.1) in which prior
independence holds:

Zi | vi, 7 ~ N(1;,?), independently across i and 7; | o; kg Go.
Therefore, it is a natural to first transform (Y, 0;) into (Z;, ;) and then use empirical Bayes
methods that assume prior independence on these transformed quantities to estimate Gj.

This strategy is still infeasible, since the transformation depends on unknown location and
scale parameters 1y = (my, Sg). Fortunately, mq(-) and so(-) are readily estimable from the
M1y the presence of covariates X;,—which do not predict the noise in Y;, Y; L X, | ;, 0,—the assumption

(2.6) can be modified to accommodate additional covariates as well. We provide additional discussion of

covariates in Appendix A.6.2.
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data (Y}, 0;), as they only require conditional expectations and variances of Y given o:
mo(c) =E[0 | o] =E[Y | 0] and si(0) = Var(f| o) =E[(Y —mg(0))? | o] —c* (2.9)

Given estimates 7 and § of mg(-) and so(-), we then form the estimated transformed data

Zi, I;z as
ZA,L' = —}/’L T m(az) and I;,L = Ao-i .
5(oi) $(oi)

We then apply empirical Bayes methods assuming prior independence on (ZA“I)Z) This

(2.10)

leads to a family of empirical Bayes strategies that we refer to as conditional location-scale
empirical Bayes, or CLOSE:"
| cCLOSE—STEP 1] Nonparametrically estimate mg(c), s3(o) according to (2.9).

| CLOSE—STEP 2| With the estimates 7§ = (71, §), transform the data according to

(2.10). Apply empirical Bayes methods with prior independence to estimate G

with some G,, on the transformed data (Z, ;).

| cLOSE-STEP 3| Having estimated (7, én), which implies an estimate P of P,, we

then form empirical Bayes decision rules following (2.5).

This framework produces a family of empirical Bayes strategies, since | CLOSE-STEP 2|

can take different forms. To leverage theoretical and computational advances, we will focus
on—and recommend—using nonparametric maximum likelihood (NPMLE) to estimate Gy.
That is, we maximize the log-likelihood of (an estimated version of) the transformed data

Z;, whose marginal distribution is the convolution Gy x N'(0, v2):*

* Zi—T 1
G Eargma)x—Zlog/ gp( s )ﬁ—iG(dT). (2.11)

GeP(R —o0 i

When the estimated moments m, § are constant functions of o, CLOSE-NPMLE estimates
the same prior as INDEPENDENT-NPMLE. In the theoretical literature, under prior indepen-
dence, INDEPENDENT-NPMLE is state-of-the-art in terms of computational ease and regret
5We give a more detailed walkthrough of these steps in Section 4. We also detail a local linear regression

estimator in Appendix G for ’ CLOSE—STEP 1 ‘
16We use (f+g)(t = [~ g(t—x) dx to denote convolution and ¢(t) = \/%642/2

to denote the Gaussian
probability den81ty functlon The maximization is over the set of all probability measures on R, P(R).
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properties.'” Our subsequent results in Section 3 extend some of these favorable properties
to CLOSE-NPMLE under the conditional location-scale model.

A simple alternative, which we call CLOSE-GAUSS and think of as a “lite” version of
CLOSE-NPMLE, additionally models the shape Gq as standard Gaussian. We briefly discuss

its properties in the following remark.

Remark 2 (CLOSE-GAUSS). Under Gy, ~ N(0,1), the oracle Bayes posterior means are

simply
i o} 55(04)
LN (0,1),m0 — $2(o;) + 02m0(0i> + s2(0;) + o2

Equation (2.12) is the analogue of posterior means estimated by INDEPENDENT-GAUSS,

Y. (2.12)

where the unconditional mean mg and variance s? are replaced with their conditional counter-
parts (mg(+), s3(+)). As an empirical Bayes strategy, CLOSE-GAUSS then replaces the unknown
conditional moments with their estimated counterparts.'® Its properties depend on those of
the oracle (2.12) it mimics, which we turn to now.

Despite being rationalized under the assumption 6; | o; ~ N (mo(0;), s3(;)), (2.12) enjoys
strong robustness properties: It is optimal over a restricted class of decision rules and min-
imax over all decision rules—without imposing the location-scale assumption (2.6). First,
(2.12) is the optimal decision rule for estimating #; when we restrict to the class of decision
rules that are linear in Y; (Weinstein et al., 2018). Second, (2.12) is minimax in the sense that

it minimizes the worst-case mean squared error, where an adversary chooses G(1),...,G),

subjected to the constraint that G(;)’s first two moments are (mg(0;), s3(0;))."

TThe nonparametric maximum likelihood has a long history in econometrics and statistics (Kiefer and
Wolfowitz, 1956; Lindsay, 1995; Heckman and Singer, 1984). There is recent renewed interest. See, among
others, Koenker and Gu (2019); Koenker and Mizera (2014); Jiang and Zhang (2009); Jiang (2020); Soloff et
al. (2021); Saha and Guntuboyina (2020); Polyanskiy and Wu (2020); Shen and Wu (2022); Polyanskiy and
Wu (2021). Empirical Bayes methods via NPMLE have computational and theoretical advantages, though
much of the favorable theoretical results are proven in a homoskedastic setting. Its computational ease
(Koenker and Mizera, 2014; Koenker and Gu, 2017) and lack of tuning parameters are advocated in Koenker
and Gu (2019). Polyanskiy and Wu (2020) find that, with high probability, NPMLE recovers a distribution
G, with only O(logn) support points despite searching over the set of all distributions; they refer to this
property as self-regularization. For regret control in the homoskedastic Gaussian model, Jiang and Zhang
(2009)’s result is the best known and matches a lower bound up to log factors (Polyanskiy and Wu, 2021).
18(2.12) is first proposed by Weinstein et al. (2018). Weinstein et al. (2018) propose estimating mq(-), so(-)
in a particular manner to ensure the resulting empirical Bayes posterior means dominate the naive estimates
Y; uniformly over 6., 01.,, which are conditioned upon.

BFormally,

LN (0,1),m0 € arg min G?(UP) - Z]EG(I-) [(6:(Yiin, 01:m) — 6:)°]
1in 1:n i=1

where the supremum is taken over G ;) having moments 79(c;). To wit, note that the Bayes risk of (2.12) is
the same regardless of choices of G (1), ..., G(,) under the moment constraint, and it is equal to the optimal
Bayes risk when G(;) ~ N (mq(0;), s3(0;)). We therefore conclude that (2.12) is minimax by observing that
the minimax Bayes risk is at least the risk of (2.12).

13



However, the Normality assumption does imply that (2.12), unlike CLOSE-NPMLE, fails to
approximate the optimal decision (2.4) when the location-scale assumption (2.6) holds but
0; | o; may not be Gaussian. Since we also show that CLOSE-NPMLE is worst-case robust—
though with higher worst-case risk than CLOSE-GAUSS, we recommend CLOSE-NPMLE over
CLOSE-GAUSS, unless the researcher is extremely concerned about the misspecification of the

location-scale model. [ |

2.3. Decision problems. To prepare for our theoretical results in the next section, we close
this one by introducing decision theory notation and formalizing a few decision problems. Let
d(Y1.,01.0) be a decision rule mapping the data (Y., 01.,) to actions. Let L(4,6.,) denote
a loss function mapping actions and parameters to a scalar. Let Rg(6,0;.,) = E[L(d,61.,) |
01.n, 01.n) denote the frequentist risk associated with the loss function L, which integrates
over the randomness in Y7.,, keeping 01.,,, 01.,, fixed. Finally, let Rg(d; Py) = Ep,[Rr(8,61.,) |
01.) be the Bayes risk of § under By, which additionally integrates over the conditional
distribution 6., | 01.,,.%°

The oracle Bayes decision rule 8* (2.4) is optimal in the sense that it minizes Rg. A
natural metric of success for the empirical Bayesian (2.5) is thus the gap between the Bayes

risks of dgp and 6*. We refer to this quantity as Bayes regret:
BayesRegretn((‘iEB) = RB((SEBa PQ) — }%]3((5*7 Po) == E[L((SEB, len) — L(5*, le) | Ul:n] (213)

where the right-hand side integrates over the randomness in 6,.,,Y7.,, and, by extension,
P. If an empirical Bayes method achieves low Bayes regret, then it successfully imitates
the decisions of the oracle Bayesian, and its decisions are thus approximately optimal. Our
theoretical results focus on bounding Bayes regret for CLOSE.?!

We introduce a few concrete decision problems by specifying the actions d and loss func-

tions L and state the corresponding oracle Bayes and empirical Bayes decision rules.

Decision Problem 1 (Squared-error estimation of 6;.,). The canonical statistical problem
(Robbins, 1956) is estimating the parameters 6., under mean-squared error (MSE). That

is, the action d = (41, ...,9,) collects estimates ¢; for parameters 6;, evaluated with MSE:

n

L(8,01) = % > (6 - 6:)”.

i=1

20Since o1y, is kept fixed throughout, we suppress their appearances in Rg(-), Rp(:).

21Bayes regret is likewise the focus of the literature in empirical Bayes that we build on (Jiang, 2020; Soloff
et al., 2021). On the other hand, other optimality criteria are also considered. For instance, Kwon (2021),
Xie et al. (2012), Abadie and Kasy (2019), and Jing et al. (2016) propose methods that use Stein’s Unbiased
Risk Estimate (SURE) to select hyperparameters for a class of shrinkage procedures. A common thread of
these approaches is that they seek optimality in terms of the frequentist risk Rp—which is stronger than
controlling the Bayes risk Rg—but limit attention to squared error and to a restricted class of methods.
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The oracle Bayes decision rule 8* = (47, ..., %) here is the posterior mean under P, denoted
by 07 = 0; p,:
67 = 0; p, = Ep, 0; | Y:, 04
with empirical Bayesian counterpart éz »=Ez[0; | Y;, 04l |
Next, we describe two problems that are likely more relevant for policy-making, such

as replacing low value-added teachers and recommending high economic mobility tracts
(Gilraine et al., 2020; Bergman et al., 2023).22

Decision Problem 2 (UTILITY MAXIMIZATION BY SELECTION). Suppose & = (01, ...,0,),
where 0; € {0, 1} is a selection decision for population i. For each population, selecting that
population has benefit 6; and known cost ¢;. The decision maker wishes to maximize utility

(i.e., negative loss):

1
—L(8,01) = ~ ; 5; (6; — ).
The oracle Bayes rule selects all populations whose posterior mean benefit 7 5, exceeds the
selection cost ¢;:
51»*:1( ZPOZCi).
One natural empirical Bayes decision rule replaces 0 p with 9; > following (2.5).

In a context where the parameters are conditional average treatment effects for a particular
covariate cell, §; = CATE(i) = E[Y (1) — Y(0) | X =], and ¢; are treatment decisions, this
problem is an instance of welfare maximization by treatment choice (Manski, 2004; Stoye,
2009; Kitagawa and Tetenov, 2018; Athey and Wager, 2021). In this setting, ¢; is a decision
to treat individuals with covariate values in the i*" cell. The average benefit of treating these
individuals is their conditional average treatment effect 6;, and the cost of treatment is ¢;.**

Decision Problem 3 (TOP-m SELECTION). Similar to UTILITY MAXIMIZATION BY SELEC-
TION, suppose & consists of binary selection decisions, with the additional constraint that
exactly m populations are chosen: )., = m. The decision maker’s utility is the average 6
of the selected set:

1 n
—L(3, 0n) = — D " 6i0;. (2.14)
=1

22We analyze these problems from a decision-theoretic perspective, under the sampling assumption (2.3).
For a different and complementary perspective in terms of conditional-on-0 frequentist inference on ranks,
see Mogstad et al. (2020, 2023). For additional ranking-related decision problems, see Gu and Koenker
(2023).

23The literature on treatment choice uses a different notion of regret compared to this paper (based on Rg
rather than Rp).
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Oracle Bayes selects the populations corresponding to the m largest posterior means 67 p

(breaking ties arbitrarily):
oy =1 (GZPO is among the top-m of 9;,%]30) :

Again, the empirical Bayes recipe (2.5) suggests replacing Py with the estimate P.

The utility function (2.14) rationalizes the widespread practice of screening based on em-
pirical Bayes posterior means. For instance, this objective may be reasonable for rewarding
the top 5% of teachers or replacing the bottom 5%, according to value-added (Gilraine et
al., 2020; Chetty et al., 2014; Kane and Staiger, 2008; Hanushek, 2011). In Bergman et al.
(2023), where housing voucher holders are incentivized to move to Census tracts selected
according to economic mobility, (2.14) represents the expected economic mobility of a mover

if they move randomly to one of the selected tracts.?! [ |

3. Regret results for CLOSE-NPMLE

We observe (Y;,0;)",, where (6;,0;) satisfies the location-scale assumption (2.6) and
(Y;,0;,0;) obeys the Gaussian location model (2.1). Our recommended procedure, CLOSE-

NPMLE, transforms the data (Y;,o0;) into (Z, ;), with estimated nuisance parameters 7 =

(17, 8) for g = (Mg, Sp) in | CLOSE—STEP 1|. It then estimates the unknown shape parameter
G via NPMLE (2.11) on (Z;, ;).

Our leading result shows that CLOSE-NPMLE mimics the oracle Bayesian as well as possible,
for the problem of estimation under squared error loss, in the sense that its Bayes regret
vanishes at the minimax optimal rate. Our second result connects squared error estimation
to Decision Problems 2 and 3, by showing that if an empirical Bayesian has low regret in
squared error loss, then they likewise have low regret for Decision Problems 2 and 3.

Since our main result assumes the location-scale model, one may be concerned about its
potential misspecification. The last result in this section, Theorem 4, bounds the worst-
case Bayes risk of an idealized version of CLOSE-NPMLE (i.e. with known 7y and fixed but
misspecified Gn) as a multiple of a notion of minimax risk, without assuming (2.6). Thus,
even under misspecification, CLOSE-NPMLE does not perform arbitrarily badly relative to the
minimax procedure.

The rest of this section states and discusses these results formally. Practitioners who are
less interested in the theoretical details are free to skip to Section 4, where we discuss a

number of practical considerations.

Remark 3 (Notation). In what follows, we use the symbol C' to denote a generic positive and
finite constant which does not depend on n. We use the symbol C', to denote a generic positive
240ur theoretical results in Section 3.2 can accommodate a slightly more general decision problem, which

allows for an expected mobility interpretation for movers who do not move uniformly randomly. See Re-
mark 5.
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and finite constant that depends only on x, some parameter(s) that describe the problem.
Occurrences of the same symbol C, C, may not refer to the same constants. Similarly, for
Ay, B, > 0, generally functions of n, we use A,, < B,, to mean that some universal C' exists
such that A, < CB, for all n, and we use A <, B to mean that some universal C, exists
such that A, < C,B, for all n. In logical statements, appearances of < implicitly prepend
“there exists a universal constant” to the statement.”® Since all expectation or probability
statements are with respect to the conditional distribution Py of 6., | 01.,, going forward,
we treat oy, as fixed and simply write E[-], P(:) to denote the expectation and probability

over 61, | 1., ~ Py. We omit the P, subscript and the conditioning on oy.,. [ |

3.1. Regret rate in squared error. Since we consider CLOSE-NPMLE in mean-squared

error, we define

MSERegret,, (G, n)

%ch oy - %Z 0; — 0,
J o (1) Lac (s2)
[ o (X2 2da (s

as the excess loss of the empirical Bayes posterior means—obtained by prior GG and nuisance

9* = 9@ Py = EPO[@' | Yi,Ui] éi,G,n = EG,n[‘gi | Y;,Ui] =

parameter estimate 7 for ny—relative to that of the oracle Bayes posterior means. The Bayes

regret for CLOSE-NPMLE in squared error is then the Fy-expectation of MSERegret,,:

I, . -
52(91 - ei,é’n,ﬁ)2

i=1

BayesRegret, = E |MSERegret, (G, ﬁ)} =E (3.1)

Equation (3.1) additionally notes that expected MSERegret,, is equal to the expected mean-
squared difference between the empirical Bayesian posterior means éi,én,ﬁ and the oracle
Bayes posterior means.

We assume that Fy € Py belongs to some restricted class. Informally speaking, our first
main result shows that for some constants C,3 > 0 that depend solely on Py, the Bayes
regret in squared error decays at the same rate as the maximum estimation error for 7y

squared:

1
BayesRegret,, < C(logn)” max <E||77 —noll%, —) ,
n

where we define ||9]| = max (||m||co, ||S|lec) for n = (m,s). This result continues a recent
statistics literature on empirical Bayes methods via NPMLE by characterizing the effect of
an estimated nuisance parameter 7 in a first step.?

Z5For instance, statements like “under certain assumptions, P(A, < B,) > cg” should be read as “under
certain assumptions, there exists a constant C' > 0 such that for all n, P(4,, < CB,,) > ¢y.”

260ur theory hews closely to—and extends—the results in Jiang (2020) and Soloff et al. (2021), which
themselves are extensions of earlier results in the homoskedastic setting (Jiang and Zhang, 2009; Saha
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Moreover, we show that controlling the Bayes regret is no easier than estimating m in ||-||z,
which is a corresponding lower bound on regret. There exists ¢ such that for any estimator
of 6;, its worst-case regret is bounded below?’

sup BayesRegret,, > cinf sup E|[/i — my|3.

PyePo mmg
Since the minimax estimation rates of ||7) — 7o||o and of ||77 — 7g]|2 are the same up to loga-
rithmic factors, we conclude that our regret upper bound is rate-optimal up to logarithmic
factors. We now introduce the assumptions on P, € Py needed for these results, state the

upper and lower bounds, and provide a technical discussion.

3.1.1. Assumptions for regret upper bound. We first assume that G, is an approximate max-
imizer of the log-likelihood on the transformed data Z; and 1y satisfying some support re-
strictions. This is not a restrictive assumption, as the actual maximizers of the log-likelihood

function satisfy it.*®
Assumption 1. Let ¢;(Z;,n,G) = log <ffooo @ (@) G(dT)) be the objective function in

(2.11), ignoring a constant factor 1/v;. We assume that G, satisfies

1 & A 1 &
— > Yi(Zi,n,Gn) > sup — » Yi(Zi,n, H) — ky (3.2)
for tolerance k,,
2 n
Knp = —lo ) 3.3
2 1og ( m) (33)

Moreover, we require that Gn has support points within [min, Zi, max; Z] To ensure that

K, is positive, we assume that n > 7 = [v/2me].”

We now state further assumptions on the data-generating processes Py beyond (2.6). First,
we assume that G is exponential-tailed with parameter @ that controls the thickness of its

tails. We state the restriction in an equivalent form of simultaneous moment control.*’

and Guntuboyina, 2020). These results, under either homoskedasticity or prior independence, show that
empirical Bayes derived from estimating the prior via NPMLE achieves fast regret rates. In particular, Soloff
et al. (2021) show that the regret rate is of the form C'(logn)” L under prior independence and assumptions
similar to ours.

2T0ur proof only exploits a lower bound for the performance of 7i; doing so is without loss if mg and so
belong to the same smoothness class.

28In particular, the support restriction for G, in Assumption 1 is satisfied by all maximizers of the likelihood
function (see Corollary 3 in Soloff et al., 2021).

The constants r,, also feature in Jiang (2020) to ensure that the fitted likelihood is bounded away from
zero. The particular constants in x,, are chosen to simplify expressions and are not material to the result.
30An equivalent statement to Assumption 2 is that there exists aj,az > 0 such that Pg,(|7] > t) <
ay exp (—aqt®) for all ¢ > 0. Note that when o = 2, Gy is subgaussian, and when o = 1, Gy is subex-
ponential (see the definitions in Vershynin, 2018), as commonly assumed in high-dimensional statistics.
Assumption 2 is slightly stronger than requiring that all moments exist for Gg, and weaker than requiring
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Assumption 2. The distribution G is has zero mean, unit variance, and admits simulta-

neous moment control with parameter a € (0,2]: There exists a constant Ay > 0 such that
for all p > 0,

(BrncnlI7I)7? < Agp'e. (3.4)

Next, Assumption 3 imposes that members of P, have various variance parameters uni-

formly bounded away from zero and infinity. This is a standard assumption in the literature,
maintained likewise by Jiang (2020) and Soloff et al. (2021).

Assumption 3. The variances (01.,, So) admit lower and upper bounds:
op < 0; < o, and sy < 5o(+) < Sy,

g;

where 0 < 0y, 0y, Sor, Sou < 00. This implies that 0 < v, < v; = pten)

<y, < oo for some
Vyp, Uy
Lastly, we require that mg, sg satisfies some smoothness restrictions. We also require that

m, § satisfy some corresponding regularity conditions.

Assumption 4. Let C% ([oy,0,]) be the Holder class of order p > 1 with maximal Hélder
norm A, > 0 supported on [0y, 0,].>" We assume that
(1) The true conditional moments are Hélder-smooth: mg, so € C ([0, 04]).

Additionally, let By > 0 be a constant. Let V be a set of bounded functions supported
on [0y, 0] that (i) admits the uniform bound supcy | flec < Ca, and (ii) admits the metric
entropy bound

log N(e,V, ||-lloc) < Cty oy (1/€)'77.

We assume that the estimators for mg and sy, 11 = (1h, §), satisfy the following assumptions.

(2) For any € > 0, there exists a sufficiently large C = C(€), independently of n, such
that for all n,

P <maX (Hm - m0||007 H‘§ - 50”00) > C(G)n_ﬁ(l()grwﬁo) < €.

Gy to have a moment-generating function. Similar tail assumptions feature in the theoretical literature on
empirical Bayes (Soloff et al., 2021; Jiang and Zhang, 2009; Jiang, 2020).

31We recall the definition of a Holder class from van der Vaart and Wellner (1996), Section 2.7.1. We
specialize its definition to functions of one real variable. For an integer p, Holder-p functions are (p — 1)-
times differentiable, with a Lipschitz continuous (p — 1)%* derivative.

Definition 1. For some set X C R and constant A > 0, p > 0, let C% (X) be the set of continuous functions
[ X = Rwith [|f[|;) < A. The norm ||-[|,y is defined as follows. Let p be the greatest integer strictly
smaller than p. Define

®) 0@ - 12)
= max su )|+ su
11l ) o sub ’f ( )’ eyer |z —ylE

We refer to C%) (X) as a Hélder class of order p and || f||(,) as the Hélder norm.
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(3) The nuisance estimators take values in V almost surely: P (m € V,s € V) = 1.
(4) The conditional variance estimator respects the conditional variance bounds in As-
sumption 3: P (‘%[ <§8< 230u) =1.

Assumption 4 is a Holder smoothness assumption on the nuisance parameters mg and
sg, which is a standard regularity condition in nonparametric regression; our subsequent
minimax rate optimality statements are relative to this class. Moreover, it is also a high-level
assumption on the quality of the estimation procedure for (m, §). Specifically, Assumption 4
expects that the nuisance parameter estimates m and s are rate-optimal up to logarithmic
factors (Stone, 1980). Assumption 4 also expects that the nuisance parameter estimates
belong to a class V with the same metric entropy behavior as the Holder class C ([0, 04]).*

Assumptions 2 to 4 specify a class of distributions Py and nuisance estimators 7 indexed
by a set of hyperparameters H = (o4, 0y, S¢, Su, Ao, A1, @, Bo, p). Our subsequent theoretical
results are finite sample, with implicit constants dependent on these hyperparameters H.
To review, (0, 0y, S¢,8,) are bounds on the variances (02, s%(0;)); (Ap, ) control the tails
of Go; and (Ay, p) control the smoothness of 1y; and 5y is the power of the log factor in the

||| estimation rate for 7.

3.1.2. Regret results. Consider the following “good event,” indexed by C' > 0,
An(C) = {lli = mlloe < Cn™F T (logn) }. (3.5)

A, (C) indicates that the nuisance parameter estimates satisfy some rate in ||-||oo. Our main
result derives a convergence rate for the expected MSE regret conditional on this good event
A, (O).

Theorem 1. Assume Assumptions 1 to 4 hold. Then, for any § € (0,3

2
universal constants Ci 45 > 0 and Cy35 > 0 such that (i) P(A,,(Ciu,s)) > 1 — 0 and that
(ii) the expected regret conditional on A,,(Cy 4 s) is dominated by the rate function

), there exists

~

E |MSERegret, (G, 1) | An(Cras)| < Copsn 751 (logn) e +3+20, (3.6)

If the event A, (C) is sufficiently likely, we can control expected regret on the bad event
AC as well. In Appendix G, we verify that local linear regression satisfies a weakening of

these assumptions that are also sufficient for the conclusion of Corollary 1.

32Regarding Assumption 4(2), we note that kernel smoothing estimators attain the rates required for Holder
smooth functions myg, so (see Tsybakov (2008) and Appendix G). Regarding Assumption 4(3), if the nuisance
parameters are p-Holder smooth almost surely, we can simply take V = C% . ([o¢,04]) for some potentially
different Aj. This can be achieved in practice by, say, projecting estimated nuisance parameters 7 to
Ca,([oe,04]) In ||"]lcc- Finally, Assumption 4(4) also expects the nuisance parameter estimates to respect
the boundedness constraints for sg. This is mainly so that our results are easier to state; we discuss this
assumption in Remark C.1.
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Corollary 1. Assume the same setting as Theorem 1. Suppose, additionally, for all suffi-
ciently large Cy 3 > 0, P(A,,(C13)) > 1 —n~2 Then, there exists a constant C3 > 0 such
that the expected regret is dominated by the rate function

~ 2 a | -
BayesRegret,, = E [MSERegret,,(G,,,n)| < C’O,anfil(log n)%H”ﬁO.
We can show a corresponding lower bound on the Bayes regret—i.e., a lower bound on the
worst-case Bayes regret when an adversary picks Gy, no—by showing that any good posterior
mean estimate él implies a good estimate 1m(0;) for mgy. Minimax lower bounds for estimation

of mq then imply lower bounds for estimation of the oracle posterior means 6;.*

Theorem 2. Fix a set of valid hyperparameters H = (oy, 04, S¢, Su, Ao, A1, @, Bo, p) for As-
sumptions 2 to 4. Let P(H,o01.,) be the set of distributions Py on support points o1.,
which satisfy (2.6) and Assumptions 2 to 4 corresponding to H. For a given Py, let
0f = Ep,[0; | Yi, 0:] denote the oracle posterior means. Then there exists a constant ¢y > 0

2
such that the worst-case Bayes regret of any estimator exceeds c;meil:

él:n 0'1;716(0@,0”)

A 1 - ~ % __2p
inf  sup Ep, o Z_:(@z —0,)° — (0] — 0:)| > cyn” 20,
RoEP(H,01:m) =1

where the infimum is taken over all (possibly randomized) estimators of 6.,.

As a result, the rate (3.6) is optimal up to logarithmic factors. The additional logarithmic
factors are partly the price of having to estimate GGy via NPMLE and partly deficiencies in
the proof of Theorem 1. In any case, this cost is not substantial.

The regret upper bounds Theorem 1 and Corollary 1 are finite-sample statements. As a
result, they hold uniformly over all distributions F, delineated by the problem parameters
‘H. However, the usefulness of Theorem 1 and Corollary 1 still lies in the convergence rate,
as the constants implied by the proofs are not sharp.

These regret upper bounds readily extend to the case where covariates are present and
the location-scale assumption is with respect to the additional covariates X;:

0; — mo(X;, 02-))
50<Xi7 Ui) ’

under assumption on my, So, M, § analogous to Assumption 4. Of course, the resulting con-

‘91' | UiaXiNGO(

2
vergence rate would suffer from the curse of dimensionality, and the term n~ 21 would be
2
replaced with n_2p+117+d, where d is the dimension of X.
Taken together, Corollary 1 and Theorem 2 are strong statistical optimality guarantees

for CLOSE-NPMLE in the canonical problem of estimation with squared error loss. That is,

33A similar argument is considered in Ignatiadis and Wager (2019) for a related but distinct setting. See,
also, Appendix A.6.2.
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the worst-case performance gap of CLOSE-NPMLE relative to the oracle contracts at the best
possible rate, meaning that CLOSE-NPMLE mimics the oracle as well as possible.
For interested readers, we provide an overview of the proof of our main result Theorem 1

in the following remark. A more detailed walkthrough is in Appendix C.3.

Remark 4 (Informal discussion of the proof for Theorem 1). Regret results assuming prior
independence are established by Soloff et al. (2021) and Jiang (2020), and we build on
these results for Theorem 1. Applied to (Z;, v;, 7;), these results state that (i) approximate
maximizers G,, of the (infeasible) log-likelihood W, (1, G) = L5 0i(Zi,mo, G) are close to

Gy in terms of the average Hellinger distance of the induced densities of Z;

— 1 — -

BTy foor) = - SR (N0,02) % G N (0,02) 5 Go) . 1) = 1- / VI @)g(@) da
i=1

and (ii) if 52( fé, .» fa,,.) is small, then posterior means for 7; under G, are close to posterior
means under Gy in squared error.

Our results extend this argument by accommodating the fact that ny is unknown and
must be estimated with 7.%* To apply (ii) in the literature, we would like to show that (i’)
G,—an approximate max1m1zer of the feasible log-likelihood W, (7, G) = Z i(Z;i,m, G)—
is close to G in terms of 7’ (+,-). This is not a straightforward task and is the most intricate
part of our argument. To show (i’), we prove a lower bound for the likelihood ¥, (1o, Gy)
(Theorem D.1) and adapt the argument for (i) to accommodate our likelihood lower bound
(Theorem E.1).

To lower bound W, (1, G,,), we relate the two likelihoods by linearization (formally, see
(D.4)):

. LR 0 Ziymo, G
i, Go) = Wi, Go) 2 5 5 PHEI ) i) — (o).
=1

<|l1=m0lls

Since G,, approximately maximizes the feasible likelihood W, (7, -), W, (7, G,) is large by con-
struction. Thus, if we can show that the right-hand side is small, then the infeasible likelihood
U, (1, @n) would be close to U, (7, @n) and hence would also be large. To obtain the rate
(3.6), it is important to show that the right-hand side vanishes strictly faster than || — || co-
To do so, we additionally need to show that the derivatives + =i OVi(Zi,mo, n) /On are small.
Without it, we would obtain a worse squared error regret rate of the form n_ﬁ(log n)P.
34We also translate the resulting regret guarantee on estimating 7; to regret guarantees on estimating ;. In
doing so, we identify an apparent gap in the arguments of Jiang (2020) and Soloff et al. (2021). We show a

modified argument avoids the gap in our setting, which applies to the setting in Soloff et al. (2021) as well.
See Remark F.1 for details.
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In particular, we manage to relate the average derivative to the average Hellinger distance
(see Lemmas D.1 and D.2)

A

l i 877Z}1<Z7,a Mo, Gn)
on

n

(7(o:) = mo(0:))| S (logn) h(fg, ., fao. )il = 1ollsc, for some > 0.

i=1
Loosely, this is because the population score in 7 is mean-zero, E[0v;(Z, 19, Go)/On] = 0.
Thus if G,, is close to G, then the sample score evaluated at G, should also be approximately
zero. This is a key step in Appendix D.

This bound for W,,(n,, Gn) creates an additional complication when attempting to apply
the claim (i). The claim (i) upper bounds the Hellinger distance h(fg, ., fa,..) using a lower
bound for W, (1o, én) However, now our lower bound for the likelihood \Ifn(no,én) itself
depends on h( fe, > fao..), and so we cannot apply (i) directly. The proof for (i’) additionally

modifies the argument for (i) to accommodate our likelihood bound (Appendix E). |

So far, our regret guarantees are only about estimation in squared error (Decision Prob-
lem 1). In the next subsection, we analyze regret for empirical Bayes decision rules targeted
to the ranking-related problems (Decision Problems 2 and 3), and relate their performances

to those for Decision Problem 1.

3.2. Other decision objectives and relation to squared-error loss. Notably, the oracle
Bayes decision rules 6* in Decision Problems 2 and 3 depend solely on the vector of oracle

Bayes posterior means 6}, .* Therefore, for these problems, the natural empirical Bayes

~

decision rules simply replace oracle Bayes posterior means (#}) with empirical Bayes ones (;)
in the oracle decision rules.*® For instance, if one is comfortable with the prior estimated by
CLOSE-NPMLE, then the corresponding decision rules for Decision Problems 2 and 3 threshold
based on estimated posterior means under CLOSE-NPMLE.

In these problems, BayesRegret,, (2.13) is equal to the expected risk gap between using

the feasible decision rules & and the oracle decision rules 8*. To specialize, we let UMRegret,,

35Tn principle, one could consider many other policy problems with a ranking flavor (Koenker and Gu, 2019;
Kline et al., 2023). Among these problems, UTILITY MAXIMIZATION BY SELECTION and TOP-m SELECTION
are special in that optimal decisions are simple functions of the posterior means. We caution that the worst-
case regret rate for ranking-type problems without this property can be unfavorable—as Gu and Koenker
(2023) put it, “inherently futile”—since their optimal decisions depend on functionals that are known to be
difficult to estimate (i.e., they have logarithmic minimax rates of estimation, Pensky, 2017; Dedecker and
Michel, 2013; Cai and Low, 2011), without stronger assumptions on the prior.

In general, the minimax squared error rate of estimating E[f(0)] is logarithmic, unless f is an analytic
function, by an extension of the argument in Cai and Low (2011). Ranking-type problems often involve f of
the form f(0) = 1(8 > ¢) or f(f) = max(d, c), which are not smooth. This observation suggests that these
ranking-type problems may also suffer from logarithmic regret rates—though, this observation alone does
not rigorously prove this, as difficulties in estimating E f(6) in squared error might not preclude a polynomial
regret rate for these ranking-type problems.

36Theorem 3 applies to any estimators of the oracle Bayes posterior means—not necessarily derived through
an empirical Bayes procedure—and does not impose the location-scale assumption. As a result, it may be

of independent interest.
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denote BayesRegret,, for Decision Problem 2 and we let TopRegretflm) denote BayesRegret,,
for Decision Problem 3. The following result relates UMRegret,, and TopRegretglm) to
MSERegret,, .

Theorem 3. Suppose (2.3) holds, but (2.6) may or may not hold. Let &; be the plug-in
decisions with any vector of estimates éi, not necessarily from CLOSE-NPMLE. We have the

following inequalities on the expected regret corresponding to the decision rules oi:

(1) For UTILITY MAXIMIZATION BY SELECTION,

Lo 1/2
52(91‘—9?)2]) : (3.7)

=1

E[UMRegret,,| < (E

(2) For TOP-m SELECTION,

E[TopRegret™] < 2,/ — (

Theorem 3 shows that the two decision problems UTILITY MAXIMIZATION BY SELECTION

] 1/2
529—9* D : (3.8)

and TOP-m SELECTION are easier than estimating the oracle Bayesian posterior means. As
a result, our convergence rates from Theorem 1 and Corollary 1 also upper bound regret
rates for these two decision problems, rendering the regret rates more immediately useful for
policy problems. In particular, for m/n < 1, both regret rates (3.7) and (3.8) are of the form
n~P/Crt(logn)® = o(1) under Corollary 1. Thus, the performance of the empirical Bayes
decision rule approximates that of the oracle with at least the rate O(n?/P*1) up to log

factors.

Remark 5 (Mover interpretation of Theorem 3). Recall that we can think of TOP-m SE-
LECTION as the decision problem in Bergman et al. (2023). The utility function represents
the expected mobility of a mover, assuming that the mover moves randomly into one of the
high mobility Census tracts. Our proof of Theorem 3 in Appendix A.2 allows for a slightly
more general decision problem. Suppose the decision now is to provide a full ranking of Cen-
sus tracts for potential movers and maximize the expected mobility for a mover. Suppose
that the probability that a mover moves to a tract depends decreasingly and solely on the
tract’s rank. To be more concrete, suppose the mover has probability 7 of moving to the
highest-ranked tract, m to the second-highest, and so forth. Then, with the same argument,
the corresponding regret is dominated by 2v/n > 77 - (E [% S (6 — 9;‘)2})1/2, which
generalizes (3.8). [ |
Remark 6 (Tightness of Theorem 3). We suspect that the actual performance of CLOSE-
NPMLE for Decision Problems 2 and 3 may be better than predicted by Theorem 3. Take
the bound for UMRegret,,, for instance. As would be clear from the proof, the bound (3.7)
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holds even when the ¢;’s are adversarially chosen®” such that the empirical Bayesian makes
every mistake: oi # 07 for every i. However, for a fixed vector ¢, we expect that oi # 0f only
for a vanishing fraction of populations, and thus the actual performance of & may be better
than the rate in Appendix A.2 implies.*

Though we conjecture that the rate in Theorem 3 does not match a lower bound, Theo-
rem 3 is competitive with recent results. TOP-m SELECTION is recently studied by Coey and
Hung (2022), who show that under prior independence, if 0:., are posterior means for some

estimate G of the prior G (o), then
E[TopRegret{™] = O (Wf (G o), @))

where W1 (P, Q) is the Wasserstein-1 distance between P, (). Theorem 3 attains a worse
rate in parametric settings, when the prior Gy can be estimated at fast rates. However,
in nonparametric settings, Gy is often only estimable at logarithmic rates (Dedecker and

Michel, 2013), and thus the rate in Theorem 3 is much more favorable in those settings. W

3.3. Robustness to the location-scale assumption (2.6). We prove our regret upper
and lower bounds imposing the location-scale model (2.6). This is an optimistic assessment
of the performance of CLOSE-NPMLE. While (2.6) nests prior independence, it may still
be misspecified. We now consider the worst-case behavior of CLOSE-NPMLE without the
location-scale assumption. Since without the location-scale assumption, CLOSE-NPMLE can
no longer hope to emulate the oracle Bayes decisions, we focus on worst-case Bayes risk here,
instead of on regret.

We will do so by considering an idealized version of the procedure. So long as 6; | o; has
two moments, 79(-) = (mo(+), so(+)) are well-defined as conditional moments of 6; | o; without
imposing the location-scale assumption. We will assume that my, sg are known. Without the
location-scale model, Gy is ill-defined, but we will assume that we obtain some pseudo-true
value G that has zero mean and unit variance. This is a reasonable condition to impose,
37That said, if the ¢;’s are indeed adversarially chosen given knowlec}ge of (Y1.n,01:n, Po), then Theorem 3
does match a corresponding lower bound, derived by choosing ¢; = (6; + 6})/2.
38Upper and lower bounds are derived in related but distinct settings by Audibert and Tsybakov (2007);
Bonvini et al. (2023); Liang (2000); some upper bounds, under possibly stronger assumptions, appear better

than implied by Appendix A.2.
For UTILITY MAXIMIZATION BY SELECTION, suppose we impose a margin condition of the form

For all 4, P(|0; —¢;| <t) <t& € €(0,00),t € (0, o

where if 6 has (uniform-in-i) bounded density around ¢;, then & can be taken to be 1. Proposition 2 in
Bonvini et al. (2023) then yields the sharper result that
l+li
1 noo 2T 232%¢
— 0; — 0;)? .
1300

i=1

UMRegret,, <¢ % > E[(0; - 0:)%] < (IE)
i=1

Further applications of Audibert and Tsybakov (2007) and Bonvini et al. (2023) to the Gaussian sequence
setting remain open.
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since every conditional prior distribution 7; | o; obeys this moment constraint.** Thus, for
estimating 7; = %ﬁg’i), whose true prior is 7; | o; ~ Gj, this idealized procedure uses some
misspecified prior G§ # G;, which does have the correct first two moments.

Using results we develop in a related note (Chen, 2023), we show that this idealized

procedure has maximum risk within a constant factor of the minimax risk, uniformly over
7o. The minimax risk here is defined with respect to a game where the analyst knows my, s
and an adversary chooses the shape of the distribution 7; | o; for every i.
Theorem 4. Under (2.3) but not (2.6), assume the conditional distribution 6; | o; has mean
mg(o;) and variance s3(c;). Denote the set of distributions of 1., | o1, which obey these
restrictions as P(my, so). Let éi7(;37,70 denote the posterior mean estimates with some prior
P* under the location-scale model P* (0; <t | o;) = G} (%), for some fixed G with
zero mean and unit variance. Let p = max; si(0;)/0? < oo be the maximal conditional
signal-to-noise ratio and assume that it is bounded. Then, for some C; < oo that solely
depends on p,

n

1 A i 1 -
sup Ep, |- Z(Q%GSWO —0,)*| <Cs-inf  sup Ep |- Z(Q" —0)*. (3.9

PoEP(mo,SO) n i=1 él:n PoGP(Tﬂo,sO) n i=1

n

where the infimum on the right-hand side is over all (possibly randomized) estimators of 0;
given (Y;, 0;)", and no(-).

Theorem 4 shows that the worst-case behavior of an idealized version of CLOSE-NPMLE
must come within a factor of the minimax risk and hence is not arbitrarily unreasonable, even
under misspecification. We caution that (3.9) is a fairly weak guarantee, in that the decision
rule that simply outputs the prior conditional mean (&; = 6;,5,,, = m0(0;)) also satisfies it.
Nevertheless, even so, (3.9) does not hold for the idealized version of INDEPENDENT-GAUSS,
plugging in known unconditional moments mo = + 31", mg(0;) and s§ = = 37" | (mo(o;) —
mo)? + s2(0;).*° To provide additional reassurance for CLOSE-NPMLE under misspecification,
Appendix A.7.3 discusses an interpretation of CLOSE-NPMLE under misspecification of (2.6),
and the validation procedure developed in Section 4.3 provides unbiased evaluation without

relying on the location-scale model.

4. Practical considerations

4.1. A detailed recipe. We now describe the implementation of CLOSE-NPMLE in more

detail, following our previous outline in [ CLOSE—STEP 1] to | CLOSE—STEP 3.

39We do not know if the maximizer G of the population analogue to (2.11) respects the moment constraints.
In any case, imposing these moment constraints computationally in NPMLE is feasible, as they are simply
linear constraints over the optimizing variables. Projecting the estimated G, to these moment constraints
makes little difference in our empirical exercise (Appendix B.2).
4076 wit, take s0(0;) &~ 0. Then, the minimax risk as a function of (sg(-), mo(+)) is approximately zero, but
mo(+) can be chosen such that the risk of INDEPENDENT-GAUSS is bounded away from zero.
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The first step | CLOSE-STEP 1| estimates the conditional moments 7y = (my, so) nonpara-

metrically. Since the two conditional moments can be written as conditional expectations
mo(o) =E[f | o] =E[Y | o]
$3(0) = Var(6 | o) = E[(Y — mo(0))? | o] — o (4.1)

we can estimate them accordingly with off-the-shelf methods (e.g., local polynomial kernel
smoothing methods implemented by Calonico et al., 2019). Specifically, estimating mg with
1 is directly a nonparametric regression of Y; on 0;.*! Estimating s2(-) can be operationalized
by first nonparametrically regressing (Y; —(c;))? on o;, and then subtracting off 2. This is
a plug-in estimator for s, as it replaces quantities in (4.1) with their empirical counterparts.*?

A wrinkle is that the plug-in estimate § may be negative.”® Truncating § at zero results in
observations whose estimated prior variances $%(o;) = 0. These observations also have im-
plied 7; = co. For these observations, an empirical Bayesian taking $%(o;) = 0 at face value
has degenerate priors at m(o;). Since observations with v; = oo do not contribute to the
likelihood objective for NPMLE, excluding them from the NPMLE computation does not alter
the estimated G,,. Thus, we can continue to use (7, 52, @n) as the estimated posterior—an
observation with §%(o;) = 0 would have a point mass at 7(0;) as its estimated posterior. In
our experience, this simple approach does not appear to affect performance. Nevertheless,
in Appendix G, we propose a heuristic but data-driven truncation rule, borrowing from a
statistics literature on estimating non-centrality parameters for non-central x? distributions
(Kubokawa et al., 1993). Appendix G also discusses tuning parameter selection for esti-
mating (myg, so) and verifies that our local linear regression estimators satisfy the regularity

conditions in Section 3.

Y;—m(oy)
5(04)

and the transformed standard errors 0; = 0;/5(0;). We then estimate the NPMLE on the data

Next, in the second step | CLOSE—STEP 2|, we form the transformed estimates Z; =

(Z;, ;) by maximizing (2.11). In practice, the infinite-dimensional optimization problem

(2.11) is approximated with a finite-dimensional one by discretizing distributions on a grid.

~

To be precise, let min; Zi = 1) < -+ < 71y = max; Z; be a pre-specified grid of points, not

41We take log(c;) in our empirical implementation since the distribution of o; tends to be right-skewed, and
thus we suspect regressing on log(o;) has a better fit.

2Gince (4.1) can be written in different forms, there are other reasonable plug-in estimators for so. We
investigate one such alternative estimator in Appendix B.2 and find very similar performance in our empirical
exercise.

43The negative estimated variance phenomenon similarly may occur with estimating the prior variance with
INDEPENDENT-GAUSS and with conditional variance estimation in Armstrong et al. (2022). This is in part
caused by estimation noise in Var(Y; | ;). However, there is some evidence that observations with large
estimated o;’s are underdispersed for the measures of economic mobility in the Opportunity Atlas (see
Appendix B.1.)
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necessarily equally spaced, and denote it by 7.** The feasible version of (2.11) maximizes the

Ziori. .
concave program 7 = MaXepJ  p1—1 o log (Z}]=1 TP (%)) . The estimated NPMLE

G, is a discrete distribution with support points 7(;) and corresponding masses 7.

Finally, given the estimate G, = (T,7), we can compute empirical Bayes decision rules

and implement, | CLOSE-STEP 3| by minimizing posterior expected loss. Since G, is a discrete

distribution, the posterior for 7; is given by the probability mass function

; X 1
Pe, (Ti =745 | Zi = 2,0 = v) o<} exp <_ﬁ<z - T(j))2> :

normalized so that the probabilities sum to 1. This probability mass function can be plugged

into (2.5) to compute the empirical Bayes decision rule for any loss function L.*

4.2. When does relaxing prior independence matter? When prior independence holds,
CLOSE-NPMLE is the same as INDEPENDENT-NPMLE, up to the estimation of the constant
conditional moments (my(+), so(+)). Since CLOSE-NPMLE has to estimate the conditional mo-
ments, we expect it to underperform INDEPENDENT-NPMLE, though not by much in large
samples.

When prior independence does not hold, but when the conditional location-scale model
(2.6) approximately holds, we expect CLOSE to outperform methods that assume prior in-
dependence. Qualitatively speaking, we expect the improvement of CLOSE-methods to be
large when the conditional expectation accounts for large portions of the unconditional signal
variance Var(6;). Since we can decompose Var(6;) = E[s3(0;)] + Var(mg(a;)), we expect the
improvement of CLOSE-methods to be large when the variance of the conditional expectation
Var(mg(o;)) is large compared to E[s3(c;)]. Intuitively, this is the case when o; is highly
predictive of 6;. Whether this is the case can be easily checked by plotting Y; against o;, as
in Figure 1, and inspecting the estimated conditional moments.

Finally, when the conditional distributions 6; | o; are non-Gaussian, and in particular when
they are discrete, skewed, or thick-tailed, we expect CLOSE-NPMLE to additionally outperform
INDEPENDENT-GAUSS due to not assuming Normality of ;. When the conditional priors are
Gaussian, estimating it via the NPMLE pays a modest statistical price. Admittedly, it is
often difficult to diagnose whether the underlying conditional distributions 6; | o; have these
4gince the gridding is a computational approximation to the infinite dimensional optimization problem,
the sole downside of a finer grid is computational burden (cf. bias-variance tradeoffs in typical tuning
parameter selection problems). Ideally, adjacent grid points should have a sufficiently small and economically
insignificant gap between them. Since the true prior Go for 7; have zero mean and unit variance, we find that
a fine grid within [—6, 6] (e.g., 400 equally spaced grid points), with a coarse grid on [min; Z;, max; Z;]\ [—6, 6]
(e.g., 100 equally spaced grid points), performs well. Also see recommendations in Koenker and Gu (2017)

and Koenker and Mizera (2014).
4511 the leading use-case, the posterior means for 6; are simply (o) + 8(0))Eq ;. [7i | Zi, 0] In practice,

13

REBayes::GLmix (Koenker and Gu, 2017) in R implements estimation of the NPMLE and computation of the
posterior means Eg 7 | Zi, 4].
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properties, since we only observe (Y;,0;). Likewise, so far the discussion in this subsection
is heuristic. To be more certain of the extent of improvement of CLOSE-NPMLE over other
methods, it is helpful to have out-of-sample validation. The next subsection proposes a
minor extension of Oliveira et al. (2021), which allows for an unbiased estimate of loss and

serves as a validation procedure.

4.3. A formal validation procedure via coupled bootstrap. Consider (Y;, ;) where
Y; | 04,0; ~ N(0;,0?). For some w > 0 and an independent Gaussian noise W; ~ N(0,1),
consider adding to Y; and subtracting from Y; some scaled version of W;:
1
YV =Y + Voo Y =Y - —=oW,
Vw

Oliveira et al. (2021) call (Y;(l),Y;(Q)) the coupled bootstrap draws. Observe that the two
draws are conditionally independent:

1 2 0

(1+w)o; D . (4.2)

6.
91’7 QNN ' )
| 0, 0; ( [QZ] 0 (14 w’l)af

The conditional independence allows us to use Y;
(1

v
e

1

@ as an out-of-sample validation for decision

rules computed based on Y, ). We denote their variances by ‘77;2,(1) and 02.27(2).

It is helpful to think of Y;-(l) as training data and Y;(Q) as testing data. In fact, the coupled
bootstrap precisely emulates sample-splitting on the micro-data. To see that, suppose Y; =
n%- > 1Y is a sample mean of ii.d. micro-data {Y;;:j=1,...,n;}. Suppose we split
the micro-data {Y;; : j =1,...,n;} into a training set and a testing set, with proportions

1 (1

o7 and S5, respectively. Let Y]

respectively. Then the central limit theorem implies that, approximately,

) and Yi(z) be the training and testing set sample means,

V6,07 ~ N (6, (L4 w)of) Y | 6,07 ~ N (6, (1+w of)  (43)

i
independently. Note that the two representations (4.2) and (4.3) are equivalent, and hence
coupled bootstrap emulates sample-splitting. For instance, coupled bootstrap with a value
of w = 1/9 is statistically equivalent to splitting the micro-data with a 90-10 train-test split.

Just as we can perform out-of-sample validation with sample-splitting on the micro-data,
we can also do so with the coupled bootstrap emulation of sample-splitting. The following
proposition formalizes this and states unbiased estimators for the loss of these decision rules,

as well as their accompanying standard errors.*®

460)liveira et al. (2021) state the unbiased estimation result for the mean-squared error estimation problem.
They develop the result further by connecting the coupled bootstrap estimator to Stein’s unbiased risk
estimate. Our analogous calculation for other loss functions and for the standard errors is a minor extension
of their results. Proposition 1 can also be easily generalized to other loss functions that admit unbiased
estimators (Effectively, the loss is a function of a Gaussian location 6;. For unbiased estimation of functions
of Gaussian parameters, see Table A1l in Voinov and Nikulin, 2012).
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TABLE 1. Unbiased estimators for loss of decision rules and associated condi-
tional variance expressions (Proposition 1)

Problem Unbiased estimator of loss, T’ (Yl(i), 5) Var ( (Yl(i), 5) | ]—')

2
Decision Problem 1 IS (YZ(Z) - 5 Y(l) ) 1(2) DI 1V31" ((Y(Q) 5 (Y(l)))Z | f)
Decision Problem 2 -y ( )(Y @ —ci) a7 Doie ( n ) i (2)
Decision Problem 3 ,11 Zizl z( 1:n )Yi@) m2 Zi:l 8:(Y; (11)) 9i(2)

Proposition 1. Suppose (Y;,0;) obey the Gaussian heteroskedastic location model, as-
sumed to be independent across i (2.3). Fix some w > 0 and let }/1(:711)7 Yl(i) be the coupled
bootstrap draws. For some decision problem, let 6(Y1(1L)) be some decision rule using only
data (Y.(l), g?(l)yl Let F = (01% Yl(:;), Olin,(1)5 O'lm,(g)), for Decision Problems 1 to 3, the

(2 1,

estimators T( 5) displayed in Table 1 are unbiased for the corresponding loss:
E 75 00V | F| = L (805,61 )

Moreover, their conditional variances are equal to those expressions displayed in the third

column of Table 1.

Proposition 1 allows for an out-of-sample evaluation of decision rules, as well as uncertainty
quantification around the estimate of loss, solely imposing the heteroskedastic Gaussian
model. This is a useful property in practice for comparing different empirical Bayes methods.
The alternative is to take some estimated prior—say the one learned by CLOSE-NPMLE—as
the true prior, and evaluate performance of competing methods. Doing so likely tips the

scale in favor of a particular method, and we advocate for the coupled bootstrap instead.

5. Empirical illustration

How does CLOSE-NPMLE perform in the field? We now consider two empirical exercises
related to the Opportunity Atlas (Chetty et al., 2020) and Creating Moves to Opportunity
(Bergman et al., 2023). We first summarize these papers.

5.1. The Opportunity Atlas and Creating Moves to Opportunity. Chetty et al.
(2020) and Bergman et al. (2023) are motivated by a growing literature in neighborhood
effects on upward mobility. There is a large body of quasiexperimental evidence that the
neighborhood a child grows up in has substantial causal effects on upward mobility (Chetty
and Hendren, 2018; Chetty et al., 2016; Laliberté, 2021; Chyn and Katz, 2021). Consequently,
social programs that encourage low-income families to move to better neighborhoods can
potentially benefit upward mobility.

Such programs hinge on two economic questions and one econometric question. First, how
do we measure neighborhood mobility? Second, are low-income families currently living in
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low-opportunity neighborhoods because they prefer some unobserved quality of these neigh-
borhoods, or is it due to certain economic and informational barriers? Third, econometrically,
given noisy measures of mobility, how do we identify high-mobility neighborhoods?

Motivated by the first question, Chetty et al. (2020) provide Census tract-level estimates
of poor children’s outcomes in adulthood and argue that these observational measures of
mobility predict neighborhoods’ causal effects. Motivated by the second question, Bergman
et al. (2023) show that financial assistance and informational support do induce low-income
families to move to neighborhoods that researchers recommend, indicating that these families
indeed face barriers to moving to opportunity. The third question is naturally answered by
empirical Bayes methods.

Specifically, using longitudinal Census micro-data, Chetty et al. (2020) estimate tract-
level children’s outcomes in adulthood and publish the estimates in a collection of datasets
called the Opportunity Atlas. Each dataset contains estimates and standard errors for some
particular definition of the economic parameter of interest, at the Census tract ¢ level. Taking
these estimates from the Opportunity Atlas, Bergman et al. (2023) conducted a program in
Seattle called Creating Moves to Opportunity. They provided assistance to treated low-
income individuals®” to move to “Opportunity Areas”—Census tracts with empirical Bayes
posterior means in the top third.** We view Bergman et al.’s (2023) objectives as TOP-m
SELECTION (Decision Problem 3), for m equal to one third of the number of tracts in King
County, Washington (Seattle).

The Opportunity Atlas also includes tract-level covariates, a complication that we have
so far abstracted away from. In the ensuing empirical exercises—as well as in Bergman
et al. (2023)—the estimates and parameters are residualized against the covariates as a
preprocessing step. We now let Y; denote the raw Opportunity Atlas estimates for a pre-
residualized parameter 9; and let (Y}, 6;) be their residualized counterparts against a vector
of tract-level covariates X;, with regression coefficient 3.* We can apply the empirical
Bayes procedures in this paper to (Y;,0?) and obtain an estimated posterior for ;. This

estimated posterior for the residualized parameter 6; then implies an estimated posterior for

47They are families with a child below age 15 who are issued Section 8 vouchers between April 2018 and
April 2019, with median household income of $19,000. About half of the sampled households are Black and
about a quarter are white (Table 1, Bergman et al., 2023).

48There are also adjustments to make the selected tracts geographically contiguous. See Bergman et al.
(2023) for details.

4(‘)lz’recisely speaking, let X; be a vector of tract-level covariates. Let Y; be the raw Opportunity Atlas
estimates of a parameter ¥;, with accompanying standard errors o;. Let [ be some vector of coefficients,
typically estimated by weighted least-squares of Y; on X;. Let Y; = Y; — X[B and 6; = ¥; — X[ be
the residuals. We assume that the tract-level covariates do not predict the estimation noise in Y;: ie.,
X, 1LY, | 0;,02. Since 3 is precisely estimated, we ignore its estimation noise. Then, the residualized objects
(Y;,0;) obey the Gaussian location model Y; | 0;,0; ~ N(6;,02). See additional discussion on covariates in

Appendix A.6.2. Figure B.6 contains empirical results without residualizing against covariates.
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the original parameter ©; = 0; + X3, by adding back the fitted values X3 (Fay and Herriot,
1979). When there are no covariates, ¥; = 6; and Y; = 37@

We consider several measures of economic mobility ¢;. For our purposes, these definitions
of ¥; take the following form: ; is the population mean of some outcome for individuals
of some demographic subgroup growing up in tract i, whose parents are at the 25" income

percentile. We will consider three types of outcomes:

(1) Percentile rank of adult income
(2) An indicator for whether the individual has incomes in the top 20 percentiles

(3) An indicator for whether the individual is incarcerated

for the following demographic subgroups:” (1) all individuals (POOLED), (2) white individ-
uals, (3) white men, (4) Black individuals, and (5) Black men. As shorthands, we refer to
the three types of outcomes as MEAN RANK, TOP-20 PROBABILITY, and INCARCERATION,
respectively. The outcome we use in Section 2 corresponds to TOP-20 PROBABILITY for
Black individuals, while Bergman et al. (2023) consider MEAN RANK POOLED.”!

The remainder of this section compares several empirical Bayes approaches on two exer-
cises. The first exercise is a calibrated simulation. In the simulation, we compare MSE per-
formance of various methods to the that of the oracle posterior. We find that CLOSE-NPMLE
has near-oracle performance in terms of MSE, and substantially outperforms INDEPENDENT-
GAUSS. The second exercise is an empirical application to a scale-up of the exercise in
Bergman et al. (2023). It uses the coupled bootstrap to evaluate whether CLOSE-NPMLE
selects more economically mobile tracts than INDEPENDENT-GAUSS. We find that it does,
and the magnitude of improvement is substantial compared to two benchmarks, which we

refer to as the value of basic empirical Bayes methods and the value of data.

5.2. Calibrated simulation. Our first empirical exercise is a calibrated simulation. To
devise a data-generating process that does not impose the location-scale assumption, we
partition ¢ into vingtiles, fit a location-scale model within each vingtile, and draw from
the estimated model (see Appendix B.3 for details). Since the location-scale model is only
imposed within each vingtile, this data-generating process does not impose (2.6) on the entire
dataset. Figure 3 shows an overlay of real and simulated data for one of the variables we
consider. Visually, at least, the simulated data resemble the real estimates.

50We focus on men as a subgroup since incarceration rates for women are extremely low.

51In each Opportunity Atlas dataset, the estimates Y;, o; are computed from the fitted value of a semipara-
metric regression procedure on the Census micro-data. The regression procedure implicitly pools observation
with similar parent income ranks and is not fully nonparametric. As a result of this extrapolation, the esti-
mates Y; need not respect support conditions for Bernoulli means. For instance, some estimates for Top-20
PROBABILITY and for INCARCERATION are negative. Similarly, the standard errors for estimates for binarized

9, are typically not precisely of the form /9;(1 — ;) /n;. We refer interested readers to Chetty et al. (2020)
for details of their regression specification.
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Opportunity Atlas estimates for
P(Income ranks in top 20 | Black, Parent at 25th Percentile)
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F1GURE 3. A draw of real vs. simulated data for estimates of TOP-20 PROB-
ABILITY for Black individuals

On the simulated data, we then put various empirical Bayes strategies to test. We consider
the feasible procedures NAIVE, INDEPENDENT-GAUSS, INDEPENDENT-NPMLE, CLOSE-GAUSS,
and CLOSE-NPMLE, where NAIVE sets 91 = Y;.”? Because we have the ground truth data-
generating process, we additionally have two infeasible benchmarks:

e ORACLE: A Bayesian who has access to the distribution of (6;,0;) and uses the true
posterior means for 6;.%

e ORACLE-GAUSS: A Bayesian who knows (my, so) and uses (2.12).

For this exercise, we focus on estimating the parameters 9J; in MSE (Decision Problem 1).
Figure 4 plots the main results from this calibrated simulation. For each method and each
target variable, we display a relative measure of gain in terms of mean-squared error. For
each method, we calculate its squared error gain over NAIVE, as a percentage of the squared
error gain of ORACLE over NAIVE. If we think of the ORACLE-NAIVE difference as the total
size of the “statistical pie,” then Figure 4 shows how much of this pie each method captures.
92We note that none of the feasible procedures (NAIVE, INDEPENDENT-GAUSS, INDEPENDENT-NPMLE, CLOSE-
GAUSS, and CLOSE-NPMLE) have access to the true projection coefficient 8 of Y; onto X;, which they must
estimate by residualizing against covariates on the data. Additionally, we weight the estimation of mg and

S in INDEPENDENT-GAUSS by the precision 1/02, following Bergman et al. (2023).

53These posterior means are computed by approximating the true prior with the empirical distribution of a
large sample drawn from the true prior.
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What % of Naive-to-Oracle MSE gain do we capture?

Mean income rank 25

Mean income rank [white] 55 60

Mean income rank [Black] 30 61

Mean income rank [white male] 63 69

Mean income rank [Black male] 32 54
P(Income ranks in top 20) -160 “

P(Income ranks in top 20 | white) 31 51

P(Income ranks in top 20 | Black)

=]

P(Income ranks in top 20 | white male) 46

P(Income ranks in top 20 | Black male) “
Incarceration 32 68 68

61

Incarceration [white] 72

Incarceration [Black] 42 51
Incarceration [white male] 43 53
Incarceration [Black male] 25 42
Column median 30 51
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Notes. Each column is an empirical Bayes strategy that we consider, and each row is a
different definition of 14;. The table shows relative performance, defined as the squared error
improvement over NAIVE, normalized as a percentage of the improvement of ORACLE over
NAIVE. That is, if we think of going to ORACLE from NAIVE as the total extent of risk gains
via empirical Bayes methods, this relative performance denotes how much of those gains
each method captures. The last row shows the column median. Since we rely on Monte
Carlo approximations of ORACLE, the resulting Monte Carlo error causes CLOSE-NPMLE to
outperform ORACLE in the top right. Results are averaged over 1,000 Monte Carlo draws.

For absolute, un-normalized performance of INDEPENDENT-GAUSS, INDEPENDENT-NPMLE,
CLOSE-NPMLE, and ORACLE, see Figure B.10. O]

FIGURE 4. Table of relative squared error Bayes risk for various empirical
Bayes approaches

A value of 70 in Figure 4, for instance, indicates that a particular method captures 70% of
the possible extent of risk gains for a particular parameter definition.

The first four columns show the relative mean-squared error performance without resid-
ualizing against covariates, applying empirical Bayes methods directly on (}7;, o;). We see
that methods which assume prior independence—INDEPENDENT-GAUSS and INDEPENDENT-
NPMLE—perform worse than methods based on CLOSE.?® Across the 15 variables, the median

541 may be surprising that INDEPENDENT-GAUSS can perform worse than NAIVE on MSE, since Gaussian
empirical Bayes typically has a connection to the James—Stein estimator, which dominates the MLE. We
note that, as in Bergman et al. (2023), when we estimate the prior mean and prior variance, we weight the
data with precision weights proportional to 1/c2. When the independence between ¢ and o holds, these
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proportion of possible gains captured by INDEPENDENT-GAUSS is only 30%. This value is
51% for INDEPENDENT-NPMLE, and 87% for CLOSE-NPMLE. Individually for each variable,
among the first four columns, CLOSE-NPMLE uniformly dominates all three other methods.
This is because the standard error o; contains much of the predictive power of the covari-
ates, and using that information can be very helpful when the researcher does not have rich
covariate information.

The next five columns show performance when the methods do have access to covariate
information. Compared to their no-covariates counterparts, the methods that assume prior
independence do substantially better, since the covariates absorb some dependence between
¥; and ;. For MEAN RANK, after covariate residualization, there appears to be little de-
pendence between 6; and ¢;. INDEPENDENT-NPMLE and CLOSE-NPMLE perform similarly,
capturing almost all of the available gains. Both methods slightly outperform the Gaussian
methods for MEAN RANK."’

For the other two outcome variables, TOP-20 PROBABILITY and INCARCERATION, the
dependence between 6; and o; is stronger, and CLOSE-based methods display substantial im-
provements over INDEPENDENT-GAUSS and INDEPENDENT-NPMLE. CLOSE-NPMLE achieves
near-oracle performance across the different definitions of 6; (capturing a median of 95% of
the ORACLE-NAIVE gap), and uniformly dominates all other feasible methods.

So far, we have tested the methods in a synthetic environment set up to imitate the real
data. Next, we turn to an empirical application that uses the coupled bootstrap (Section 4.3)

estimator of performance.

5.3. Validation exercise via coupled bootstrap. Our second empirical exercise uses the
coupled bootstrap described in Section 4.3 for the ranking policy problem in Bergman et al.
(2023). Throughout, we choose w to emulate a 90-10 train-test split on the micro-data.
Bergman et al. (2023) use empirical Bayes methods to select the top third Census tracts
in Seattle, based on economic mobility—which we view as a TOP-m SELECTION problem
(Decision Problem 3). Can CLOSE-NPMLE make better selections—can it select tracts with
higher 9J; on average? Specifically, we imagine scaling up Bergman et al. (2023)’s exercise and
perform INDEPENDENT-GAUSS and CLOSE-NPMLE for all Census tracts in the largest twenty
Commuting Zones. We then select the top third of tracts within each Commuting Zone,

according to empirical Bayesian posterior means for 1¥;. Additionally, to faithfully mimic

precision weights typically improve efficiency. However, the weighting does break the connection between
Gaussian empirical Bayes and James—Stein, and the resulting posterior mean does not always dominate the
MLE (i.e., NAIVE). To take an extreme example, if a particular observation has o; & 0, then that observation
is highly influential for the prior mean estimate. If E[f; | 0;] is very different for that observation than the
other observations, then the estimated prior mean is a bad target to shrink towards.

55 Appendix B.4 contains an alternative data-generating process in which the true prior is Weibull, which has
thicker tails and higher skewness. Under such a scenario, NPMLE-based methods substantially outperform
methods assuming Gaussian priors.
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Bergman et al. (2023), here we perform all empirical Bayes procedures within Commuting
Zone. That is, for each of the twenty Commuting Zones that we consider, we execute all
empirical Bayes methods—including the residualization by covariates—with only Y;, o; of
tracts within the Commuting Zone.?®

Figure 5(a) shows the estimated performance gap between a given empirical Bayes method
and NAIVE as the z-position of the dots. The estimated performance of each method,’”
defined as the average 1J; among those selected (2.14), is shown in the annotated figures. Ac-
cording to these estimates, CLOSE-NPMLE generally improves over INDEPENDENT-GAUSS.”®

For the MEAN RANK variables, using CLOSE-NPMLE generates substantial gains for mobility
measures for Black individuals (0.8 percentile ranks for Black men and 0.5 percentile ranks
for Black individuals). To put these gains in dollar terms, the Housing Choice Voucher
holders in Bergman et al. (2023) have incomes around $19,000, and for these individuals, an
incremental percentile rank amounts to about $1,000. Thus, the estimated gain in terms of
mean income rank is roughly $500-800. For the other two outcomes, TOP-20 PROBABILITY
and INCARCERATION,” the gains are even more sizable, especially for Black individuals.
These gains are as high as 2-3 percentage points on average in terms of these two variables.

Bergman et al. (2023) select tracts based on MEAN RANK POOLED. For this measure,
there is little additional gain from using CLOSE-NPMLE, at least when residualized against
sufficiently rich covariates. Nevertheless, since about half of the trial participants are Black
in Bergman et al.’s (2023) setting, one might consider providing more personalized recom-
mendations by targeting measures of economic mobility for finer demographic subgroups. If
we select tracts based on these demographic-specific measures of economic mobility, CLOSE-
NPMLE then provides economically significant improvements.®’

We can think of the performance gap between INDEPENDENT-GAUSS and NAIVE as the
value of basic empirical Bayes. If practitioners find using the standard empirical Bayes
method to be a worthwhile investment over screening on the raw estimates directly, perhaps

they reveal that the value of basic empirical Bayes is economically significant. Across the

%6 Appendix B.6 contains results where we perform empirical Bayes pooling over all Commuting Zones and
select the top third within each Communting Zone. We obtain very similar results. Appendix B.6 also
contains results without residualizing against covariates, and INDEPENDENT-GAUSS performs very poorly in
that setting. Appendix B.5 contains results on estimating ¥; in MSE (Decision Problem 1) in this context.
57By virtue of Proposition 1, these estimated performances are unbiased for the true (negative) Bayes risk.
Despite being averaged over 1,000 coupled bootstrap draws, these estimates are not free of sampling error,
since, for one, the stochastic components in Y; are not redrawn.

58For MEAN RANK POOLED, CLOSE-NPMLE is worse by 0.012 percentile ranks, and CLOSE-NPMLE is worse
by 0.058 percentile ranks for MEAN RANK for white males. In either case, the estimated disimprovement is
small.

®For incarceration, we consider a policy objective of encouraging people to move out of high-incarceration
areas.

60Appendix B.7 shows that screening with mobility measures for Black individuals outperforms screening
mobility for Black individuals with the POOLED estimate.
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(a) Estimated performance difference relative to NAIVE

Mean income rank 41 4g4r.4
Mean income rank [white] 51'6. 51.6
Mean income rank [Black] 382e @38
Mean income rank [white male] 49'(‘*”-“
Mean income rank [Black male] 347e 355
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(b) Estimated performance difference relative to picking uniformly at random
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Notes. These figures show the estimated performance of various decision rules over 1,000
draws of coupled bootstrap. Empirical Bayes methods, including residualization with re-
spect to the covariates, are applied within each Commuting Zone. Performance is measured
as the mean 1J; among selected Census tracts. All decision rules select the top third of Cen-
sus tracts within each Commuting Zone. Figure (a) plots the estimated performance gap
relative to NAIVE, where we annotate with the estimated performance for CLOSE-NPMLE and
INDEPENDENT-GAUSS. Figure (b) plots the estimated performance gap relative to picking
uniformly at random; we continue to annotate with the estimated performance. The shaded
regions in Figure (b) have lengths equal to the unconditional standard deviation of the un-
derlying parameter 1. O

FI1GURE 5. Performance of decision rules in top-m selection exercise

15 measures, the improvement of CLOSE-NPMLE over INDEPENDENT-GAUSS is on median
320% of the value of basic empirical Bayes, where the median is attained by MEAN RANK for
Black individuals. Thus, the additional gain of CLOSE-NPMLE over INDEPENDENT-GAUSS
is substantial compared to the value of basic empirical Bayes. If the latter is economically
significant, then it is similarly worthwhile to use CLOSE-NPMLE instead.
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For 3 of the 15 measures, including our running example, INDEPENDENT-GAUSS in fact
underperforms NAIVE, rendering the estimated value of basic empirical Bayes negative. As
a result, we consider a different normalization in Figure 5(b). Figure 5(b) plots the differ-
ence between a given method’s performance and the estimated mean 1J; for a given mea-
sure. Analogous to the value of basic empirical Bayes, we think of the difference between
INDEPENDENT-GAUSS’s performance and the estimated mean 9J; as the value of data, since
choosing the tracts randomly in the absence of data has expected performance equal to mean
¥;. If the mobility estimates are at all useful for decision-making, the value of data must be
economically significant.

Across the 15 measures considered, the gain of CLOSE-NPMLE is on median 25% of the
value of data. For six of the 15 measures, the gain of CLOSE-NPMLE exceeds the value of
data. For MEAN RANK for Black individuals, the incremental value of CLOSE-NPMLE over
INDEPENDENT-GAUSS is about 15% of the value of data, which is already sizable. These rel-
ative gains are more substantial for the binarized outcome variables TOP-20 PROBABILITY
and INCARCERATION. For our running example (TOP-20 PROBABILITY for Black individu-
als), this incremental gain of CLOSE-NPMLE is 210% the value of data. That is, relative to
choosing randomly, CLOSE-NPMLE delivers gains 3.1 times that of INDEPENDENT-GAUSS.

6. Conclusion

This paper studies empirical Bayes methods in the heteroskedastic Gaussian location
model. We argue that prior independence—the assumption that the precision of estimates
does not predict the true parameter—is theoretically questionable and often empirically re-
jected. Empirical Bayes shrinkage methods that rely on prior independence can generate
worse posterior mean estimates, and screening decisions based on these estimates can suffer
as a result. They may even be worse than the selection decisions made with the unshrunk
estimates directly.

Instead of treating 6; as independent from o;, we model its conditional distribution as
a location-scale family. This assumption leads naturally to a family of empirical Bayes
strategies that we call CLOSE. We prove that CLOSE-NPMLE attains minimax-optimal rates
in Bayes regret, extending previous theoretical results. That is, it approximates infeasible
oracle Bayes posterior means as competently as statistically possible. Our main theoretical
results are in terms of squared error, which we further connect to ranking-type decision
problems in Bergman et al. (2023). Additionally, we show that an idealized version of
CLOSE-NPMLE is robust, with finite worst-case Bayes risk. Lastly, we introduce a simple
validation procedure based on coupled bootstrap (Oliveira et al., 2021) and highlight its

utility for practitioners choosing among empirical Bayes shrinkage methods.
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Simulation and validation exercises demonstrate that CLOSE-NPMLE generates sizable
gains relative to the standard parametric empirical Bayes shrinkage method. Across cal-
ibrated simulations, CLOSE-NPMLE attains close-to-oracle mean-squared error performance.
In a hypothetical, scaled-up version of Bergman et al. (2023), across a wide range of economic
mobility measures, CLOSE-NPMLE consistently selects more mobile tracts than does the stan-
dard empirical Bayes method. The gains in the average economic mobility among selected
tracts, relative to the standard empirical Bayes procedure, are often comparable to—or even
multiples of—the value of basic empirical Bayes. These gains are even comparable to the
benefit of using standard empirical Bayes procedures over ignoring the data.

We close by highlighting some future directions. In Section 5, we use kernel smoothing
methods to estimate the unknown conditional moments 1y = (mg, so). These methods
presume a given level of smoothness and do not adapt to the true smoothness of ny. We can
imagine replacing the conditional moment estimation with adaptive methods (e.g., van der
Vaart and van Zanten, 2009). With cross-fitting, the regret result should similarly adapt to
the |||l rate of the estimators. Additionally, for the purpose of frequentist inference, the
procedure of Armstrong et al. (2022) apply in our setting as well and provide confidence sets
for the vector of parameters 6;., with average coverage guarantees. For frequentist inference
on the oracle posterior mean Ep [0; | Y}, 0;], we conjecture that a version of Ignatiadis and
Wager’s (2022) procedure—which so far only applies in the homoskedastic Gaussian case—is

valid under the location-scale model (2.6).
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Part 1. Proofs and discussions of results except the regret upper bound
Appendix A. Proofs and discussions of results except the regret upper bound

A.1. A simple regret rate lower bound: proof of Theorem 2. In this section, we prove

Theorem 2, restated below.

Theorem 2. Fix a set of valid hyperparameters H = (o4, 04, S¢, Su, Ao, A1, a, Bo, p) for Assump-
tions 2 to 4. Let P(H,o01.,) be the set of distributions Py on support points o1., which satisfy (2.6)
and Assumptions 2 to 4 corresponding to H. For a given Py, let 07 = Ep,[0; | Y;, 0;] denote the
oracle posterior means. Then there exists a constant ¢y > 0 such that the worst-case Bayes regret
of any estimator exceeds cHn_QE%:

, 1 o - %

inf  sup  Ep, [— Y (6 — 0:)> — (0 — 0,)%| > cun” @1,

01:n Ul:ne(ofzou) n =1

PyeP(H,01:n)

where the infimum is taken over all (possibly randomized) estimators of 6y.y,.

Proof. We consider a specific choice of Gy, 01.,, and sg. Namely, suppose Gy ~ N(0,1), o1., are

equally spaced in [0y, 0y, and so(0) = (s¢ + su)/2 = so is constant. Note that we can represent

3/2' = Qi + O'gWi -l-(O'iQ — O'g)l/2Ui.
—_——
V;
for independent Gaussians W;,U; ~ N(0,1). Suppose we are additionally given V;,04. The ex-
panded class of estimators 9~1;n that may depend on V;, gy is larger than the estimators él;n. More-
over, since ((V;, 04)I, 0¢) is sufficient for 6;.,,, we may restrict attention to 0., that depend solely
on Vi, 01, 0y.
Under our assumptions, the oracle posterior means 60 are equal to
2 2
50 , i
K2

s+ol " sg+of

0; = mo(oi)

For a given vector of estimates 61.,, we can form

2 2 2
N sgtor (= S
m(o;) = 0 5 <0¢ 0 2Yl>

o; 50+0

Then

n

;Z(e —07)

i=1

E

S\H

1
n

=32 (3750 St —c mo(Uz’))2] .

7

We have just shown that

n

= Z(éz —0;)* — (0 — 91')2] 2 infsupE
n

; m m
=1 0

inf sup E

01:n 01:1,FP0

Z mO(UZ))2]

where the supremum is over my satisfying Assumption 4, and the infimum is over all randomized
estimators of mg(o1),...,mo(o,) with data (V;,0;). Note that the squared error loss on the right-

hand side takes expectation over the fixed design points o1, ..., 0p,.
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Lastly, we connect the squared loss on the design points to the Ly loss of estimating mg(-) with
homoskedastic data V; ~ N (mg(0;), 05 4 s2). Since we are simply confronted with a nonparametric
regression problem, note that we may translate and rescale so that the design points 1., are equally
spaced in [0,1] and the variance of V; is 1—potentially changing the constant A; for the Holder
smoothness condition. The remaining task is to connect the average ¢5 loss on a set of equally
spaced grid points to the Ly loss over the interval.

Observe that for any m(o1),...,m(oy), there is a function m : [0, 1] — R such that its average
value on [1 4 (i — 1)/n, 1 +i/n] is m(o;):

n/ m(o)do = m(o;).
[14(i—1)/n,14i/n]

Now, note that

/ () — mo(a))? da = Z / () — mo(a))? de

[(i—1)/n, z/n]

N2 + (mo(0;) — mo(z))? dz
<2z/(”/m/n] (%) = mo(0:))? + (mo() — mo())* d

(Triangle inequality)

<QZ[ mg JZ))2+£2

n3
2L°
— Z —mo(oy))? + -
The third line follows by observing (i) [;(m(z) —mo(0;))* dz = (n [, m(z) dz — mg (UZ))2 L and (ii)

mo(+) is Lipschitz for some constant L since p 2 1 in Assumption 4.
Therefore,

n

inf supE % Z(m(%) - m0(0i>)2

momo i1

1. v ) 2L2 _
2 infsup ¢ E | [ (7(z) —mo(2)) de| — —5 ¢ Zpn i,
0 n

mo

where the last inequality follows from the well-known result of Ly minimax regression rate for
Holder classes. See, for instance, Corollary 2.3 in Tsybakov (2008). O

Remark A.1l. For ease of interpretation, Theorem 2 is stated in the expected regret version,
which is slightly disconnected from the upper bound Theorem 1, which conditions on a high-
probability event. Observe that Theorem 1 immediately implies the in-probability upper bound on
MSERegret,,:

MSERegret,, (G, 1) = Op (n_%(log n)%TaJF?’HBO) .
Using the in-probability version of the minimax lower bound for nonparametric regression in Theo-

rem 2 then implies an analogous lower bound (See, for instance, Theorems 2.4 and 2.5 in Tsybakov,
2008). |

A.2. Relating other decision objects to squared-error loss.
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Theorem 3. Suppose (2.3) holds, but (2.6) may or may not hold. Let &; be the plug-in deci-
sions with any vector of estimates éi, not necessarily from CLOSE-NPMLE. We have the following

inequalities on the expected regret corresponding to the decision rules 31

(1) For UTILITY MAXIMIZATION BY SELECTION,

g ] ) - : (3.7)

E[UMRegret,,] (

(2) For TOP-m SELECTION,

E[TopRegret(™] < 2,/ — (

Proof. (1) We compute

n 1/2
%Ze —07) ]) : (3.8)

=1

3

UMRegretn:—Z 0F > ¢i)(0; —¢i) — %Z]léz )(0; — )
=1

—

(0; — ci)

:72{ 0F > ¢;) — 1(6; > )

By law of iterated expectations, since 0;, 07 are both measurable with respect to the data,b!

E[UMRegret,,] = E [711 Zn: {1(92‘ > ) — 1(6; > cl)} 0 — c,)]
i=1

A~

Note that, for 1(8% > ¢;)—1(; > ¢;) to be nonzero, ¢; is between 6; and 0. Hence, |0 —c;| < |67 —6;]
and thus

n 1/2
1
E[UMRegret,,] <E <E |- E 07 — 91-)2] . (Jensen’s inequality)
n

i=1

1N,
n;|9i — 0]

(2) Let J* collect the indices of the top-m entries of 8 and let J collect the indices of the top-m
entries of 6;. Then,

1 n
—TopRegret n;{ (teJ")—1(i € J)}@
and hence, by law of iterated expectations,
nE[TopRegret ZE[{ zEJ)—l(zej)}Hi}.

61For a randomized decision rule 6; that is additionally measurable with respect to some U independent of
(0;,Y;,0;)"_, this step continues to hold since E[f; | U,Y;, 0;] = 07.
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Observe that this can be controlled by applying Proposition A.1, where w; = 0 for all i < n —m

and w; = 1 for all ¢ > n — m. In this case, ||w| = /m. Hence,
Lo 1/2 Lo 1/2
m m X m .
—E[TopRegret(™] < 2,/—E | | = (8; — 6})? <2y/—(E|=) (6; —67)?
et <278 | (1350 07) | <of7 (=130 0

Divide through by m/n to obtain the result.

Proposition A.1. Suppose o(-) is a permutation such that ég(n) > > éo‘(l)' Then
1< 1< 2lw| |1~ 4
— 07 — — 0 < —— | — 0; — 07)2,
’I’L;w () n;w o(i) = \/ﬁ nZZ( z)

where |Jw|| = /Y, w?.

Proof. We compute

1 & 1 ¢
o 2 willy == > wibh <
i=1 i=1

lem ., 1
=~ ity =~ > wibq)
=1

i=1

1/2
w 1 N - w 1 - .
< H\/l»‘j ) (n Z(e(i) _90(1))2> + H\/QQ " (0; — ei)z

<2

ng 1 " ~
=N (6; — 67)2.
w0

The last step follows from the observation that

n

> (0 = 00)* <D _(6: - 07)%.
=1

i=1
The left-hand side is the sorted difference between 607 and él This is smaller than the unsorted

difference by an application of the rearrangement inequality.%? O

A.3. Worst-case risk.

Theorem 4. Under (2.3) but not (2.6), assume the conditional distribution 6; | ; has mean mg(c;)

and variance 5(2)(01-). Denote the set of distributions of 6y.,, | o1., which obey these restrictions as

P(mo, so). Let éi,GSma denote the posterior mean estimates with some prior P* under the location-

scale model P* (0; <t | o;) = G} (t_s?((;(_(;i)), for some fixed G{j; with zero mean and unit variance.

Let p = max; s3(0;)/0? < oo be the maximal conditional signal-to-noise ratio and assume that it

is bounded. Then, for some C; < oo that solely depends on p,

< C5-inf sup Ep,

1~ - 2
sup  Ep, [ =) (0ig5me — 05) ;
0 [n Z ©50-70 ’ 01.n Py€P(mo,s0)

PoeP(mo,so) i=1

=1

1 .
- > (i - 9i)2] : (3.9)
62That is, for all real numbers 21 < -+ < Zp, 1 < -+ < Y, > i Ty < D_; wiy; for any permutation ().
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where the infimum on the right-hand side is over all (possibly randomized) estimators of 0; given
(Yi, 0i)izy and no(-).
Proof. Note that

A~

0i.G3.m0 = 50(04)7i.Gz.mo + M0 (07)

and
0; = so(0;)1i + mo(o;).
Thus,
1~ 1 o
- ;(91' —0;)% = - Zl s6(03) (Ficzme — 7i)°-
i= F

Chen (2023) shows that
Rp = sup {ETZ‘NG<Z~),ZZ‘|T¢NN(T~;,V-2)[(%iaGS:nO — ) >0, G (i), G has zero mean and unit variance}

is finite. Taking the expected value with respect to Py € P(myg,so) and apply the bound Rp, we
have that

n

E [i S (6 — 0:)?

=1

_ 1<
S RBE ;8%(01)

Note that when Py is such that 6; | o; ~ N (mo(0;), s3(0;)), the risk of any procedure exceeds
the Bayes risk (achieved by (2.12)). Hence, the Bayes risk under this Py lower bounds the minimax
risk

— Y ——45——s5(0;) <inf sup Ep, |= ) (0; —6;)"].
n ; Uz‘z + S%(Ui) o O1:n Po€P(mo,s0) ' n Z ' '

Note that, for some ¢4, 5, > 0,

L ST S L o) > s S sh(on)
— sc(o;) = — sc(o C5— sc(o
n o2 +s3(a) Y —~ 1+ s2(oy) /a2 0" "n pat R
Hence
1 — Rl < o? _ 1< .
E|=) (0:i—6:)" <—==> ——L—si(0i) <Cpinf sup Ep, |=> (6;—06;)?
n i=1 Cﬁ n i=1 Ui + SO<O—i 01:n PoEP(mo,So) n i=1

A .4. Unbiased loss estimation.

Proposition 1. Suppose (Y;,0;) obey the Gaussian heteroskedastic location model, assumed to

be independent across i (2.3). Fix some w > 0 and let v v be the coupled bootstrap draws.

1lm>»*1in

n
For some decision problem, let 5(}/1(:11)) be some decision rule using only data (Yi(l), Ui(l)>i:1. Let
F = (01% Y1(:}1)a O1m,(1)s Ulzm(g)), for Decision Problems 1 to 3, the estimators T(Y(Q) d) displayed

1in>

in Table 1 are unbiased for the corresponding loss:
2 1 1

Moreover, their conditional variances are equal to those expressions displayed in the third column

of Table 1.
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Proof. These are straightforward calculations of the expectation. Since every expectation and
variance is conditional on 01:,1,Y’l(j]),al:n’(l),al:n’(m, we write E[- | F] and Var(- | F) without
ambiguity.

(1) (Decision Problem 1) The unbiased estimation follows directly from the calculation
2 1 2 1
B[ - s 1 F| = 07 = 6,(v3))? + o2

The conditional variance statement holds by definition.

(2) (Decision Problem 2) The unbiased estimation follows directly from the calculation

1:n

E (6,007 = e) | F| = ri5) 0 co).
The conditional variance statement follows from

Var [&(Yl(:l))(Y;(Q) —ci) | -7:] = 5i(Y(1))Uin,(2)'

n

(3) (Decision Problem 3) The loss function for Decision Problem 3 is the same as that for

Decision Problem 2 with ¢; = 0. Since we condition on Y(l), the argument is thus analogous.

1n
]

A.5. A discrete choice model. There are n options facing N consumers, where each consumer
chooses one option. Each option is characterized by idiosyncratic quality 8; and inherent quality «;.
The latent quality of an option is §; = a; + p%, where N; < N is the number of consumers using
option j, generated in equilibrium from a discrete choice model. The term pN; reflects externalities
generated by the users of an option (congestion). We assume that «a;, 3; Y where 1 denotes
Ela; + ;] and o2, a%, 043 denotes the variances and covariance of o and 3.

To connect this model to our setting, we can imagine that the data analyst has estimates Y
for 0;, whose standard errors are a function of N;. The discrete choice model specifies how N;
selects on the quality component «;, and p determines how 0; is affected by N;. We characterize
Cov(#;, N;) as a function of the primitives p, i1, 0a, 03, 00gs-

Each individual ¢ is endowed with a private type ¢; = (€1,...,€;5) of i.i.d Type-1 extreme
value random utilities. This prior for €; is common knowledge and well-specified. aq.y,, 81.n, N are
common knowledge as well. Each individual ¢ is an expected utility maximizer, where the utility
of item j is

V= (%’ + B+ PNj’i> exp (€i)
N -1
where Nj _; is the number of other individuals choosing item j. Since individuals other than ¢ are

symmetric to i, the expected utility (conditional on what 4 observes) is®*

E;V; = (aj + B; + pm—ij) exp (&) ,

63Note that the externality that enters the utility is different from the externality in 6. This is for analytical
tractability purposes.

To prevent the utility component from becoming negative, we additionally assume that o; +3; > —p almost
surely, which imposes that p > —pu.
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where 7_;; is i’s prior expectation of Nj _;/(N — 1). A Bayes-Nash equilibrium is one in which
individual ¢ chooses the option with the highest E;V; and his beliefs about other individuals, m_;;,
are correct.

Since individuals are ex-ante symmetric, we assume that
m_ij =m; = P(E;V; > E;V},  VEk).
In such a symmetric equilibrium, 7 solves the system of equations

aj + B+ pmrj(N — 1) aj + B
S+ B+ pmy(N —1) 7 Ty i+ B

Finally, we assume that the total number of consumers is ex ante random

n
N | (a1, Bin) ~ Pois [ A- Zaj + B;
j=1

Assume that the data-generating process draws «, 8, IV, and individuals play the Bayes—Nash equi-

librium under symmetric beliefs 7. By the thinning property of Poisson processes, we have that
Lemma A.1. Nj | (o1, f1:n) ~ Pois (A(o; + ;) independently across j.
Now, under this process, we can compute the covariance between the latent quality 6; and the

sample size N; in closed form:

Cov (8;, N;) = Cov(aj, N;) + ~2— Var(N;)
—_——  Anp

selection —
congestion
p
=02 +oup) + pYom (A + X202 + 05 + 204p)]
This is positive—meaning that the latent quality is positively associated with precision—iff
P ~ Cov(aj, Nj) _ 02 + 04 '
Anp Var(N;) w4 Ao + ag +2043)

When the selection effect is positive (Cov(a;, Nj)), the above display requires the externality p
to not be too negative so as to dominate the selection effect. Note that the sign of the selection
contribution depends on the covariance between a and 3, and thus could be negative. Moreover,
if o instead were an undesirable trait to consumers, then the selection effect may also be negative.
The congestion effect similarly does not have to be negative. We allow for positive spillovers by
p> 0.

We can interpret various empirical observations through this model:

e For hospital value-added (Chandra et al., 2016), IN; positively selects on hospital quality
aj. This is likely true for most value-added settings.
e For teacher value-added, it is possible (Lazear, 2001; Barrett and Toma, 2013; Mehta,

2019) that teachers may prefer smaller classes, and school administrators may reward good
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teachers by letting them teach smaller classes. In the lens of this model, N; negatively
selects on quality.®*

¢ In integenerational mobility, N; is the number of poor minority households. Higher NN; leads
to oppressive institutions and residential segregation. We can interpret these pernicious

effects as a negative p.

However, this model does not capture all channels through which 6; can be correlated with o;.

For instance, the following is difficult to map to the discrete choice model.

e In unbalanced panel data settings, the length of the observed period for a unit—which
relates to the precision of the unit’s estimated fixed effect—may be correlated with the
underlying fixed effect. This observation dates at least to Olley and Pakes (1996), who note
that in a firm panel, those firms with shorter observed period are probably less productive
and have to shut down sooner. For value-added modeling of nursing homes, Einav et
al. (2022) note that patients with shorter stays at nursing homes typically experience an
adverse health event, including death. Such events are presumably more likely for worse
nursing homes, again inducing a correlation between nursing home qualities and the sample
sizes used to estimate them. Similarly, for teacher value-added, Bruhn et al. (2022) find
that teachers who have shorter observed spells in administrative datasets tend to be worse

and have noisier value added estimates.

A.6. Interpretation of empirical Bayes sampling model. When the empirical Bayes sampling
model fails to hold, empirical Bayes methods do not precisely mimic an oracle Bayesian’s decision.
However, in many cases, we can still interpret the empirical Bayes decision rules. In most such
cases, the interpretation is in terms of emulating an oracle Bayesian who is constrained. The oracles
are constrained either by removing its access to certain information or by restricting its decisions

to a particular class. We will consider two scenarios when such an interpration is natural.

A.6.1. Interpretation when independence of units fails. We consider the interpretation of the sam-
pling model (2.3) when it is misspecified. Recall that we assume (Y, 6;,0;) are sampled indepen-
dently across i, with Y; | 6;,0; ~ N (0;,0;). This sampling model can fail in two ways. First, it is
possible that Y., | 01.n,01., are correlated but still multivariate Gaussian. Second, it is possible
that (6;,0;) are correlated across i. Here, we limit our discussion to Decision Problem 1.

Let Y = (Y1,...,Y,) and @ = (61,...,6,)". Let us assume instead that

Y 6,5 ~N(0,)

where diag(X) = [02,...,02] and the variance-covariance matrix ¥ is known. Let Qo be the joint
distribution of @ | ¥. Now, the oracle Bayesian—who knows Qp—would use Eq,[0; | Y ,X] as
their decision rule. The empirical Bayesian can similarly emulate that oracle Bayes decision rule

by estimating Q. If the empirical Bayesian is willing to assume that the location-scale assumption

64Though the channel is not through student-level discrete choice of teachers.
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(2.6) describes Qq:

61 5) ~ 6 o) ~ G 000,

then the empirical Bayesian can similarly implement CLOSE, and output estimates of Eg,[0; | Y, X].
We should caveat that the NPMLE step no longer maximizes the full likelihood of Y with respect
to Gy, but a quasi-likelihood that averages over the log-likelihood of each Y; separately, ignoring
their joint distribution.

Now, let us consider what interpretation our method has when we erroneously assume either
the independence of Y; across i or that 8; | ¥ are independent across i. The latter independence
may fail, for instance, when the populations index places, and the 6;’s are thought to be spatially
correlated (e.g., in Miiller and Watson, 2022). Consider the class of separable decision rules, where

the forecast for 6; can depend solely on Y;, o;:
6(Y ,01.) = 6;(Y5, 03).

Consider a constrained oracle Bayesian who is forced to use a separable decision rule. They would
use Eqg,[0; | Yi,0i]. Note that this constrained decision rule depends on @y only through the
distribution 6; | o; (and not 6; | ¥). Thus, under the location-scale assumption
- —mo(oi)
(0i | o1:0) ~ Go < 5o(0%) > ;

CLOSE-based methods emulate this oracle Bayesian constrained to separable decision rules. Of
course, the resulting empirical Bayesian decision rule is not separable (since Gn presumably depends
on all the data), but it seeks to emulate the best possible separable rule. This interpretation in
terms of emulating a constrained oracle Bayesian holds regardless of the joint distribution of Y or
of 6, so long as our specification of the marginal distribution holds. Of course, our regret results

do not immediately carry over to this setting.

A.6.2. Interpretation with additional covariates X;. Additionally, we may also have population-

level covariates X;. Let us maintain that X; does not predict the noise in Y;:
Y, 1L X; | 9@, T;.

Here, we will discuss two questions. First, how do we handle covariates? Second, what is the
difference between using X; and o;—is the standard error simply a covariate?%
On the first question, there are two ways of incorporating covariates, under similar but distinct

assumptions. First, CLOSE-methods can be extended to incorporate covariates by augmenting (2.6)

65Covariates are considered in Ignatiadis and Wager (2019). They assume a homoskedastic setting where the
prior depends on some covariates X;: i.e., in our notation, 6; | X; ~ N (m(X;),s3) and Y; | 6; ~ N(6;,02).
Starting from our setting (2.6), to obtain theirs, one would (i) restrict to homoskedasticity o; = o, (ii)
consider some covariates X; that predict 6;, and model 6; | X; as a conditional location—but not scale—
family, and (iii) restrict Gy ~ N(0,1).

Their minimax lower bound on the regret uses essentially the same argument as we do in Theorem 2.
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to incorporate covariates. That is, we can instead assume that

t —mo(oi, X5)
Py(6; <t| X 0;) ~ Gy <30(0'i7Xi) > (A.1)
and estimate my, Sop nonparametrically. Instead of being one-dimensional nonparametric regression
problems, they are now (d 4 1)-dimensional nonparametric problems. Under the same Holder-type
smoothness conditions, the corresponding regret rate replaces n_% with n_%iﬁ. Second, as
we do in the empirical exercises, one could consider a strategy of residualizing against X; in some
arbitrary way, performing empirical Bayes, and undoing the residualization. This strategy dates
back to Fay and Herriot (1979). That is, with raw data Y; for parameter 9;, we can consider
forming the residuals Y; = Y; — b(X;) and 0; = Y; — b(X;), and perform empirical Bayes methods
on (Y;,6;,0;). At a high level, we can rationalize this strategy as mimicking a constrained oracle
Bayesian who solely has access to Y;, 0;, who knows the joint distribution of (6;, 0;), but who does
not have access to X;. Note that this interpretation is coherent regardless of the transformation
b(X;), allowing us to be more blasé about modeling X; than the previous approach. In particular,
choosing b(X;) = 0 ignores the covariate entirely; the resulting empirical Bayes procedure mimics
an oracle that does not have access to X;. Of course, when we impose the location-scale assumption
(2.6) on (0;,0;), different b(X;) gives rise to different—and possibly mutually exclusive—underlying
models on (94, 04, X;).

On the second question, in an operational sense, o; is simply another covariate. o¢; is not
particularly special in the assumption (A.1), and one interpretation of CLOSE is treating o; precisely
as a covariate to be regressed out. However, o; does occupy a special place in the statistical structure
of the problem. The likelihood of the data, Y; | 6;, 04, depends on o; but not X;. This special role
of 0; means that we must treat it with more care so that the resulting procedure has a coherent
interpretation. If we wanted to ignore covariates X;, we can imagine an oracle Bayesian who does
not have access to X;, and the resulting empirical procedure simply mimics that constrained oracle.
This line of reasoning does not work with o;, since any oracle Bayesian—constrained or otherwise—
must have access to 0;. As a result, we cannot avoid the problem of modeling 0; | o; as easily as

we could have avoided modeling 6; | X;, o; by changing the goalpost.
A.7. Alternatives to CLOSE.

A.7.1. Alternative methods. Let us turn to a few specific alternative methods that consider failure
of prior independence. We argue that they do not provide a free-lunch improvement over our

assumptions. At a glance, these alternative methods have properties summarized in Table 2.

Alternative 1 (Working with ¢-ratios). We may consider normalizing o; away by working with
t-ratios T; = % (0i,0;) ~ N (0;/0i,1). The resulting problem is homoskedastic by construction.
It is natural to consider performing empirical Bayes shrinkage assuming that Z—i R Hp, and use,
say, o;E [5—1 | TZ} as an estimator for the posterior mean of 0; (Jiang and Zhang, 2010). However,
such an approach approximates the optimal decision rule within a restricted class on a different

objective.
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TABLE 2. Properties of alternative methods

t-ratios Var. stab. Random &; SURE
transforms

Restrict to a class of procedures X X
Change the loss function X X
Require access to micro-data X
Assume 6; is independent from some other

known nuisance parameter, e.g. n; X X
Parametric restrictions on the micro-data X X

Let us restrict decision rules to those of the form d; t-stat(Yi, 0:) = 03h(Y;/03). The oracle Bayes
choice of h is h*(T;) = %. However, h* is not the posterior mean of 6;/c; given the t-ratio T,
unless 01-2 L 6;/0;. On thez other hand, the loss function that does rationalize the posterior mean
hT;) = E[0;/o; | T;] is the precision-weighted compound loss L(§,61.,) = 1 30, o 26 — 0).
Thus, rescaling posterior means on t-ratios achieves optimality for a weighted objective among a

restricted class of decision rules d; t-stat- [ |
Alternative 2 (Variance-stabilizing transforms). Second, we may consider a variance-stabilizing
transform when the underlying micro-data are Bernoulli and 6; is a Bernoulli mean (Efron and
Morris, 1975; Brown, 2008). Specifically, we rely on the asymptotic approximation
d
\/’I’Li(YVi — 91) — N(O, 01(1 — 91))

n;—00

A variance-stabilizing transform can disentangle the dependence: Let W; = 2arcsin(v/Y;) and
w; = 2arcsin(+/0;), and, by the delta method,

Vi (Wi — w;) ni%m N(0,1). Thus, approximately, W; | w;, n; ~ N (wi, 71@) )
One might consider an empirical Bayes approach on the resulting W;. Note that W; may still
violate prior independence, since w; may not be independent of n;. Moreover, squared error loss on
estimating w; = 2 arcsin(v/0;) is different from squared error loss on estimating 6;. We do not know
of any guarantees for the loss function on 6;, £ > | (6; — sin?(w;/2))?, when we perform empirical
Bayes analysis on w;. |
Alternative 3 (Treating the standard error as estimated). Lastly, if the researcher has access to
micro-data, Gu and Koenker (2017) and Fu et al. (2020) propose empirical Bayes strategies that
treat o; as noisy as well, in which we know the likelihood of (Y;,0;). This approach allows for
dependence between 6; and o; but assumes independence between (6;,0;) and some other known
nuisance parameter. To describe their model, we introduce more notation. Let Yj;,j = 1,...,n;,
denote the micro-data for population i, where, for each ¢, we are interested in the mean of Yj;.
Let Y; denote their sample mean and S? denote their sample variance, where o7 = S2/n;. Let o2,

denote the true variance of observations from population .
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Both papers work under Gaussian assumptions on the micro-data. This parametric assumption®®

on the micro-data—which is stronger than we require—implies that Y; L SZ-2 | (0i0,0i,ni) with
marginal distributions:
2
o n; — 1 1
Yi | oi0,0i,m; ~ N 6;, =2 S? | o0, 0i,m; ~ Gamma | ——, — | .

n; 2 20 i0
They then propose empirical Bayes methods treating Y; = (Y5, 5’12) as noisy estimates for parameters
0, = (91-,01-20). This formulation allows 6; to have a flexible distribution, and thus allows for
dependence between 6; and 0?0. However, since the known sample size n; enters the likelihood of

Y;, this approach still assumes that n; 1L ;. [ |

This discussion is not to say that CLOSE is necessarily preferable to these alternatives. It high-
lights that the possible dependence between 6; and o; cannot be easily resolved. As summarized in
Table 2, existing alternatives compromise on optimality, use a different loss function, or implicitly
assume 6; is independent from components of 7 (e.g., n;). Of course, depending on the empirical
context, these may well be reasonable features.

In contrast, our approach models 6; | o; directly via the location-scale assumption (2.6). A
natural question is whether other types of modeling may be superior—which we turn to next.
We argue that the location-scale model uniquely capitalizes on the appealing properties of the

NPMLE-based empirical Bayes approaches.

A.7.2. Alternative models for 6; | o;. One alternative is simply treating the joint distribution of
(6;,0;) fully nonparametrically. For instance, an f-modeling approach with Tweedie’s formula®”’
implies that an estimate of the conditional distribution Y; | o; is all one needs for computing the
posterior means (Brown and Greenshtein, 2009; Liu et al., 2020; Luo et al., 2023). However, condi-
tional density estimation is a challenging problem, and most available methods do not exploit the

restriction that Y; | o; is a Gaussian convolution. Similarly, one could consider flexible parametric

66The parametric restriction on the micro-data Y;; can be relaxed by appealing to the asymptotic distribution
of (V;,S2)—resulting in the Gaussian likelihood (Y;, S?) | 0;,%; ~ N(0;,%;). In general, however, ¥; also
depends on n; and higher moments of Y;;, which again may not be independent of 8;.

67That is, the posterior mean can be written as a functional of the density of Y:

B[O, | Yoo = Yito? S log fy| o) .
Yy y=Y;
where f(y | o) is the conditional density of Y | 0. Empirical Bayes approaches exploiting this formula
is known as f-modeling (Efron, 2014), since f usually denotes the marginal distribution of Y. This is in
contrast to g-modeling, which seeks to estimate the prior distribution of ;.
Brown and Greenshtein (2009) develop an f-modeling approach with a kernel smoothing density estimator
in the homoskedastic setting. Liu et al. (2020) extend this approach to a homoskedastic, balanced dynamic
panel setting, where the initial outcome for each unit acts as a known nuisance parameter, much like o; in our
case. Brown and Greenshtein (2009) and Liu et al. (2020) show that the squared error Bayes regret converges
to zero faster than the oracle Bayes risk. These guarantees do not imply regret rate characterizations similar
to those that we obtain. See Jiang and Zhang (2009) for additional discussion about the strengths of the
theoretical results in Brown and Greenshtein (2009) compared to NPMLE-based g-modeling approaches.
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g-modeling of 6; | o; in the vein of the log-spline sieve of Efron (2016).%® This has the advantage
of estimating a smooth prior at the cost of having tuning parameters. We are not aware of regret
results for this approach.

If we commit to making some substantive restriction on the joint distribution of (6;, o), it is fair to
ask why the conditional location-scale restriction (2.6) is necessarily preferable. However, if we wish
to capitalize on the theoretical and computational advantages of NPMLE, it is natural to consider
a class of procedures that transform the data in some way and use the NPMLE on the resulting
transformed data to estimate the prior distribution (Appendix A.7.3 gives a heuristic justification
for this strategy). If we wish to preserve the Gaussian location model structure on the transformed
data, then effectively we can only consider affine transformations (i.e., Z = a(o) + b(0)Y’) (shown
in Lemma A.2 below). If we further wish that Z obeys a Gaussian location model in which prior
independence holds (i.e., 7 = a(o) + b(0)0 is independent from v = b(o)o)—so that we can apply
NPMLE-based approaches assuming prior independence—then we have no other choice but to assume
(2.6). Thus, the conditional location-scale assumption is uniquely well-suited to capitalize on the

favorable properties of NPMLE already established in the literature, which we extend via Theorem 1.

Lemma A.2. Let Y ~ N(0,0?) with known o?. Consider a strictly increasing and differentiable
function g(-). Let Z = h(Y). Then the corresponding family of distributions of Z is a natural
exponential family if and only if h(Y) = a + bY .

Proof. The “if” part (<=) is immediate. We focus on the “only if” ( = ) part. Writing the

distribution of Y as an exponential family,

prl) xexp (17 + ol ) + 4(0,0))

for some ¢(y,0) and A(f,0). Note that we have

dh=1(z)

=y ()

pele) = )|

Thus, writing in exponential family form, for some g, we have that

pz(2) x exp <h_1(z)f2 +g(z,0)+ A6, 0))

Suppose Z follows a natural exponential family with natural parameter ¢(6;0). Then we can write

0
hil(z)ﬁ =2q(0;0) +v(0,0) + w(z).
Since h is strictly monotone and differentiable, so is h~!. Taking the z-derivative of both sides:
dh—l 2 2
=7 4(6;0) +w’(z)%.

dz ?q
68Generalizing Efron (2016), we may model g(8 | o) exp(ij1 a;(o;a;)pi(0)) where py,...,py are flexible
sieve expansions (e.g. spline basis functions) and a;(o; o;) are flexible functions indexed by finite-dimensional
parameters ;. The parameters o, ...,  can be estimated by maximizing the penalized likelihood of Y7.,.
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Since the left-hand side does not depend on 6, it follows that
q(0;0) +w'(z)
6
is free of @ for all z. Suppose w'(z) is not constant, then for z; # zo and w'(z1) # w'(22), the

difference is #-dependent

q(0;0) +w'(z1) _ q(0;0) +w'(z2) _ w'(z1) —w'(z2)
0 0 0 ’

dh—!
dz

Hence w'(z) is a constant. As a result, does not depend on z, and hence h(z) =a+bz. O

A.7.3. Model-free interpretation of CLOSE-NPMLE. When the location-scale model fails to hold, it
remains sensible to consider estimating the NPMLE on an affine transformation of the data, as in
CLOSE-NPMLE.

Let us first consider a given affine transformation of the data—mnot necessarily 7 = Z;#ggo)—into
(Zi, 7, vi) for which 7; | v; ~ H(;), and ask why NPMLE is reasonable. In population, NPMLE seeks to
minimize the average Kullback—Leibler (KL) divergence between the distribution of the estimates
Z; and the distribution implied by the convolution H x N(0, v?):

I 1

max - 2 EZiNfH(i),Vi [log fr.,(Z;)], equivalent to min - Z_Zl KL (fH(i),w I fH,ui) ,

where fpr, is the density of the convolution H * N'(0,2?). As shown by Jiang and Zhang (2009)
and Jiang (2020) (see Appendix C.3), the regret in mean-squared error under a misspecified prior
7; ~ H is upper bounded by the average squared Hellinger distance between the distribution of the
data and the distribution implied by H. The average Hellinger distance is further upper bounded

by the average KL divergence:

1 — 1 —
E th (fH(i):VﬂfH’Vi) < ﬁ ZKL <fH(¢),V¢ || fH7Vi> :
=1 =1

In this sense, even under misspecification (H, o #H (j)), NPMLE chooses a common distribution H
that minimizes an upper bound of regret.

Now that we have a justification for the NPMLE, let us consider the transformation we would like
to choose. It is reasonable, then, to choose the affine transform (a(c),b(c)) so that the resulting
conditional distributions H; of the transformed parameter 7; | o; are similar—under some distance
measure. Doing so does not recover prior independence on the transformed data but limits the
extent of non-independence. Choosing a(o),b(o) to ensure that 7; | o; has the same first two
moments is intuitively reasonable, and actually has a formal interpretation in terms of information-
theoretic divergences and optimal transport metrics, at least in a large-o regime (Chen and Niles-
Weed, 2022).
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Part 2. Additional empirical results

Appendix B. Additional empirical exercises
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FIGURE B.1. Estimated conditional variance s3(c), binned into deciles, with
95% uniform confidence intervals shown.

B.1. Positivity of so(-) in the Opportunity Atlas data. In the Opportunity Atlas data, we
often observe that the estimated conditional variance is negative: 5(2) < 0. To test if this is due to
sampling variation or underdispersion of the Opportunity Atlas estimates relative to the estimated
standard error, we consider the following upward-biased estimator of s%(oi). Without loss, let us
sort the Y;, 0; by oy, where o1 < --- < 0g,. Let §; = % [(Yi+1 -Y;)? — (01-2 + O'Z-2+1)]. Note that

_ B(oi) + 53(00) |, 1

1 2(0; + s3(o;
ES; | o1l = §E[(0i+179i)2 | o] = 2 +§(m0(oi+l)*m0(01))2 > (o +1)2 (o )

Hence S; is an overestimate of the successive averages of syp(c). Figure B.1 plot the estimated
conditional expectation of S; given oy, using a sample of (S1,S53,55,...) so that the S;’s used
are mutually independent. We see that for many measures of economic mobility, we can reject

E[S; | oi] > 0, indicating some overdispersion in the data.
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What % of Naive-to-Oracle MSE gain do we capture?

P(Income ranks in top 20 | Black) 46.0 53.0
P(Income ranks in top 20 | white male) 69.6 75.7
P(Income ranks in top 20 | Black male) 36.8 44.8 “

Column median 69.6
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FiGure B.2. Additional CLOSE-NPMLE variants for the calibrated simulation
in Section 5. Here the results average over 100 replications.

B.2. Robustness checks for the calibration exercise in Section 5. In Figure B.2, we eval-
uate two variants of CLOSE-NPMLE. The first variant (column 4) uses an estimator for so(-) that
smoothes the difference (Y — m(0))? — 02, rather than smoothing (Y — 7(c))? and then subtract-
ing 2. Since local linear regression suffers from bias coming from the convexity of the underlying
unknown function, smoothing the difference can perform better, as the convexity bias differences
out. The second variant (column 6) projects the estimated NPMLE G, to the space of mean zero
and variance one distributions, by normalizing by its estimated first and second moments. Neither
variant performs appreciably differently from the main version of CLOSE-NPMLE (column 5) that

we demonstrate in the main text.

B.3. Simulation exercise setup. This section describes the details of the simulation exercise in
Section 5. We restrict to the 10,109 tracts within the twenty largest Commuting Zones. Tracts
with missing information are dropped for each measure of mobility. Specifically, the simulated

data-generating process is as follows:

(Sim-1) Residualize f’, against some covariates X; to obtain 8 and residuals Y;. Estimate the

conditional moments myg, sgp on (Y;,0;) via local linear regression, described in Appendix G.
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(Sim-2) Partition o into vingtiles. Within each vingtile j, estimate an NPMLE G; over the data
( Yi-mo(o:) o

so(ai) 7 so(oi)
observation ¢ falls within vingtile j.

(Sim-3) Let 9 = so(0:)7} + mo(0;) + B/ X; and let Y;* | 5, 0; ~ N(07,02).

The estimated [, mg, so will serve as the basis for the true data-generating process in the simu-

) and normalize G; to have zero mean and unit variance. Sample 7 | o; ~ G if

lation, and as a result we do not denote it with hats.

The covariates used are poverty rate in 2010, share of Black individuals in 2010, mean household
income in 2000, log wage growth for high school graduates, mean family income rank of parents,
mean family income rank of Black parents, the fraction with college or post-graduate degrees in
2010, and the number of children—and the number of Black children—under 18 living in the given
tract with parents whose household income was below the national median. These covariates are
included in Chetty et al.’s (2020) publicly available data, and these descriptions are from their
codebook. This set of covariates is not precisely the same as what is used in Bergman et al.
(2023). Bergman et al. (2023) additionally use economic mobility estimates for a later birth cohort,
which are not included in the publicly released version of the Opportunity Atlas. The “number
of children” variables are used by (Chetty et al., 2020) as a population weighting variable; they

contain some information on the implicit micro-data sample sizes n;.

What % of Naive-to-Oracle MSE gain do we capture?

Mean income rank 38 39

Mean income rank [white] 48 59 58 62

Mean income rank [Black] 28 67
Mean income rank [white male] 60 71 71
Mean income rank [Black male] 30 59 “

P(Income ranks in top 20)

P(Income ranks in top 20 | white 29 50 60
33
48

P(Income ranks in top 20 | Black

P(Income ranks in top 20 | white male

)
)
)
)

P(Income ranks in top 20 | Black male

Incarceration

[
w

Incarceration [white]

I
N

Incarceration [Black]

Incarceration [white male] 44
Incarceration [Black male] 25
Column median 28
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F1GURE B.3. Analogue of Figure 4 for the data-generating process in Appen-
dix B.4. Here the results average over 100 replications.


https://opportunityinsights.org/wp-content/uploads/2019/07/Codebook-for-Table-4.pdf

B.4. Different Monte Carlo setup. We have also conducted a Monte Carlo exercise where we

replace (Sim-2) with the following step:
e For each o, let

1 1 mg(o;) — min; mo(o;)
= - 1=
"2 2max; mo(o;) — min;(o;)

e [1/2,1]

We sample 7 | 0; as a scaled and shifted Weibull distribution with shape «;. The scaling
and translation ensures that 7; | o; has mean zero and variance one. Because we choose the
Weibull distribution, the shape parameter «; corresponds exactly to o in Assumption 2.
Our choices of «; implies that 7; | o; has thicker tails than exponential and does not have

a moment-generating function.

The Weibull distribution has thicker tails and is skewed, and as a result, NPMLE-based methods tend
to greatly outperform methods based on assuming Gaussian priors. Figure B.3 show the analogue
of Figure 4 for this data-generating process. Indeed, we see that INDEPENDENT-NPMLE improves
over INDEPENDENT-GAUSS considerably, and similarly for CLOSE-NPMLE and ORACLE-GAUSS.

B.5. MSE in validation exercise with coupled bootstrap. We compare empirical Bayes pro-
cedures for the squared error estimation problem (Decision Problem 1), in the setting of the vali-
dation exercise in Section 5. Since this is an empirical application on real, rather than synthetic,
data, we no longer have access to oracle estimators. As a result, for the relative MSE performance,
we normalize by a different benchmark. We can think of the performance gain of INDEPENDENT-
GAUSS over NAIVE as the value of doing basic, standard empirical Bayes shrinkage. We normalize
each method’s estimated MSE improvement against NAIVE as a multiple of this “value of basic
empirical Bayes.” Figure B.4(a) shows the resulting relative performance. Since our notion of rel-
ative performance has changed, we use a different color scheme. A value of 1 means that a method
does exactly as well as INDEPENDENT-GAUSS, and a value of 2 means that, relative to NAIVE, a
method doubles the gain of basic empirical Bayes. Performance on a non-relative scale is shown in
Figure B.4(Db).

We find that our empirical patterns from the calibrated simulation Figure 4 mostly persists
on real data. In particular, INDEPENDENT-NPMLE offers small improvements over INDEPENDENT-
GAUSS. Nevertheless, CLOSE-NPMLE continues to dominate other methods. Across the definitions
of ¥;, CLOSE-NPMLE generates a median of 180% the value of basic empirical Bayes. That is, on
mean-squared error, moving from INDEPENDENT-GAUSS to CLOSE-NPMLE is about half as valuable
as moving from NAIVE to INDEPENDENT-GAUSS. For our running example (TOP-20 PROBABILITY
for Black individuals), moving from INDEPENDENT-GAUSS to CLOSE-NPMLE is more valuable than
moving from NAIVE to INDEPENDENT-GAUSS. If practitioners find using the standard empirical
Bayes method to be a worthwhile investment over using the raw estimates directly, then they may
find using CLOSE-NPMLE over INDEPENDENT-GAUSS to be a similarly worthwhile investment.

B.6. Empirical Bayes pooling over all Commuting Zones in validation exercise. Here,

we repeat the exercise in Figure 5, but we now estimate empirical Bayes methods pooling over all

64



(a) Normalized performance

On MSE, how much do we gain over Naive as a multiple of Indep-Gauss's gain over Naive?

Mean income rank 1.0 1.0 1.1

Mean income rank [white] 1.0 1.0 1.0
Mean income rank [Black] 1.0 1.0 1.2
Mean income rank [white male] 1.0 1.0 1.0
Mean income rank [Black male] 1.0 1.0 1.2
P(Income ranks in top 20) 1.0 1.8

P(Income ranks in top 20 | white) 1.0 1.0 1.1

7
Vg

P(Income ranks in top 20 | Black) 1.0 1.1
P(Income ranks in top 20 | white male) 1.0 1.0 1.2
P(Income ranks in top 20 | Black male) 1.0 1.2
Incarceration [white]
Incarceration [Black] 10 14 _
Incarceration [white male] 1.0 1:3 _
Incarceration [Black male] 1.0 1.2
& & &
& él@ eqé
< >
$ & &
N & o
[

(b

Mean income rank

~—

Performance difference against NAIVE

Mean income rank [white]

[ ]

Mean income rank [Black]

Mean income rank [white male]

[ ]

Mean income rank [Black male]

P(Income ranks in top 20

P(Income ranks in top 20 | white

P(Income ranks in top 20 | white male

$

)
)
P(Income ranks in top 20 | Black)
)
)

P(Income ranks in top 20 | Black male

Incarceration

Incarceration [white] ®
Naive
Indep-Gauss
Indep-NPMLE
CLOSE-NPMLE

Incarceration [Black]

Incarceration [white male]

llll‘illll!ilCdl"

D
LN N )

Incarceration [Black male]

-0.002 0.000 0.002 0.004 0.006
MSE improvement over Naive, Rg, naive — RB, method (Percentage point or percentile rank)

Notes. In panel (a), each column is an empirical Bayes strategy that we consider, and each
row is a different definition of ;. The table shows relative performance, defined as the
squared error improvement over NAIVE, normalized as a multiple of the improvement of
INDEPENDENT-GAUSS over NAIVE. By definition, such a measure is zero for NAIVE and one
for INDEPENDENT-GAUSS. The last row shows the column median. The mean-squared error
estimates average over 100 coupled bootstrap draws. For the variable INCARCERATION for
white individuals, the strategy INDEPENDENT-GAUSS underperform NAIVE, and the resulting
ratio is thus undefined.

Panel (b) shows the difference in MSE against NAIVE. O

F1cURE B.4. Estimated MSE Bayes risk for various empirical Bayes strategies
in the validation exercise.

Commuting Zones. We still pick the top third of every Commuting Zone. Our first exercise repeats

Figure 5 in this setting, shown in Figure B.5. The results are extremely similar.
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(a) Estimated performance

Mean income rank

Mean income rank [white]

Mean income rank [Black]

Mean income rank [white male]

Mean income rank [Black male]
P(Income ranks in top 20)

P(Income ranks in top 20 | white)
P(Income ranks in top 20 | Black)
P(Income ranks in top 20 | white male)
P(Income ranks in top 20 | Black male)
Incarceration

Incarceration [white]

Incarceration [Black]

Incarceration [white male]
Incarceration [Black male]

of CLOSE-NPMLE, INDEPENDENT-GAUSS, and NAIVE

]
L
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o
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o0
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el J
""" ‘®
09 ® CLOSE-NPMLE
®-9 ® Independent Gaussian
L ® Naive
L Y E[9] = SD(9)
0 10 20 30 40 50 60

Performance (average 9; among selected, percentile rank or percentage point)

(b) Estimated performance difference relative to NAIVE

Mean income rank

Mean income rank [white]

Mean income rank [Black]

Mean income rank [white male]

Mean income rank [Black male]
P(Income ranks in top 20)

P(Income ranks in top 20 | white)
P(Income ranks in top 20 | Black)
P(Income ranks in top 20 | white male)
P(Income ranks in top 20 | Black male)
Incarceration

Incarceration [white]

Incarceration [Black]

Incarceration [white male]
Incarceration [Black male]

47 4@ 474
9

51.5¢, 51.6
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38.1e
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34.79
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4.0 o
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4.0.9

® ® CLOSE-NPMLE

11.9¢

® ® Independent Gaussian

- Naive (zero)

-2

-1 0

1
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Performance difference relative to screening on raw estimates (percentile rank or percentage point)

(c) Estimated performance difference relative to picking uniformly at random

Mean income rank

Mean income rank [white]

Mean income rank [Black]

Mean income rank [white male]

Mean income rank [Black male]
P(Income ranks in top 20)

P(Income ranks in top 20 | white)
P(Income ranks in top 20 | Black)
P(Income ranks in top 20 | white male)
P(Income ranks in top 20 | Black male)
Incarceration

Incarceration [white]

Incarceration [Black]

Incarceration [white male]
Incarceration [Black male]

47.%4 A
51.9451.6
-
3808 6
38
49.48 4104
A J
M 35.4.
L
18.9.18.6
A J
23. 23.5
L J
729 029
21.% 22.4
L J
6.1¢ oo
40 e 4.4
A J
249 ® CLOSE-NPMLE
5.7 ° ® Independent Gaussian
409 @60 Naive
11.% o152 [0, SD)]
0 1 2 3 4 5 6 7 8

Performance difference relative to picking uniformly at random (percentile rank or percentage point)

Notes. These figures show the estimated performance of various decision rules over 100 coupled bootstrap draws.
Performance is measured as the mean ¥; among selected Census tracts. All decision rules select the top third of
Census tracts within each Commuting Zone. Figure (a) plots the estimated performance, averaged over 100 coupled
bootstrap draws, with the estimated unconditional mean and standard deviation shown as the grey interval. Figure
(b) plots the estimated performance gap relative to NAIVE, where we annotate with the estimated performance for
CLOSE-NPMLE and INDEPENDENT-GAUSS. Figure (c) plots the estimated performance gap relative to picking uniformly
at random; we continue to annotate with the estimated performance. The shaded regions in Figure (c) have lengths
equal to the unconditional standard deviation of the underlying parameter .

FiGURE B.5. Performance of decision rules in top-m selection exercise
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Separately, we consider the version of this exercise without covariates in Figure B.6. We see
that covariates are extremely important for the performance of INDEPENDENT-GAUSS, as it fre-
quently underperforms NAIVE without covariates.’” By comparison, they are less important for the

performance of CLOSE-NPMLE, as o; contains a lot of the signal in the tract-level covariates.

B.7. The tradeoff between accurate targeting and estimation precision. In this section,
we investigate the tradeoff between accurate targeting and estimation precision. That is, suppose
0;,Y;, 0, and 9;, T;,¢; are two sets variables corresponding to two measures of economic mobility.
For instance, perhaps 6; is MEAN RANK for Black individuals and ¥; is MEAN RANK pooling over
all individuals. Suppose the decision maker would like to select populations with high 6;, but the
estimates Y; are noisier than the estimates T;. It is plausible that screening on posterior means for
1¥; might outperform screening on posterior means for 6;.

We investigate this question via coupled bootstrap in the Bergman et al. (2023) exercise. In
particular, we let the subscript b (resp. w) denote quantities for Black (resp. white) individuals.
We assume that Y L Y, | 0, 0i. For each tract, we construct m; = n;/n;, where n; (resp.
n;) is the number of (resp. Black) children under 18 living in the given tract with parents whose
household income was below the national median.” Let 6; = milip+ (1—7;)0;i be a pooled measure,
where

Y; = 1Y+ (1 — 1) Yiy | 6; ~ N(0, 7202 + (1 — m;)%02,).
Each coupled bootstrap draw adds and subtracts noise Z;;,, Z;,, to Y and Y, where Z;, 1L Z;,,.
Bootstrap draws for Y; are constructed by taking the m;-combination of bootstrap draws for Yy, Y.

Here, we investigate whether screening tracts based on posterior mean estimates for 6;,, or 6;
generates better decisions in terms of 6;;,, owing to the precision in Y;,, and Y;. Figure B.7 shows
estimated performances of different empirical Bayes methods by different proxy variables that the
screening targets. For each measure of economic mobility for Black individuals, dots on the thick
black dashed line correspond to screening on the corresponding 6;,. Dots on the red (resp. blue)
dashed line correspond to screening on 60;,, (resp. 6;). We see that for all three measures of economic
mobility, using CLOSE-NPMLE to screen on the original parameter 6;;, performs best. In other words,

the benefits of higher precision are insufficient to offset inaccurate targeting.

69T his is in part since our implementation of INDEPENDENT-GAUSS uses weighted means for estimating the
prior parameters, worsening the misspecification. See Footnote 54.

"OThis is the demographic weighting variable used in Chetty et al. (2020). We use this weighting to construct
a pooled variable, rather than use the pooled variable in the Opportunity Atlas directly for the following
reasons. The pooled estimates of Chetty et al. (2020) unfortunately frequently lies outside the convex hull
of the white and Black estimates, making it difficult to infer the relative weights for Black individuals in a
tract.
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(a) Estimated performance of CLOSE-NPMLE, INDEPENDENT-GAUSS, and NAIVE

Mean income rank

Mean income rank [white]

Mean income rank [Black]

Mean income rank [white male]

Mean income rank [Black male]
P(Income ranks in top 20)

P(Income ranks in top 20 | white)
P(Income ranks in top 20 | Black)
P(Income ranks in top 20 | white male)
P(Income ranks in top 20 | Black male)
Incarceration

Incarceration [white]

Incarceration [Black]

Incarceration [white male]
Incarceration [Black male]

!

{

CLOSE-NPMLE

Independent Gaussian
Naive

E[8] = SD(9)

10 20 30 40 50
Performance (average 9; among selected, percentile rank or percentage point)

60

(b) Estimated performance difference relative to NAIVE

Mean income rank

Mean income rank [white]

Mean income rank [Black]

Mean income rank [white male]

Mean income rank [Black male]
P(Income ranks in top 20)

P(Income ranks in top 20 | white)
P(Income rarks in top 20 | Black)
P(Income ranks in top 20 | white male)
P(Income ranks?natop 20 | Black male)
Incarceration

Incarceration [white]

Incarceration [Black]

Incarceration [white1 rﬁale]
Incarceration [Black male]
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(c) Estimated performance difference relative to picking uniformly at random

Mean income rank

Mean income rank [white]

Mean income rank [Black]

Mean income rank [white male]

Mean income rank [Black male]
P(Income ranks in top 20)

P(Income ranks in top 20 | white)
P(Income ranks in top 20 | Black)
P(Income ranks in top 20 | white male)
P(Income ranks in top 20 | Black male)
Incarceration

Incarceration [white]

Incarceration [Black]

Incarceration [white male]
Incarceration [Black male]
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Performance difference relative to picking uniformly at random (percentile rank or percentage point)

Notes. These figures show the estimated performance of various decision rules over 100 coupled bootstrap draws.
There are no covariates to residualize against. Performance is measured as the mean 1J; among selected Census
tracts. All decision rules select the top third of Census tracts within each Commuting Zone. Figure (a) plots the
estimated performance, averaged over 100 coupled bootstrap draws, with the estimated unconditional mean and
standard deviation shown as the grey interval. Figure (b) plots the estimated performance gap relative to NAIVE,
where we annotate with the estimated performance for CLOSE-NPMLE and INDEPENDENT-GAUSS. Figure (c) plots the
estimated performance gap relative to picking uniformly at random; we continue to annotate with the estimated
performance. The shaded regions in Figure (c) have lengths equal to the unconditional standard deviation of the
underlying parameter 9. a

FIGURE B.6. Performance of decision rules in top-m selection exercise (No covariates)
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Mean income rank [Black] === = = = = == P —————————

P(Income ranks in top 20 | Black) = @= = = = == = = @ = = = & -

== Screen on estimates for Black
---- Screen on estimates pooling over Black and white
---- Screen on estimates for white

® ® CLOSE-NPMLE

Incarceration [Black] === = == == == == = = @ = e e e e -——— ® Naive

® Independent Gaussian

-0.5 0.0 0.5 1.0 15 20

Performance difference relative to screening on raw estimates for Black
(percentile rank or percentage point)

Notes. Estimated performance for different empirical Bayes methods by different proxy pa-
rameters. The performance of screening based on the raw Yj, is normalized to zero. All
results are over 100 coupled bootstrap draws. O

FiGurE B.7. Performances of strategies that screen on posterior means for
more precisely estimated parameters

Part 3. Regret control proofs
Appendix C. Setup, assumptions, and notation

We recall some notation in the main text, and introduce additional notation. Recall that we
assume n > 7. We observe (Y;,04)? 1, (Y;,04) € R x Ry such that

Yi | (6:;,00) ~ N (6;,07)

and (Y;,0;,0;) are mutually independent. Assume that the joint distribution for (6;,0;) takes the

location-scale form (2.6)

0i|(01,...,0n)NG0(9i_mM>

SO(Ui)
Define shorthands mg; = mg(o;) and sg; = so(o;). Define the transformed parameter 7; =

5 o? .
s = é By assumption,
7

0;—mo;
soi

the transformed data Z; = %, and the transformed variance v;
7

i
Zi | (ri,v5) ~ N (1i,v2) 7| vi, oo vm R Gl.

Let /) = (1, §) denote estimates of mg and sg. Likewise, let 7; = (m;, §;) = (m(oy), 5(0;)). For a

given 7, define

S o Yi—1i  seiZi+moi—1my o g . 02
Zi=2i(0) = ZZii) = ——— = ——————— =50 =3
S; S; Si

We will condition on o1., throughout, and hence we treat them as fixed.
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(a) Not residualized by covariates

Opportunity Atlas estimates for
E(Income ranks | Parent at 25th Percentile)
All tracts in the largest 20 Commuting Zones

0.50
0.45
-
8
©
_g 0.40
[7]
w
0.35
—— Estimated E[0 | o]l = E[Y | 0]
0.30 95% uniform confidence band for E[6 | o]
-2.2 -2.0 -1.8 -1.6 -1.4
logio (Standard error o;)
(b) Residualized by covariates
Opportunity Atlas estimates for
E(Income ranks | Parent at 25th Percentile)
All tracts in the largest 20 Commuting Zones
Residualized against tract-level covariates
0.01
0.00
-
2 -0.01
©
£
{4 -0.02
-0.03
—— Estimated E[0 | o] = E[Y | 0]
-0.04 95% uniform confidence band for E[6 | o]

-2.2 -2.0 -1.8 -1.6 -1.4
logio (Standard error ;)

Notes. This figure shows the estimated E[0 | o] for mean income rank, pooling over all
demographic groups. This is the measure of economic mobility used by Bergman et al.
(2023). The estimation and the confidence band procedures are the same as those in Figure 1.
In panel (a), 6;,Y; are defined as unresidualized measures of mean income rank. In panel

(b), we treat 6;,Y; as residualized against a vector of tract-level covariates as specified in
Appendix B.3. U

FicUure B.8. Estimated E[f | o] for mean income rank among those with
parents at the 25" percentile

For generic G and v > 0, define

fan) = [~ o(357) ; Glan.
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Opportunity Atlas estimates for
P(Income ranks in top 20 | Black, Parent at 25th Percentile)
All tracts in the largest 20 Commuting Zones
Residualized against tract-level covariates

0.4
s 02
172
Q
©
£
& 00

-0.2 Estimates Y; | 6;, 0; ~ N(8;, 07)
—— Estimated E[6 | 0] = E[Y | O]
95% uniform confidence band for E[6 | 0]

-250 -225 -200 -175 -150 -125 -1.00 -0.75
log1o (Standard error o;)

F1GURE B.9. The analogue of Figure 1 where Y}, ; are treated as residualized
against a vector of covariates as specified in Appendix B.3.
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Naive
Indep-Gauss
CLOSE-NPMLE
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Incarceration [white male] L 3
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Square root of estimated Bayes squared error risk (percentage point or percentile rank)

F1GURE B.10. Absolute mean-squared error risk of key methods for the cali-
brated simulation in Figure 4.

to be the marginal density of some mixed normal deviate Z | 7 ~ N (7, v?) with mixing distribution
7 ~ (. As a shorthand, we write

fic = fou(Zi) fig = f6.,.(Z)

Let the average squared Hellinger distance be

9 1 <
h (fGl,"fGQ,‘) = 52h2 (fGl,l/iasz,l/i)'
i=1
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For generic values n = (m, s) and distribution G, define the log-likelihood function

0i(21.6) = iz m.).6) =log [ (%‘) Gdr) = og (14(0) - fi) (Z:n)
Define . .

Suby,(G) = (i Zl Vi(Zi,mo, G) — % z; Vi(Zi; no, G0)> (C.1)

as the log-likelihood suboptimality oZ; G against the truez_distribution G, e:faluated on the true,

but unobserved, transformed data Z;, v;.
Fix some generic G and n = (m, s). The empirical Bayes posterior mean ignores the fact that

G, n are potentially estimated. The posterior mean for 6; = s;7 + m; is
Oi.cn = mi + 8iBq o, ()T | Zi(ﬁ)]-

Here, we define Eq , [h(7,Z) | 2] as the function of z that equals the posterior mean for h(r, Z)
under the data-generating model 7 ~ G and Z | 7 ~ N (7, v). Explicitly,

Ec. [h(r.Z) | 2] = fGl(z) / Wi, 2)p (2’ = T) L 6(an).

Explicitly, by Tweedie’s formula,

o T (i)
Ec o.mlmi | Zi(n)] = Zi(n) + 07 (n) =0
! fa.im)(Zi(n))
Hence, since Z;(n) = Yz;mtj
A f, s Zz n
Oicm=Yi+ Siﬁg(ﬂ)w-
fe.o.m)(Zi(n))

Define 0] = éi,Go,no to be the oracle Bayesian’s posterior mean. Fix some positive number p > 0,

define a regularized posterior mean as

X oo (Zi(m)
Oi.cp = Yi + 87 (n) G pila) 5 (C.2)
G,VZ("']) (Zl(n)) \/ V’L(ﬁ)
and define 0; , = éhgom’p correspondingly.
Lastly, we will also define
_ 1 _
p+(p) = ¢ (p) =y /log o2 P €(0.2m) 12) (C.3)

so that ¢(p4(p)) = p. Observe that ¢4 (p) < +/log(1/p).

C.1. Assumptions. Recall the assumptions we stated in the main text.



Assumption 1. Let ¢;(Z;,7n,G) = log (f_oooo © (%}—7) G(dT)) be the objective function in (2.11),

ignoring a constant factor 1/0;. We assume that G, satisfies

1< . 1 < .
= ilZiy0,Gr) = sup =Y i(Ziyi, H) = i (3-2)
ni= HeP®R) i

for tolerance k,,

2 n
= , 3.3
. nog< zm) (3.3)

A

Moreover, we require that Gn has support points within [min; Z-, max; Z;|. To ensure that k,, is

positive, we assume that n > 7 = [/2me].”

Assumption 2. The distribution G is has zero mean, unit variance, and admits simultaneous

moment control with parameter o € (0,2]: There exists a constant Ay > 0 such that for all p > 0,
(Erncy[I7IP))P < Agp!/®, (3.4)
Assumption 3. The variances (01.p, So) admit lower and upper bounds:

op < 0; < 0y and sy < 5o(+) < Sy,

o
so(o4)

Assumption 4. Let C% ([o¢,0u]) be the Hélder class of order p > 1 with maximal Holder norm

where 0 < oy, 0y, Sor, Sou < 00. This implies that 0 < vy < v; =

< vy < oo for some vy, vy,.

Ay > 0 supported on [0y, 0,,].”* We assume that
(1) The true conditional moments are Holder-smooth: my, so € CYy ([o4, 0u])-

Additionally, let By > 0 be a constant. Let V be a set of bounded functions supported on [0y, 0y,]
that (i) admits the uniform bound sup sey || fllc < Ca, and (ii) admits the metric entropy bound

log N(e, V. [|-llsc) < Cy oo (1/€)1/7.

We assume that the estimators for my and sg, 7 = (m, §), satisfy the following assumptions.

(2) For any € > 0, there exists a sufficiently large C' = C(¢), independently of n, such that for
all n,
P (max (i = mollocs 13 = solloe) > C(e)n™ 57 (logm)™ ) < .

"IThe constants k, also feature in Jiang (2020) to ensure that the fitted likelihood is bounded away from
zero. The particular constants in x,, are chosen to simplify expressions and are not material to the result.
?We recall the definition of a Holder class from van der Vaart and Wellner (1996), Section 2.7.1. We
specialize its definition to functions of one real variable. For an integer p, Holder-p functions are (p — 1)-
times differentiable, with a Lipschitz continuous (p — 1)%* derivative.

Definition 2. For some set X C R and constant A > 0, p > 0, let C% (X) be the set of continuous functions
[+ X = Rwith [|f[|;) < A. The norm ||-[|,y is defined as follows. Let p be the greatest integer strictly
smaller than p. Define

. |£D (@) - 2 (y)
= max su )|+ su

We refer to C%) (X) as a Hélder class of order p and || f||(,) as the Hélder norm.
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(3) The nuisance estimators take values in V almost surely: P (€ V,s € V) = 1.
(4) The conditional variance estimator respects the conditional variance bounds in Assump-
tion 3: P (%3¢ < § < 2s0,) = 1.
C.2. Regret control: result statement. Define the regret as the difference between the mean-

squared error of some feasible posterior means 6; ¢, against the mean-squared error of the oracle

posterior means

1~ 5 1o
MSERegret, (G 1) = = > (i — 0:)° = — > (07 — 0:)?
=1 =1
= S i~ 0+ 2306~ 00— ) (C.4)
ni:l o ' ni:l Z v ' '

(C.4) decomposes the MSE regret into a mean term that equals the mean-squared distance between
the feasible posterior means and the oracle posterior means, as well as a term that is mean zero
conditional on the data Y7,...,Y,, since 0] — 6; represents irreducible noise.

Fix sequences A, > 0 and M,, > 0. Define the following “good” event which we use in Theo-

rem F.1:

A= {1 = 1l = i = ol sol) < Aoy Zo = mx((Z] VD) <M [ (C)
On the event A,,, the nuisance estimates 7 are good, and the data Z; are not too large. Note that,
with A, = Cln_%pﬁ(log n)ho,
An=A(C)N{Z, < M,},
where A, is the event in (3.5).

Here, we prove the version of our result stated in the main text.

Theorem 1. Assume Assumptions 1 to 4 hold. Then, for any § € (0, %), there exists universal
constants Cy 3,5 > 0 and Cy 3,5 > 0 such that (i) P(A,(Ci,5)) > 1 —0 and that (ii) the expected

regret conditional on A, (C ) is dominated by the rate function
4 s = Zta 43494
E [MSERegretn(Gn, ) | An(Cracs)| < Coznon 741 (logn) 0, (3.6)

Proof. Immediately by Assumption 4(2-3), we can choose C} 3 so that P(A,(C1 %)) > 1—46. Let
A, = C’Lyn_ﬁ(log n)% and M, = C(logn)'/® for some C to be chosen. Both C1 7 and C may

depend on §. Moreover, we can decompose

E [MSERegretn(Gn,ﬁ) | An(CLH)}

1 A A _
< 1E [MSERegretn(Gn,ﬁ)u(An)} +E | MSERegret, (G, 1) 1(An(C120), Zn > M)
A \A,
__2p_ a 1
<un 34T (log n)%+3+250 + —(logn)?® (Theorem F.1 and Lemma F.1)
n

2 24a
Sy (log n) S+
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Note that the application of Theorem F.1 and Lemma F.1 implicitly picks some constant for
M,, = C(logn)'/®. This concludes the proof. O

Corollary 1. Assume the same setting as Theorem 1. Suppose, additionally, for all sufficiently
large Cy 3 > 0, P(A,(C13)) > 1 — n~2. Then, there exists a constant Coy > 0 such that the
expected regret is dominated by the rate function

~ 2 «
BayesRegret,, = E |MSERegret,, (G, 1)| < Co,q.ﬂf%% (log n)%%”ﬁo.
Proof. Let A,,, M, as in the proof of Theorem 1. Decompose

E[MSERegret,, (G, 7)] = E[MSERegret,, (G, 7)1(An)] + E[MSERegret,, (G, 7)1(AS)]
E[MSERegret,, (Gn, 7)1(A,)] + E[MSERegret,, (G, 1) L(AS U {Z, > M,})]
< E[MSERegret,, (Gn, 7)1(A,)] + E[MSERegret,, (G, 7) 1(AS)]

+ E[MSERegret, (G, 7)1(Z, > M,)]

<u n_%(log n)yfTa'Fg“ﬁo + g(log n)?/«
n

~

(Theorem F.1 and Lemma F.1)

_ 2 24a
SH n~ 2p+1 <log n) o +3+2507

where our application of Lemma F.1 uses the assumption that P(A,(C1#)%) = 1(||h — nllec >
Ap) < L O
Remark C.1 (Relaxing Assumption 4(4)). Note that the event A, (C) implies sg/2 < § < 25,
for all sufficiently large n > N¢ g, .s0u.p.80- Sinice we condition on A, (C) in Theorem 1, we can
drop Assumption 4(3) by only requiring (3.6) to hold for all sufficiently large n. This is a minor
modification since Theorem 1 is an upper bound on the convergence rate. On the other hand,
dropping Assumption 4(4) does affect regret control on the event AS(C}) below. Our truncation
rule for 5(-) in Appendix G ensures that 5(-) > . We show in Appendix G that this is sufficient
for the conclusion of Corollary 1.7 |

C.3. Regret control: proof ideas. We now discuss the main ideas and the structure of our

argument. Existing work (Soloff et al., 2021) controls the following quantity, in our notation,

A 1 - A *\ 2
E [MSERegret;(Gn, no)} —E [n ;(Ti’é%no — 1) ] (C.6)
1=
where 7, o =Eg [T | Z;] and G% is an approximate NPMLE on the data (Z;,v;)"_; (Theorem

8 in Soloff et al. (2021)).
They do so by showing that, loosely speaking,

73This lower bound on § also adds enough regularity to avoid writing “sufficiently large n” for the statement
analogous to Theorem 1 as well. See Appendix G for details.
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(i) For some constant C' and rate function é,, with high probability, the NPMLE achieves low
average squared Hellinger distance:
—2 1
P (B*(fas,.+ fons) > C02) < —.
This is because distributions G that achieve high likelihood—which G}, does by construction—tend
to have low average squared Hellinger distance with respect to Gy (Theorem 6 in Soloff et al.
(2021)). Roughly speaking, the rate function is linked to likelihood suboptimality (C.1):

62 = max (Subn(é’:), %(log n)ﬁraaﬂ) . (C.7)

(ii) For a fized distribution G, the deviation from oracle between the regularized posterior means

(C.2) is bounded by the average squared Hellinger distance:

E[(Fi.cmopn — 7o )?) S (108(1/pn)) 2R (feis fio.-)- (C.8)

Therefore, we should expect that the rate attained is log(1/p,)362, subjected to resolving the
following two issues.
(iii) Additional arguments can handle the difference between (C.8) and (C.6).

(iv) Additional empirical process arguments can handle the fact that G:; is estimated.

Our proof adapts this argument, where the key challenge is that we only observe (ZAZ, ;) instead
of (Z;,v;). As an outline,

e Appendix D (Theorem D.1 and Corollary D.1) establishes that G, estimated off (Z;, 1),
achieves high likelihood (i.e., low Sub,(G,)) on the data (Z;,v;), with high probability. This is
an oracle inequality in the sense that it bounds the performance degredation of G, relative to a
setting where 7g is known.

e Appendix E (Theorem E.1 and Corollary E.2) establishes that G, with high probability,
achieves low Hellinger distance. This is a result of independent interest, as it characterizes the
quality of fémw as an estimate of the true density fq, ;-

e Appendix F (Theorem F.1) establishes that the regret of éi,én,ﬁ is low, using the argument
controlling (C.6).

C.3.1. Intuition for Appendiz D. The argument in Appendix D is our most novel theoretical con-
2
tribution. Note that, by (C.7), to obtain a rate of the form §2 = n" i1 (logn)?,™ we would require
~ 2
that Sub,(G,) Sn~ i1 (logn)?. However, such a rate is not immediately attainable. To see this,

note that a direct Taylor expansion in 7 of the log-likelihood yields

;Z%(Zi,ﬁ, Gn) — % ZW(Z@'?UO, Gy)

O / 182 i
~ %Z (81;) (ni — noi) + % Z(m — 10i) a;g(m — 10i)- (C.9)

i ) g

T4We let (logn)” denote a generic logarithmic factor, and we will not keep track of y throughout this heuristic
discussion.
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é logn { Z 217/;1 ( 2p+1) +n- 2p+1 Z Ha ¢z

il

Bm- converges to zero, we would only be

Thus, without somehow showing that the first-order term
~ __Pp
able to obtain Sub,(G,) < n 2+ (logn)?, which is insufficient.
Fortunately, it is easy to compute that the expected first derivative, evaluated at Gy, is zero:

E {WGOW} _o.
n

As a result, we expect that if G, is close to G, then the corresponding first-order terms for G, will
also be small. More precisely, it is possible to bound the first-order term in terms of the average

squared Hellinger distance, yielding
23 (52) o
To summarize, through our calculation, the rate we obtain (Corollary D.1, (D.3)) for Sub,(Gy) is

= (logn)? {n_ﬁﬁ(fém_, faco,) + n_%} .

A more detailed breakdown is presented in Appendix D.2.4.

< n*ﬁ(log n)'yﬁ(f@n o fGo,)

C.3.2. Intuition for Appendixz E. Since the rate for Subn(én) from Appendix D itself includes h, it
is necessary to adapt the argument in the literature on Hellinger rate control (See, e.g., Theorem
4 in Jiang, 2020).
Our argument proceeds by observing that, with high probability,
SUbn(én) S ’772L + E(fém.a fGo,)An
for some rates v,, A,. Then, we separately bound, for k =1,..., K,
PONT SRS, o fon) < ONTTT Subi(Gh) S92 4+ f, o fon )M
<P[ONT2" <Blfg, o Joo): Suba(G) S92+ A2 (C.10)

using standard arguments in the literature. This is now feasible since the event (C.10) comes with

an upper bound for h. Thus, by a union bound,

b (S0 fen) > O N7") 2

5 |

We can choose K — oo appropriately slowly so as to obtain 7 < 62 with high probability.

C.3.3. Intuition for Appendiz F. All that is remaining before we can use the bound (C.6) directly
is dealing with the difference between él &

My

5 and U In Appendix F.3, we can use a Taylor

expansion to control the distance

_ |9
— om |a

A~ A~

(2 f (2

SZfGn, (Zi)  soita,,,(Zi)

9y

8m Gn »710

2

giyén’f] o 9i7én7770 -

n,

7



Doing so requires bounding the second derivatives of 1;, which are posterior moments under Gn
(Appendix D.10), and hence bounded due to assuming that G, has supported bounded within the
range of the data Z; (Lemma D.14). We then immediately find that

N *
ei,én,no B 9i,GOﬂ70
is proportional to the difference in 7-space. Therefore, the existing argument for (C.6) controls the

regret.

Appendix D. An oracle inequality for the likelihood

Recall that for some fixed A,,, M,,, we define A,, = {Hﬁ —Nloo < Apy Zn < Mn}. In this section,
we bound
P [, Subn(G) 2 ]
for some rate function €,. It is convenient to state a set of high-level assumptions on the rates
A, M,,. These are satisfied for A, =< n=?/Pt)(logn)?, M, =< (logn)'/*.
Assumption D.1. Assume that
(1) 7= Su B Suogm Sl
(2) Viogn Sy M,
Note that there exists p, by Lemma D.9 that lower bounds the density fénzl’i (z) for all Z;. Then
our main result is an oracle inequality.
Theorem D.1. Let ||/} —nloc = max(||/n —molloo, [|5 — solloo) and Z,, = max;e(,) | Zi| V 1. Suppose
G, satisfies Assumption 1. Under Assumptions 2 to 4 and D.1, there exists constants C1 3., Co34 > 0
such that the following tail bound holds: Let

1—L

1 — o AN
€n = Mp+/log nAnﬁ Z h (f@n,w’ fG07Vi) + AnMn\/@e_CQv”M” + A%Mz logn + Mg j/ﬁ .
i=1
(D.1)

Then,

_ N 9
P |:Zn < Mna Hﬁ - 77”00 < Ana SUbn(Gn) > Cl,?—len} < E

The following corollary plugs in some concrete rates for A,, M, and verifies that they satisfy

Assumption D.1.
Corollary D.1. For g > 0, suppose

Ay = Cy.m*ﬁ(log n)? and M, = (Cy + 1)(02_71{ log n)'/®. (D.2)

Then there exists a C3; such that the following tail bound holds. Suppose G, satisfies Assumption 1.

Under Assumptions 2 to 4, define &,, as:

a —_ 27 (e
en = n B4 (logn) 5 R (fo, Sy, ) +n” T (logn) 552, (D.3)
we have that,
- . ~ N 9
P [zn < M, |11 — 1lloe < A, Subp(G) > C’Hen] <=
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The constant Cy in Ay, M, affects the conclusion of the statement only through affecting the

constant C;‘{.

D.1. Proof of Corollary D.1. We first show that the specification of A,, and M,, means that the

requirements of Assumption D.1 are satisfied. Among the requirements of Assumption D.1:

(1) is satisfied since the polynomial part of A, converges to zero slower than n~1/2, but con-

verges to zero faster than any logarithmic rate. M, is a logarithmic rate.
(2) is satisfied since o < 2.

We also observe that by Jensen’s inequality,
1 _
E Z h(fé’ny,,zw fGo,l/i) < h(fémv fGo,-)y
i
and so we can replace the corresponding factor in €, by h. Now, we plug the rates A, M,, into e,.

We find that the term

[e3 «@ 1
ApM2e=C2nMi = A M2~ (D) (ogn) < A N2p~1 < HAnM;f <u A2M?logn

since logn > 1 as n > v/2me by Assumption 1. Plugging in the rates for the other terms, we find

that

€n SH En-
Therefore, Corollary D.1 follows from Theorem D.1.
D.2. Proof of Theorem D.1.

D.2.1. Decomposition of Sub,(Gy). Observe that, by definition of G, in (3.2),

721#2 17777 —*sz Zan7G0)>"€n

For random variables a,,, b, such that almost surely

Z'@bz Zvn’ d}z( za7707 ) <apy
Z% ir 7] 7 ¢1(Zm7707G0)
we have
7217/)1 Z177707 - 72"#1 Z)”OaGO) _an_bn_ﬁn
and

Subn(én) < an + by, + kn.

Therefore, it suffices to show large deviation results for a,, and b,,.

D.2.2. Taylor expansion of Vi(Z;,n,G ) Vi(Zi,no, G ) Define A,,; = m; — mog, Dg; = 8 — S04,
and A; = [An, Agl’. Recall ||[1—n]loo = max(]|s—s0||oos | —mol|oo) as in (C.5). Since ¢;(Z;, 1, G)
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is smooth in (m;, s;) € R x Rsg, we can take a second-order Taylor expansion:

_ O O
N 8177,@ mi + 681'

(45 (Ziaﬁa én) — (Zi,ﬁo, én)

nOaén

7]07én
Ry;

~ 2,/ . . . ~ .
where H;(7;, Gy,) is the Hessian matrix 8‘?712;]; evaluated at some intermediate value 7; lying on the

line segment between 7; and ng;.
We further decompose the first-order terms into an empirical process term and a mean-component

term. By Lemma D.9, (D.26), and (D.28), for

1 _C M2A 1
— e THYVnTn A , D.5
n? ev2m (D-5)

Pn =

we have that the numerators to the first derivatives can be truncated at p,, as the truncation does

not bind:

/
;i 1 f Gn g
i _ _il’ipn = Dm,i(Zi,Gn,UOapn)
omily, e,  sifia, Vi
o si Qi(Zi,m, G A
5 i = %w = DS;L'(ZZ‘,Gn,UO,pn)-
SilnGn % figa Vo

Let
Dii (G 1oy pu) = / Dioi(z Gy 10, p) o (2)dz for k € {m, s}

be the mean of Dy ;. Then, for k € {m, s},

s . _ . .
8111}1 Ay = |:Dk,i(Zia Gnsno, pn) — Dk,z‘(Gn,Tlmpn)} Api + Dy i(Gn, 105 pn) Aki
g 7707Gn
Hence, we can decompose the first-order terms in a,, as
1 <~ Oy I~ - 1 @ R .
- Agi == Dii(Gnno, pn)Ari + = > [Dk,i(Zia G, 0, pn) — Di,i(Gn,y o, pn) | Ak
n i Okl e, i i

= Ui + U,
Let the second order term be Ry = 2 3~ Ry;. We let a,, = |Ry| + > kefm,sy Uikl + Uzl

D.2.3. Taylor expansion of V¥;(Z;, 0, Go) — ¥i(Zi,no, Go). Like (D.4), we similarly decompose

) i oY; 1 _
Vi(Zi, 0, Go) — ¥i(Zi; o, Go) = v mi + O Agi + = AJH; (75, Go) A (D.6)
0 % G 88i a 2
n0,Go 10,Go
Ry;
- Z Dkﬂ'(ZZV Go, 7o, O)Alm + Ry;
ke{m,s}
= Uspmi + Ussi + Ro;. (D.7)

Let Us, = 2 3, Usy; for k € {m, s} and let Ry = 1 3. Ry;. Welet b, = | Ra|+3 ke fm,sy |Usk|+|Uskl
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D.2.4. Bounding each term individually. By our decomposition, we can write

(n + by + i < Fn 4 | Ral + [Rol + Y Ukl + |Uni| + |Usil
ke{m,s}

The ensuing subsections bound each term individually. Here we give an overview of the main ideas:

(1) We bound 1(A;)|Uy,| in almost sure terms in Lemma D.1 by observing that |D,y;| is small

when Gn is close to Gy, since Emi(Go, 10,0) = 0. To do so, we need to control the differences

A~

Emi(CJna 1o, Pn) - Emi(CJOa Mo, Pn)

and
Dii(Go, 10, pn) = Dini(Go,10,0) = Dini(Go, 10, pn)-
=0

Controlling the first difference features the Hellinger distance, while controlling the second relies
on the fact that Py ¢x)(f(X) < p) cannot be too large, by a Chebyshev’s inequality argument in
Lemma D.12. Similarly, we bound 1(A4,,)|U;s| in Lemma D.2.

(2) The empirical process terms Usy,, Uss are bounded probabilistically in Lemmas D.3 and D.4
with statements of the form

P(A,, |Us| > c1) < ca.

To do so, we upper bound 1(A,)Us, < Usyy, in almost sure terms. The upper bound is obtained by
projecting G,, onto a w-net of P(R) in terms of some pseudo-metric dj o a, induced by Ek,i' The
upper bound Usy, then takes the form

1 _
- Z(Dki — Dyi)(ni —moi)| N < N(w, P(R), dy00,m,,)-

wA,, + max sup
JE[N] nes

Large deviation of Uy is further controlled by applying Dudley’s chaining argument (Vershynin,
2018), since the entropy integral over Holder spaces is well-behaved. The covering number N
is controlled via Proposition D.1 and Proposition D.2, which are minor extensions to Lemma 4
and Theorem 7 in Jiang (2020). The covering number is of a manageable size since the induced
distributions fg ., are very smooth.

(3) Since Dy i(Go,m0,0) = 0. Usyy, Uss are effectively also empirical process terms, without the
additional randomness in G‘n Thus the w-net argument above is unnecessary for Us,,, Uss, whereas
the bounding follows from the same Dudley’s chaining argument. Lemma D.6 bounds Usg.

(4) For the second derivative terms Rj, Ry, we observe that the second derivatives take the
form of functions of posterior moments. The posterior moments under prior G, is bounded within
constant factors of M,! since the support of G,, is restricted. The posterior moments under prior Gy
is bounded by | Z;|?7 <y M,! as we show in Lemma D.18, thanks to the simultaneous moment control
for Go. Hence 1(A,,)R; can be bounded in almost sure terms. We bound 1(A4,,) Rz probabilistically.

The second derivatives are bounded in Lemmas D.5 and D.7.

(1) and (4) above bounds Uiy, Ri, R2 almost surely under A,. (2) and (3) bounds Us, Usy
probabilistically. By a union bound in Lemma D.17, we can simply add the rates. Doing so, we

find that the first term in ¢, (D.1) comes from Ui, which dominates Uj,,. The second term comes
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from Usg, which dominates Usy,. The third term comes from R;, which dominates Ro. The fourth
term comes from Uss. The leading terms in €, dominate k,, recalling (3.3). This completes the
proof.
Before we proceed to the individual lemmas, we highlight a few convenient facts:
e The support of G, is within [~M,, M,], where M, = max; |Z;(7)| V 1. Under Assump-
tion D.1, 1(A,)M,, Sy M, by Lemma D.11(3).
e As a result, moments of G, and fénvl’i is bounded by appropriate moments of M, up to

constants, under A,,.

D.3. Bounding Uj,.
Lemma D.1. Under Assumptions 1 to 4, assume additionally that ||} — 1||cc < An, Zn < M,

Assume that the rates satisfy Assumption D.1. Then

I~ A log n < M3
Uim| = |~ > Dimi( G0, pn) Ami| St An > hfaow I, ) + : (D.8)
i=1 =1
Proof. Note that
. < 7 )
[ Din,i(Gs 005 pr)| Sso /WfGo,w(z)dZ
‘ / P e W) T, )+ fo (0
< ‘/ m [faow:(2) = fa, . (2)]dz (D.9)
—fc"’”i ) d D.10
By the bounds for (D.9) and (D.10) below, we have that
Viogn — ]\4,1/3
|U1m’ SJH Ay, { n Z h(fGOJ/i? fén,f/i) + n
i=1
by Assumption D.1. O

D.3.1. Bounding (D.9). Consider the first term (D.9):
!
fén,l/i(z)
S (2)V @

| e (Vo ) (ot + )

(fonn(2) = f, . (2)) d=
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1/2
i ) o () (i )

(Cauchy—Schwarz)

1/2

fe 2\
M faow fa, ) / W (faow (2) + fa, . (2) dz (D.11)

Vi
By Lemmas D.9 and D.10,

LNAS 2< L og(1/p) <oy 1
W ~ U og(1/pn) Sa logn.

Vi

Hence,

(D.9) Su h(feow, fe, )V ogn
D.3.2. Bounding (D.10). The second term (D.10) is

fén,l/i (Z) fénﬂ’i (Z)
) |/ fén,l/i (Z) (f@n,uz(z) v pi B 1) fén,l’i (Z) dz

Vi

1(fg () < oufvi) fg, (2 d2

. <EZN . [(EG [(r ;22) |Z]>2

-1
S]ETNGAn,Zf\/./\f(T,ui) [(T_Z)z/yzﬂl/zzyi

1/2
> ‘\/Pféwl, [fa, . (Z) < pn/vi.

(Cauchy—Schwarz and (D.33))

By Jensen’s inequality and law of iterated expectations, the first term is bounded by V% By
Lemma D.12, the second term is bounded by p; 13 VarZNfé y (Z)1/6. Now,

VarZNf@n,l,i(Z) < Vi2 + M%(Gn) SH MZ

Hence,

/

. z
Gn,v;

chn,u (2)dz

D.4. Bounding Uq;.

<o MM3pl/3 <y a1 B3p L (Lemma D.9)

n,Vi

Lemma D.2. Under Assumptions 1 to 4 and D.1, if |) — n]|coc < Ap, Zn < M, then

\Uts| S A

M,/Togn — MA/3
—_— h(f: ”
n Z (fGn’yi7fGO’ ’L) +

(D.12)

n
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Proof. Similar to our computation with ﬁmi, we decompose

DalC Qi(2,10, Cin)
’Ds,i(GmUOyPn)’ Souau,soe,SOu fén,:i (z) V (p:/Vz) (fGo,w( z) — fGn%( 2)) dz (D.13)
Qi(z> 105 én)
) / TG 2) D.14
' fén,l/i (Z) \/ (pn/]/l) G’ﬂvuz( ) ( )
We conclude the proof by plugging in our subsequent calculations. -

D.4.1. Bounding (D.13). The first term (D.13) is bounded by

2
</ fe (2 770, pn}m [fGo,uz( ) = fe, ., (2 )} Z)

n:Vz

~ 2
2 Qi(z77707 G’n)
h (fGo,Via f@myl)/ (fémyi (Z) v (pn/l/z)> |:fG0,Vi (Z) + fémyi (Z) dZa

similar to the computation in (D.11).
By Lemmas D.9 and D.13,

Qi(zv 1o, Gn)
fén,yi (Z) \4 (pn/Vi)

2
) 50870“)50273011, ( \% log nMn + log n)2 SJH M’I% logn

Hence
2
Q(zay’i) X 9
/ (f@n,ﬁxz)v(pn/m)) [0 (2) + S,(2)] = S My logm
Hence
(D.13) Sop.0u.500.500 Mn\/lognh(fgo,,,i,fémyi). (D.15)
D.4.2. Bounding (D.14). Observe that
Qi(z,m0,Gn) fe, ., (%)
D.14) = Vi
. ‘ T ) (fen,yxz)v(pn/ui) T %) 2

Similar to our argument for (D.10), by Cauchy—Schwarz,

) < (B, o [Bq,, 127 2)))" VPren U0 (2) < pu/10)

A3
S My, piBMYE g ——.

D.5. Bounding Us,,.
Lemma D.3. Under Assumptions 1 to 4 and D.1,

_ o« logn 1 2
h < < > —Cn My < Z
19~ e < S Zu € M [Vl ¢ v/logm, { N (Mypwz}] K
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Proof. We prove this claim by first showing that if || — 7|l < A, and Z,, < M,,, we can upper
bound |Us,,,| by some stochastic quantity Us,,. Now, observe that

P [”77 - 77”00 S Ana7n S an ‘U2m| > t] S P [Hﬁ - 77”00 S Anain S M’mUQm > t] S P[UQm > t]-

Hence, a stochastic upper bound on Us, would verify the claim.

We now construct Us,, assuming || — nlec < Ay, and Z,, < M,,. Let
Dm,i,Mn (Z’H Gﬂn 777 Pn) = Dm,i(Zia éna ﬁ7 pn)]]-(’ZZ‘ S Mn)

and let

Dm,i,Mn(Gnaﬁapn) = /Dm,i(zaéN7ﬁ7pn)1(|Z < Mn)fGo,Vi(z) dz.

On the event Z,, < M,, Dy, im,, = Di i We recall that

n

|U2m| = % Z(Dm,z - ﬁm,z)Amz

1 7,7——11 B 1 W B
S E Z(Dm,i,Mn - Dm,i,Mn)Ami + ’TL Z(Dm,z - Dm,i,Mn)Ami .
=1 =1
Note that
‘ﬁmz - ﬁm i, M, ’ Sog Ou,80¢,80 / fémw (Z) fGo v; (Z) dz
7 e s |2|> M, f@m,,i(z) V (pn/vi) o

<x+Vlogn, Lemmas D.9 and D.10
S ViognPa, v, (1Zi] > My)

By Lemma D.16, Py, (|1 Zi| > M) < exp (—Ca, 49,0, M) . Hence, the second term |2 3" | (D, ; —
Em,i,Mn)Ami| is bounded above by e~ CnMy VlognA,, up to constants.

Note that under our assumptions, max; | Z;| V1 < CyM,,. Let £ = [~CyM,, CyM,] = [-M, M).
Define
$ = {(m,s): m—moll < An, s = soll < An, (m.5) € 4 (o, )} (D.16)
For two distributions G1, Gs, define the following pseudo-metric
dm.co M, (G1,G2) = max sup |Dp, (2, G1,M0, pn) — Dm.i(2, G2,m0, pn)| (D.17)
i€l |z)1<M,

Let G1,...,Gn be an w-net of P(L) in terms of dy, oo, m,, (G1,G2), where N is taken to be the
covering number
N =N (w,P(L), dm,oon, (")) -

Let G« be a G; where dm,oo,Mn(Gn,Gj*) < w.

By construction, | Dy, s, (G 71, pn) — D, (G, 7, pn)| < w as well, since the integrand is
bounded uniformly. Hence, by projecting Gy, to Gj~, we obtain
R . _ .
= (Do, (Zis G0, i) = Dinist (G o, i) (2 (03) = mo(04)

n -
=1
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n

1 — N
- > (Dumint, (Zi, G510, Pn) = Dimgiona, (G o, pn)) (1n(05) — mo(07))| - (D.18)

< 2wA, + max
JE[N]

Next, consider the process

1 —_
ne > (D, (Ziy G510, ) = Dimiioaa, (G o, o)) (mlos) — mo(o7)

i=1
1§ (1) = Va5 (n)

= — v;.i(M) = Vi
n & g\ g\

so that, when || — 9leo < An, Zpn < M,

(D.18) < wA, + max sup | V;,,;(n)]-
JE[N] nes

Thus, we can take

U = Cy e~ OnM ViognA, +wA, + max sup |V, ;(n)|
JE[N] nes

where we shall prove a stochastic upper bound and optimize w shortly.
By the results in Appendix D.5.1 via Dudley’s chaining argument, with probability at least
1—-2/n,

max sup |V, ; ()] Sw
JEN] pes 7

By Appendix D.5.2, we can pick w such that

Anviogn 1)
T[An +\/logN+\/logn}

logn 1

WAy, + max sup Vo, (n) Sy An/logn + (D.19)
JE[NInes \/ﬁ Al/P
nAn
with probability at least 1 — 2/n. Putting these observations together, we have that
P |Uspm 231 V1ognA eiC“M’?—i-lOgn—i- L < 2
2m JH g n \/ﬁ (nA:l/P)l/Z < n.
This concludes the proof. ]

D.5.1. Bounding max;e|n)SuP,eg |Vn,j(n)|. Note that Ev;j(n) = 0. Moreover, by Lemmas D.9
and D.10,

max (Dm,i,Mn (Zza G]7 Mo, pn)aﬁm,i,Mn (Gja o, ,On)) S'H V IOg(l/pn) S'H 10g n

Recall that || — m2]|cc = max (|[m1 — mal/co, [|S1 — S2|loc) - Then,

vij (1) — vij (m2)| S V1ognllm — n2|so

As a result,”

Vviogn
Vi (m) = Vag(m2) s Sn NG I — n2]loo-

"5See Definition 2.5.6 in Vershynin (2018) for a definition of the t,-norm (subgaussian norm).

86



Hence V,, j(n) is a mean-zero process with subgaussian increments’® with respect to || — 72]|co-
Note that the diameter of S under || — 12|/ is at most 2A,,. Hence, by an application of Dudley’s
tail bound (Theorem 8.1.6 in Vershynin (2018)), for all u > 0,

logn 24n
sup [V ()] 20 Y18 { / ¢1ogN<e,s7||-Hoo>de+uAn}
nes \/ﬁ 0

P < 2e~’,

Note that

ViIog N(e, S, [[]|oo) < \/210gN(6aCi1([—UeaUu]), Illoo) < \/2 log N (e/Ay, CY([=0¢, 0u]), [|-ll0)
By Theorem 2.7.1 in van der Vaart and Wellner (1996),

Al 1/p 1 1/p
log N(e/ 1, (ot ) Spems (521) 5 (1)

€

Hence, plugging in these calculations, we obtain

logn { 1-L
sup |Vp,; e A, P ul,
sup Vi) 2 ¥

P < 2e~ %

This implies that

sup|Vo; (n)| Sn An P+ Vo,

nes

Viegn  1-2
Vn
for some random variable V, ; > 0 and ||V;, ;v <w A—\/% Togn.”” Thus,

V00BN | L e T
‘/nAi/p JEIN]

Finally, note that by Lemma D.15 with the choice t = /logn,

(D.18) <y A |w+

~ A 2
>, =Zn =
P ]IIGl[a],\}[(] Vi 2 \/ﬁ\/logn[\/log]\f—{—\/lognﬂ Sn'

D.5.2. Selecting w. The rate function that involves w and log N is of the form

[log N
w + o8 logn
n

y/log(1/pn)
p"L

Reparametrizing w = ¢ log(1/4)

log N <log N <5 log(l/é)i"log(l/pn),P(R), dm,oo,M) <y log(1/6)? max (1, ML)
Pn log(l/d)

, by Proposition D.2, shows that

76Sce Definition 8.1.1 in Vershynin (2018).
""We can take

- M. 1— L
Vi = $sup| Vi ;(n)] — Cu—=A, 2”} .
= (ool cnmarF )

The tail bound P(Vn’j Zu uA—\/ﬁMn) < 2% implies the 1o-norm bound by expression (2.14) in Vershynin
(2018).
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Consider picking 0 = pnﬁ < 1/eso that log(1/6) = log(1/pn)+3 logn Sy logn. Since log(1/pn) 2

M? we conclude that max (1, M"> <3 1. Hence,
log(1/9)

log N <y log?n.
Note too that w <y %. Thus, under Assumption D.1,
3/2

(logn)
LD

1
— <
w \/log N Jn \/108; nJSH

D.6. Bounding Us;.
Lemma D.4. Under Assumptions 1 to 4 and D.1,

p ||77 - 77Hoo < Anv7n < My, |U25| Z?—t A, My, V logn CHMa

log n 1 < 2
\f A}L/p n

Proof. This proof operates much like the proof of Lemma D.3. We observe that we can come up
with an upper bound Uy, of Uss under the event ||f) — 1|/ < A, and Z,, < M,,. A stochastic upper
bound on Us, then implies the lemma.

Let us first assume || — 1]loc < A, and Z,, < M,, . Define Dy i v, and Es,i,Mn analogously to

Dy, i v, and Em% M, - A similar decomposition shows
1 n
+ "I’L Z(Ds,i - Ds,i,Mn)Asi

1< —
|U2$| S ‘n Z(Ds,i,Mn - Ds,i,Mn)Asi
i=1

=1

Lemma D.13 is a uniform bound on the integrand in the second term. Hence, the second term
is bounded by
lem — —
— (Dsi = Dajina,)Asi

n -
=1

1 n
S Any/ log(l/pn)ﬁ Z </|Z| u 12| fao.w: (2) dz + \/log(1/ pn)
i=1 i> n

fGo,uZ ) dZ)

| Zi|>Mn

<y A \/logn{ MY m:{i}}cug(fgoyyz) + logneC“M’?}
c

(Cauchy—Schwarz for the first term and apply Lemmas D.9 and D.16)
<u Ap(logn)eCrMa
Note that under our assumptions, max; | Z;| V1 < CyM,,. Let £ = [~CyM,, CyM,] = [-M, M).

Define S = {(m,s) Slm —mol| < Apylls — sol] < Ay, (m,s) € th([ag,ou])}. For two distribu-

tions G1, Go, define the following pseudo-metric

ds,00,M, (G1,G2) = max sup |Ds;(z,G1,1m0, pn) — Dsi(2, G2,m0, pn)| (D.20)

i€[n] |z1<M,
Let G1,...,Gn be an w-net of P(L) in terms of dg o, (G1, G2), where

N =N (w,P(L),ds 0o, (")) -
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Let G« be a G; where d o M, (én, Gj+) < w. By construction, [Dj ; u, (én, 005 Pn)—Ds.i v, (Gj=,m0s pn)| <
w as well, since the integrand is bounded uniformly.
Hence
1 < . _ .
S (D B Gt ) = Do, (G p))6(62) = 50(0)

=1
n

1 — .
- Z(Ds,i,Mn(Zia Gj,n0, pn) — D, (G, M0, pn))(8(03) — SO(Ui))’ (D.21)

< 2wA, + max
JEN]

Next, consider the process

1 « 1 «

ne ;(Ds,z‘,Mn(Zh Gj,10,0) = Ds,ir, (G0, 0))(s(00) — so(0)) = 2 vij (1) = Vi (n)
1= 1=

so that (D.21) < wAp+max ey sup,eg [Va,;(n)]. This again upper bounds |Uj,| with some Uy, that

does not depend on the event ||} — nlloc < Ap, Zp, < My, on the event || — nlec < An, Zn < M,.

Hence, we can choose
U2s = CH wAn + max sup |Vn,j(77)| + An(log n)e—CHMg ]
JE[N] nes

It remains to show a tail bound with an appropriate choice of w for Uss.
By Lemma D.13, the process V;, ; has the subgaussian increment property
M,+/logn H ||
NG M — M2loo

as in Appendix D.5.1, with a different constant for the subgaussianity. Hence, by the same argument

[Vai(m) = Vai(m2)| S

as in Appendix D.5.1, with probability at least 1 — 2/n,
< A, Mp+/logn
~H \/ﬁ

max sup |V;, ;(n)] [A;l/@p) + /log N + +/log n]

JE€[N] nes

We turn to selecting w. The relevant term for selecting w is w + M"f V;Og”\/ log N. Reparametrize

w = Mpy+/log(1/pn)dlog(1/6)/pn. Pick 6 = pp/y/n < 1/e. The same argument as in Appen-
dix D.5.2 with Proposition D.2 shows that

My /logn M, (logn)3/?
————/0og N <oy ——————"—.
w+ NG og N S NG
Therefore, we can select w such that, overall, with probability at least 1 — 2/n, under Assump-
tion D.1,

7 M. (1 3/2 1 T
UQS SH An Mn Iognexp (_Ca,A(),UuMS) —+ M + Mn\/@ + @Mn\/@

vn ”nA%/p Vn

o« 1 1
<y ApM,+/logn e OnME 4 ogn +
\/ﬁ nAl/P
n
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This concludes the proof. ]

D.7. Bounding R;.
Lemma D.5. Recall Ry; from (D.4). Then, under Assumptions 1 to 4 and D.1, if || — n]|cc < Ay
and Z,, < M, then Ry; <y A%Mg log n.

Proof. Observe that Ri; Soy,0u,500,50. 12X (A2

ma’

gz) N H;i (1, Gn)||oo, where ||| takes the largest
element from a matrix by magnitude. By assumption, the first term is bounded by A2. By
Lemma D.14, the second derivatives are bounded by M2 logn. Hence || H;(iii, Gp)lloo S M2 logn.
This concludes the proof. O
D.8. Bounding Us,,, Uss.

Lemma D.6. Under Assumptions 2 to 4 and D.1,

= o« M,
p |:||ﬁ_77”00 SAmZnSMm’U3m| Z’H An{ —OnMy +7 (Agl/@p)+logn)H <
n

2
p |:||ﬁ - 77HOO S Ana7n S an |U3s| Z?—L An { —On My + ]\\ﬂ <A;1/(2p) + logn) }:| S

S 31w

Proof. The proof structure follows that of Lemmas D.3 and D.4.
Recall that

1 n
m = Dml Ziu ) ) Ai_ .
Usm = Z; i(Zi; Go, mo, 0) (1 — mo)

1 — N — N
= > (Dimint, = Dimiag,) (i = mo) + Do i aa,, (112 — ma)

Note that

= JGo,(2)

D i M, | = ‘/ 0’72]”(; (2 dz
| m,, | |z\<Mn fGo Vl<z) 071/( )

\/ (I2] > M) fG°’”Z”fGO,VZ<>dz

f 07’/1( )

Sovousorson P12 > My)'/?
(Cauchy—Schwarz, Jensen, and law of iterated expectations via (D.33))
S e” M (D.22)

Recall S in (D.16). Define the process V,(n) = 2 3, vpi(n) = 2 30 (Dinint,, — Dinina, ) (1 —
myg). Therefore, if || — 1llce < An, Zn < My,

Usin| S Ape™ M0+ sup |V (n)] = Usm.-
ne

Therefore, to bound Usy, it suffices to show a tail bound for sup,cg [V;.(n)]. Observe that

1 _
Va(m) = Vali) = > (Dt = Dt ) (i — 12:)

7
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Now, by Lemma 2.6.8 in Vershynin (2018), since | Dy, i, | Su My, by Lemma D.18,

vni (M) = Vni(02) lge S 1D nt, (015 — 120) | St M|l — 2]lco-

Since vyi(n1) — vni(n2) is mean zero, we have that

M,
v, v, < T — D.23
[Va(m) (12) [lps Sn \/ﬁHm nz|l (D.23)

Hence, by the same Dudley’s chaining calculation in Appendix D.5.1, with probability at least
1—-2/n,

— o« My, _
Usm Su An {eC”M” + n (An /) 4 logn)} :

This concludes the proof for Us,,.
The proof for Uss is similar. We need to establish the analogue of (D.22) and (D.23). For the

tail bound (analogue of (D.22)), we have the same bound
_ 1/2 _ o
Dt SP (2] > M) "2 (Bpy ) [(Baar [(Z = 1)7 | 2D7]) T S e O

For the analogue of (D.23), since Lemma D.18 implies that |Ds; s, | Sy Z21(Z; < M) < M2,

My,
Va(m) = Va(n2)llw, Sn ﬁllm = 12|00

Hence, with probability at most 2/n

— o M2
> —COnMy o T A=1/(2p) 4 .
Uss 21 Ap {e + \/H(A” + ogn)}

D.9. Bounding R».

Lemma D.7. Under Assumptions 2 to 4 and D.1, then P (||} = nloc < Ap, Zy < My, |Re| Zn AZ) <
1
=

Proof. Recall that 1(4,) = 1(||) — nllec < An, Z, < M,,). Note that

1 n
1(A)|Ra| <oy A2 " 1A H; || o
(An)|Ra| Su nnZ( )IH; ||

i=1
by (1,00)-Holder inequality. Moreover, note that the second derivatives that occur in entries of
H; are functions of posterior moments. By Lemma D.18, under Gy, these posterior moments are
bounded by above by corresponding moments of Zz(ﬁl) By Lemma D.18, under Gy, these posterior

moments are bounded by above by corresponding moments of Z,(ﬁz) Hence,
. 4
1(An) | Hilloo S 1(An) (Zi7) V1) S (Zi v 1), (D.24)
Hence,

1 n
1(A)|Ry| <y A2Z Z:; v 1)L
(An)|Ra| < nn;( )
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By Chebyshev’s inequality,

P (711 En:(zi VD> E[(Z; V1) + t) < — Var (

i=1

3\'—‘

Picking t? = Var(Z} v 1) yields that

1 & 1
P<§ (Zi\/1)4ZH1> < —.
n
=1

3

Hence,
P (|11 = nlloo < Apy Zpn < M, |Ro| 23 AZ) <

S

i Z4v1
S (Zv 1) _ Var(Ziv1)
— nt?

O

D.10. Derivative computations. It is sometimes useful to relate the derivatives of v; to Eq .

We compute the following derivatives. Since they are all evaluated at G, 7, we let & = ;(n) and

2 = Zi(n) as a shorthand.

i |  _ 1 f6.0(2)
omi |, ¢ si fa,0(2)
= ;Eg,ﬁ[z — 712
Ot 1 , Zim) -7\ 1
= - Zi(n) — . —_G(d
Osi |y oiti(n)fao (Zi(n) / il = e ( % (n) ) 5y 1)
Qi(Zin,G)
— —Eesl(Z- )7 |2
il 1|18, (Fes®Y
om?l,q st | fen(2) fan(2)
111 1 1
-5 [%EGWKT 2|2 = o~ (Boslr—2)) g])z]
0% 1 g 1)1 Eqol(r = 2)*7 | 4]
omidsi |, ¢ <03EG7VKZ —r 1] ) ABasllr—2) 14 o
ok 1 2 R 1 )
(‘T;ﬁ = {Ew [(Z(z —7)? - 1) 72| z} — =5 (Baul(Z —7)7 | Z])Q}
It is useful to note that
fu 1
ng§ = EBaul(r-2) | 4]
f// , 1 1
o) = Bl =214~

(D.25)

(D.26)

(D.27)

(D.28)

(D.29)

(D.30)

(D.31)

(D.32)

(D.33)

(D.34)

D.11. Metric entropy of P(R) under moment-based distance. The following is a minor

generalization of Lemma 4 and Theorem 7 in Jiang (2020). In particular, Jiang (2020)’s

92

Lemma



4 reduces to the case ¢ = 0 below, and Jiang (2020)’s Theorem 7 relies on the results below for
g = 0,1. The proof largely follows the proofs of these two results of Jiang (2020).
We first state the following fact readily verified by differentiation.

Lemma D.8. For all integer m > 0:

sup " (t)| = m™p(V/m).

teR
As a corollary, there exists absolute C,, > 0 such that t — t"(t) is Cy,-Lipschitz.
Proposition D.1. Fix some ¢ € NU {0} and M > 1. Consider the pseudometric

dgo)M(Gl,Gg)—maX max sup ’/ u— o) (x;u) (G1 — G2)(du)]| .

1€ n] 0<v<q \z|<M i

dq,i,m(GlyGQ)

Let vy, v, be the lower and upper bounds of v;. Then, for all 0 < § < exp(—q/2) Ae™ 1,

log N (810g?/2(1/6), P(R), d9,,) Sgvu sy log?(1/6) max | ——2 1),
’ | Tog(1/)

Proof. The proof strategy is as follows. First, we discretize [— M, M] into a union of small intervals
I;. Fix G. There exists a finitely supported distribution G,, that matches moments of G on
every I;. It turns out that such a G, is close to G in terms of ||-|s00,a. Next, we discipline
G, by approximating G, with Gy, ., a finitely supported distribution supported on the fixed grid
{kw:keZ}N[-M,M]. Finally, the set of all Gy, .’s may be approximated by a finite set of

distributions, and we count the size of this finite set.

D.11.1. Approzimating G with G,. First, let us fix some w < p(\/q) A ¢(1).
Let a = 74 (w) > 1. Let I; = [-M + (j — 2)avy, =M + (j — 1)av] be such that

I=[-M—av,, +M +avg] C | J1;
J

:[M

where I; is a width av, interval. Let j* + 2] be the number of such intervals.

There exists by Carathéodory’s theorem a distribution G,, with support on I and no more than
=2k +q+1)j"+1

support points s.t. the moments match

/ uFdG(u) = / uFdGp,(u) for all k =0,...,2k* +gand j =1,...,5"
I I;
for some k* to be chosen later.

Then, for some z € I; N [—M, M], we have

0<v<q V; V;

dgini(G,Gp) < max ”/ e (““”) 0 (””‘“) (G(du) — Gy (du)) (D.35)
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+ /I~1u1julj+1 (u ;Z x)” © (96 ; U> (G(du) — Gm(dU))u (D.36)

J

Note that t"¢(t) is a decreasing function for all t > /v. Note that w < ¢(,/q) implies that
avy/ve = p4(w) > /q. Hence, the integrand in (D.35) is bounded by ¢4 (w)"w, as % >
avei = o4 ()

(D.35) < 201218@( o+ (w)'w = 2¢p4 (w)lw.
<v<q

Note that -

00 k
(—2/2)F (=22
=Y ~L2 NV Y Rt
e(0) ];0 V2rk! kzzo V2rk! Q
Thus the second term (D.36) can be written as the maximum-over-v of the absolute value of
i . v+2k i
(5) (-1/2)

,;0/ V21!

The first term in the line above is zero since the moments match up to 2k* + g. Therefore (D.36)

/(I]-_luljul

J+1)

(G(du) — G (du)] + /R ("” - “) ("” - “) (G(du) — G (du)]

Vi Vi

is equal to

(D.36) = max

0<v<q Vi Vi

¢ <u ” $>UR <$ — u) (G(du) — Gm(du))‘.

We know that since ¢(¢) has alternating-signed Taylor expansion,
(t2/2)k*+1
R(t)| < ———"———
V2m(k* +1)!

We can bound |“>*| < 2av,/v; < 2a. Hence the integral is upper bounded by

, ((2a)2/2)k*+1

V2r(k* + 1)
2(2a)1 2¢2 "t
S envE 1 (k; n 16>

(Recall Stirling’s formula (k* + 1)! > /27 (k* 4 1) (25

(D.36) < 2 (20) ((20)” < (2a)9)

k*+1

)

< (201 (e)ml (Choosing k* + 1 > 6a2 > 6)
— | = 00S11, a
T vk +1\3 - -

(2a)1 1k*+1 ~

< () (/3 )
S L
TNk 41, /W/ZH,_UJ

(o4 ()

(k* +1 > 6a > 6(ave/vy)?)

20, \T'
<V) 1 (w)w (k* + 1> 6a2)



This bounds (D.35) + (D.36) uniformly over || < M. Therefore,
q
V3T
D.11.2. Disciplining G, onto a fized grid. Now, consider a gridding of Gy, via Gy, ,. We construct
Gm.w to be the following distribution. For a draw & ~ Gy, let € = wsgn(€)||€]/w]. We let G,
be the distribution of £. Gmw has at most m = (2k* 4+ ¢+ 1)j* + 1 support points by construction,

dgim(G,Gm) < (2 + (l/u/ljg)q_1> . gpi(w)w Savee logq/Q(l/w)w.

and all its support points are multiples of w.

Since
/M%MGmdw%j/ﬂ%w%MWHwﬂwGmMW

we have that
/g(x,u)Gm,w(du) —/g(m,u)Gm(du)

In the case of g(x,u) = ((x —u)/v;)" ¢((x — u)/v;), this function is Lipschitz by Lemma D.8, we
thus have that,

S(/Wg@awsgﬂu)UquJ)—4ﬂxﬂ0!andu)

it Gons Gonis) < [ € G ) Sy

So far, we have shown that there exists a distribution with at most m support points, supported

on the lattice points {jw : j € Z,|jw| € I}, that approximates G up to
Co W log??(1 /w)
ind? ().
D.11.3. Covering the set of Gy . Let A™7! be the (m — 1)-simplex of probability vectors in m
dimensions. Consider discrete distributions supported on the support points of G, ., which can

be identified with a subset of A™~1. Thus, there are at most N(w, A™~! ||-||1) such distributions

that form an w-net in [|-||;. Now, consider a distribution G, , where
”G;n,w - Gm,le < w.
Since t%p(t) is bounded, we have that

1G o = Gmwllginr < w max v"2p(v0) Sqw
0<v<g

~

by Lemma D.8.

There are at most
<1 +2|(M+ aw)/wj)

m
configurations of m support points. Hence there are a collection of at most

<1 +2[(M + av) ]

m

)mw,ma )

distributions G where

min |G — Hlg. 001 < Copn log(1/w) 0.

w*
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D.11.4. Putting things together. In other words,

N@m¢wMJHuwM>g(1+ﬂﬂ{;awyw>N«wAm1AH0

< <(w + 2)(w + 2(M + a’yf))e>mw2m(2ﬂ.m)1/2

m

((6.24) in Jiang (2020))

Since w < 1 and m > QM(M + avy), the first term is of the form C™:

avy

(w4 2)(w+2(M + avg))e _ 3e avy
< —(14+2(M < —— <y
m —m( + ( +CLV2))N12a2+3+qNVf

Therefore
log N(w*, P(R), [|*[|g,00,0) S - [log(1/w)| + m|logve| Suypu,.q mlog(l/w).

Finally, since m = (2k* + ¢+ 1)j* 4+ 1. Recall that we have required k* +1 > 6a2, and it suffices
to pick k* = [6a%]. Then

m Sq.w e 10g(1/w) max <\/lo§(4m’ 1> .

Hence

M
log N (w*, P(R), ”‘Hq,oo,M) St log(l/w)2 max ( 1) .

Viog(1/w)
Lastly, let K equal the constant in w* = K log(1/w)??w. Note that we can take K > 1. For some
¢ > 1 such that log(cK)?? < ¢, we plug in w = c% such that whenever § < cK(ap(l)/\gp(\/@))/\e_qm,

the covering number bound holds for
0
w' = Elog;(cK/(S)q/2 < §log(1/6)9/2.
In this case,

N (8108(1/6)%, P(R), |-llgoe,r)) < N (" 1og(1/0)/2, PR), | go01) )

Sq.vu,ve 10 w)? max L,
Savuwe 10g(1/w) (\/m 1)

9 M
S l0g(1/6)* max (m, 1)

This bound holds for all sufficiently small §. Since §log(1/6)%/? is increasing over (0,e~9/2 A e™1)
and the right-hand side does not vanish over the interval, we can absorb larger §’s into the constant.
O

As a consequence, we can control the covering number in terms of dj oo as for k € {m, s}
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Proposition D.2. Consider a4 )M in Proposition D.1, dg oo v in (D.20), and dp, o0 ar in (D.17) for
some M > 1. Then

M/Tog(1/p) + log(1/p,,
2 (Hy Hs) <6 = dyponr(Hr, Ha) S og( /pp>+ 08(1/pn) 5

and
log(1/pn)
Pn

d( ) (Hl,HQ) <6 = dmooM(HlaHZ) ~H 0.

As a corollary, for all § € (0,1/e),

1ogN(‘”°g Y0 foa(i/pm), P(R WM) <y log(1/8)? max (LM)

log(1/6)

logN<5log 1/6) (M\/W"‘bg 1/pn), (R), sooM> <Hlog(1/5) max 1,1022/5)).

Proof. Recall that

54 Q Z'v 07G
Ds,i(Zi;Gan())pn) = 0_712 lf((;\:/pn )
7 2 v

Hence
‘Ds,i(27 Gla 770,,011) - DS,’i(za G277707pn)|

1 1 1

<y ——51Qi(Zi,mo, G1) — Qi(Zi,mo, G2)| + |Qi(Zi, mo, G -
~H " » 110, U1 > 1105, 72 » 110, &2 " "
fileva_I i(Zi,m0, G1) = Qi(Zis mo, G2)| + 1Qi(Zi; 1o, G2) FoVE gV

1
S —fici B (2 =1)7 [ 2] = fi.6: B ul(Z = )7 | 2]|
n

+M\/m+log(l/pn)|f, _
o 1,G1 fz7G2|

where the last inequality follows from the definition of @); and Lemma D.13.
Note that

fi,G1EG1,Vi[(Z —7)T ‘ Z] = fi,G1EG1,Vi[(Z - 7—)2 ’ Z] - zfi,GlEGhVi[(Z —-7) ‘ Z]

Thus we can further upper bound, by the bound on dg? Mo

[Bcy i ((Z = 7)7 | 2] =BGy (2 = 7)7 | 2]l S 0(1 + M) S M.

Simﬂarly, ‘fLGl - fi,Gz‘ SJH 5 Hence?

M
[Dei( G110, pn) = Dl G, o, pu)| S {p + ot (MV108(1/pa) + log(1/p0)) } 5
<. M /log(1/pn) +log(1/pn) ¢

Pn

Similarly,

ficEqu,[(Z —7) | Z]_

S;
Dy, i(z,G —
mZ( 770) Z2 fz,van/Vi
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Therefore
1 1 1
|Dimi(2,G1,m0) — Dimji(2, Ga,m0)| Sn ?5 + p—vlog(l/pn)é S oV log(1/pn)
n n n
by a similar calculation, involving Lemma D.10.
Thus, for the “corollary” part, note that, letting Cy be the constant in the bound, taken to be

at least 1:

N (L) g7, PR s ) < N (- 0B/ 6/(Co) PR 2, )
P H

, M
<y log(1/d)” max (1’ \/W) .

for all 0 < 0 < 1/e. Similarly for the covering number in dg o ar- 0

D.12. Auxiliary lemmas.
Lemma D.9. Suppose |Z,| = max;ep, |Zi| V1 < My, |18 = solloe < Ay, and || — molles < A,
Let G, satisfy Assumption 1. Then, under Assumption D.1,

(2) There exists Cy such that with p, = n—l?) exp (—CuM2AL) A e\/lﬁ’

fe, ,,(Zi) > iy
nse VZ

3) The choice of p,, satisfies log(1/p,) <y logn n) = logn, and p, <y n~3.
(3) p g(1/pn) =u logn, p4(pn) =n Vlogn, and pp Su

Proof. Observe that |Zi| V1 <o, 00500500 (1 + An)My + A, < (14 A,)M, by Lemma D.11(3).
Hence by Assumption D.1, \Z| V1<y M,.
For (2), we note by Theorem 5 in Jiang (2020),

thanks to s, in (3.3). That is,

Now, note that

A L Mmoi—Ty _ S _ N

Zi — T ZZ + S04 + (1 50i> T T Zl - T mo; — My, 1 Z@ - T
— = = + + —(8i — s0))7 =
Vi Vi Vi oy or Vi

+¢(7)
(D.37)
where |£(7)] <y A, M, over the support of 7 under G,,, under our assumptions.

Then, for all Z;, since |Z;| < M, by assumption,
Zi — T . Zz — T 1 2 Zz — T

¢< - )—w< T ew (-3¢0 - T)

Zi — T >

Vi




Z; -
< < ” T) exp (CHAHM,%) : (

Zi — A 1
/<p < T) Cn(dr) > ?e—CHAnM,QL‘
n

Vi

Zi—T
Vi

S?—L Mn)

Therefore,

Dividing by v; on both sides finishes the proof of (2). Claim (3) is immediate by calculating
log(1/pn) = (3logn — CyM2AZ) V log(ey/2m) Sy logn and apply Assumption D.1(1) to obtain

that A, M2 <y 1. O
Lemma D.10 (Lemma 2 Jiang (2020)). For all z € R and all p € (0,1/v/2me),
v fir, ()
ud <v .
o | <o

Moreover, for all x € R and all p € (0,e~!/y/27),
21
) ( V(%) )‘ 2
— ) (e [ < ),
| ( For(2) ) e V)| =70
where we recall ¢ from (C.3).

Proof. The first claim is immediate from Lemma 2 in Jiang (2020). The second claim follows from

parts of the proof. Lemma 1 in Jiang (2020) shows that

2 el
v HV($) 1
0<————+1<log——7——.
i (2) &2 i ()2

2 (vf11.0(2))

Case 1 (vfg,(x) < p < e '/y/2m): Observe that tlog 5~ is increasing over ¢ € (0,e™*(27)~1/2).

2mt2
Hence,
M—i—l viny(x) <vfp,log —s——5 < plo
fHJ/(Z) Hﬂ/ — H,V g 27TV2fH7V(Z)2 — p g 27Tp2 .

Dividing by (vf) V p = p confirms the bound for vf < p.

Case 2 (vf > p): Since log 27% is decreasing in t, we have that

1/2 " 1/2 v
‘ (W + 1> <( VfH,I/(x) )’ _ H,u($) +1 < @i(VfH,V) < log

frw(2) vicu(x)) Vp fru(2) 2mp?’

Lemma D.11. The following statements are true:
(1) Under Assumption 4, 1/0; Sepu.0p 1 and 5 Sgpp .00 1
(2) Under Assumption 4, |1 — 52| S, |18 — s0l|oo
(3) Under Assumption 4,

max ‘ZZ| Sovousonson (1+ 18 = s0lloc)Zn + [l — mol|o
where Z,, is defined in (C.5).
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Proof. (1) Immediate by 1/0; = §;/0; and P[sgy < 8; < spu| = 1.
(2) Immediate by observing that [1 — 2| = ]‘”%‘H and Plsgy < §; < spu) = 1.
(3) Immediate by Z; = SS—OZZZ + [mo; — 1]
O

Lemma D.12 (Zhang (1997), p.186). Let f be a density and let o(f) be its standard deviation.
Then, for any M,t > 0,

/OO 1(f(2) < ) f(2)dz < "](\22 + 2Mt.

In particular, choosing M = t='/3¢(f)%/3 gives
o
/ 1(f(2) < 1) f(2) dz < 3230213,
—o
Proof. Since the value of the integral does not change if we shift f(z) to f(z —¢), it is without loss
of generality to assume that E;[Z] = 0.

/ T 1(f(2) < ) f(2) dz < / T U(f(2) < 2] < M)F(2) dz + / T L) < 12 > M)f(2) de
M
< /_Mtdz—l—P(]Z] > M)
< 2Mt+ J2(f). (Chebyshev’s inequality)
< M2

O

Lemma D.13. Recall that Qi(z,n,G) = [(z — T)T¢ (jlz;)) w%n G(dt). Then, for any G,z and
pn € (0,e71/V/2m),

b

Qi('z7 05 G)
fawi(2) V (pn/vi)

< @i (pn) (il 2] + vig+(pn)) - (D.38)

Proof. We can write

Qi(2,m0, ) = fou(2) {#Bawl(z—7) | 2] ~ Eg, [(: = 1) | 2]}

From Lemma D.10,

fG,ui (Z) |
T @)V (pugiy Bl =) [ 2] S vigr(on)
and
fG,I/'L' (Z) —T 2 — 1/2 Vi2 l/,,G fG,yi (Z) V2 9
fG’,Vi(Z) \ (pn/l/i)EG,w[(Z ) ‘ Z} =Y < fi,G + 1) fG,yi(Z) v (,On/Vi) < §0+<pn),
Therefore,
Q’i(zanOaG) (1
faw(2)V (pn/vi) < o4 (pn)vi (J2] + 4 (pn)) -

0

Lemma D.14. Under the assumptions in Lemma D.9, suppose 7); lies on the line segment between
no and 7); and define ;, ;, 3;, Z; accordingly. Then, the second derivatives (D.29), (D.31), (D.32),
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evaluated at 7);, G, Z;, satisty
[(D.29)| <y logn
|(D.31)| Sy My logn
|(D.32)| <y MZ2logn.
Proof. First, we show that
| log(fénﬁi(zi)ﬂm <4 logn. (D.39)

Observe that we can write

where [|5 — §[|oo < A, and ||/ — s < A,. This also shows that |Z;| <y M, under the
assumptions.

Note that by the same argument in (D.37) in Lemma D.9, we have that

¢ (ZiA_T> < <Zi~_7> e COnAnME
Vi Vi

~ 1 2
7. fCHAnMn'
(Z)> Se

Hence,

ﬁifG(z)M

This shows (D.39).

Now, observe that

1

— | <y lo
= ~H logn
Vz‘f@mﬂ;i (Zz)

E¢ 51— 2)% | Zi] S log

and

1
ﬁifG(Z),ul(Z) ~

by Lemma D.10, since we can always choose p = ; fé(i)yﬂi(Zi) A ﬁ Similarly, by Lemma D.13,

. . o~ 5 1
and plugging in p = /g, 5, (Z) A b=,

Ee ST — 2| Zi] Su | log Su Vlogn

‘EGn (T - 1| <u Vlogn|Zi| 4 logn <y +/lognM,.
Observe that
‘Eénvﬂi[(T - Z)QT | Z’] gH MnEén,ﬂi[(T - Z)Q] gH Mn IOg n.

since |7| Sy M), under Gh. Similarly,
B, o [(Z =777 | Z)) Sy Milogn B ;[ | 2] S M.

Plugging these intermediate results into (D.29), (D.31), (D.32) proves the claim. O
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Lemma D.15. Let Xi,..., X be subgaussian random variables with K = max;||X;||,,, not nec-

essarily independent. Then for some universal C, for all t > 0,

p [maX\Xi] > CK+/logJ + C’Kt] <2e ",

Proof. By (2.14) in Vershynin (2018), P(|X;| > t) < e~/ IXill3, < 2¢=/K for some universal c.

By a union bound,

p [max|Xi\ > Ku] < 2exp (—cu® +log J)
(2

Choose u = == (\/Iog J + t) so that cu? = log J + t* + 2t\/log J > log J + t2. Hence

c

S

2exp (—cu2 + log J) < 2",
Implicitly, C' = 1/+/c. O
Lemma D.16. Suppose Z has simultaneous moment control E[|Z|P]*/P < Ap*/®. Then
P(1Z] > M) < exp (—CaaM®).
As a corollary, suppose Z ~ fa,.,(-) and Gy obeys Assumption 2, then
P(|Z] > M) < exp(—Cap,a,M*).

Proof. Observe that

Apl/a p
P(2] > M) =P(1Z]P > M") < § = b - (Markov)

Choose p = (M/(eA))“ such that

{AZJ’\Z& }p — exp (—p) = exp < <;4>a Ma> .

O
Lemma D.17. Let E be some event and assume that
P(E,A>a)<p1 P(E,B>b)<py
Then P(E,A+ B > a+b) <p1+ po
Proof. Note that A+ B > a + b implies that one of A > a and B > b occurs. Hence
P(E,A+B>a+b) <P{E,A>a} U{E,B>b}) <pi+p2
by union bound. O

Lemma D.18. Let 7 ~ Gy where Gy satisfies Assumption 2. Let Z | 7 ~ N (r,v?). Then the

posterior moment is bounded by a power of |z|:

Ellrf” | Z = 2] <p (2] v 1)

102



Proof. Let M > |z| V 2. We write

Bl 12 =2 = 5 [ 1P (557 S6utan)

Note that

Jirre (557 5 Gotdn) < 63 faoue) + [ 10r1 > 300l

1%

zZ—T

) %Go(dT)

< GMPfanule) + [ [rPGoldr) - S (2M]/)

|7|>3M
(|lz — 7| > 2M when |7| > 3M)
Also note that
z— 1 1 .
fool®) = [ (327 ) LGular) = L (2M1/) Gul[-M. M) (12— 7| <200 if 7 € [-M1, M)

14

Hence,

JIT[PGo(dr)

GO([_M7 M])

Since Gy is mean zero and variance 1, by Chebyshev’s inequality, Go([—M, M]) > Go([-2,2]) > 3/4.
Hence

E[|T]P | Z =2] < (BM)P +

E[lrlP| Z = 2] <p MV 5p (2] V1),
since we have simultaneous moment control by Assumption 2. ([l

Appendix E. A large-deviation inequality for the average Hellinger distance

Theorem E.1. For somen > \/2me, let 11,...,7, | (V3,...,V2) b G where Gy satisfies Assump-

r'n
tion 2. Let v, = max; v; and vy = min; v;. Assume Z; | 7, v ~ N (7i,v?). Fix positive sequences
Yny An — 0 with v,, A, < 1 and constant € > 0. Fix some positive constant C*. Consider the set of
distributions that approximately maximize the likelihood

A(Yn, An) = {H : Sub,(H) < C* (72 + 1(fu,-, feo,)An) } -
Also consider the set of distributions that are far from Gy in h:
B(t,\n,€) = {H : b(fu,., fa,.) > tB\,}
with some constant B to be chosen. Assume that for some C',
2 (D otogn 5 ) vz

Then the probability that AN B is nonempty is bounded for t > 1: There exists a choice of B that
depends only on vy, v, C*, Cy such that

P [A(Yn, An) N B(t, Ay €) # 2] < (logy(1/€) + 1)n~". (E.1)
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Corollary E.1. Let A\, = n_ﬁ(log n)"™ Al and v, = n_QPPﬁ(log n)" A1 where y; > v > 0. Fix
some Cy,. Fix € > 0. Then there exists By that depends solely on C3,, p, V1,2, Ve, vy such that

P [There exists H: Suby(H) < C5(v2 + h(fu., feo.) ) and Ti(fi.., fay.) = tByn” %+ (log n) "

< <log logn N 1> ot
log 2

- 2 2 2 - (logn)+ 56
Proof. First, note that A2 > ~2 and A} 2 22—

Note that tBAL~¢ < tBanﬁﬂ?Ppﬁ(log n)M < tBanﬁﬂ(log n)7. Therefore,
{H :R(f. fau.) = tBun” 5 (logn)™ } € {H : B(fr., fao,) = tBA}.
As a result, the probability
P [There exists H: Sub,(H) < C5,(72 + h(fu., fao.)\n) and h(fu., fao.) > tBHrf?PPﬁ“(log n)"
is upper bounded by
P [A(7n: An) N B(t, Ans€) # 2] < (logy(1/€) + 1)n™"

via an application of Theorem E.1.

1
L Note that n® = nlsn = exp (logn/logn) = e. Hence

Finally, set € = .

tByn~ 1 ¢ (logn)" = tByen 71 (logn)"". O

Corollary E.2. Assume the conditions in Corollary D.1. That is,

(1) The estimate G, satisfies Assumption 1.
(2) For 8 > 0, and suppose that A, M,, take the form (D.2).
(3) Suppose Assumptions 2 to 4 hold.

Define the rate function
5, = n P/ (1og n)?—aa-kﬁ' (E.2)

Then, there exists some constant By, depending solely on C3, in Corollary D.1, B, and p, vy, vy
such that

= . loglogn 1
p Zn<Mn7 - oo<Anah SN . B 5n] < |\ — 1 .
< M= o < Bclilf g, fo) > B, ] < (PE A" 4 10)

Proof. Let v = 22%0‘ + . We first verify that, for &, in (D.3), we make the choices
P n_p/(2p+1)(log n)22+7a+5 ANl = n_p/(2p+1)(log n)Q;TaJrﬁ Al

does satisfy A2 > ~2 as required by Corollary D.1. Since &, < Aph + 72, the truncation by 1 only
affects our subsequent results by constant factors.

The event in question is a subset of the union of

{Zo < M 17 = 1o < An, Subn(Ga) > Cien )
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and
{771 < Mn7 Hﬁ - 77”00 < Ana SUbn(én) < C;i[e’in,ﬁ(fém_, fGo,') > Banp/(2p+1)(log n)’y} :

The first event has measure at most 9/n by Corollary D.1, and there exists a choice of By such
that the second has measure at most n~! (% + 1) by Corollary E.1. We conclude the proof
by applying a union bound. (|

E.1. Proof of Theorem E.1.

E.1.1. Decompose B(t, An,€). We decompose B(t, A, €) C Uszl By(t, \) where, for some constant
B to be chosen,
By = {H R (fis fan) € (tBA};Tk,tBA;—T’““] } .
The relation B(t,\,,e) C |J, B holds if we take K = [|logy(1/€)|], since, in that case, K >
logy(1/e) = 27K <¢ = A-27% < \l—¢,
We will bound
2

P(A(n, An) N Bi(t,\y) # @) <n*

which becomes the bound (E.1) by a union bound. For k € [K], define i, j, = B)\,ll_TkJrl such that
B = {H ch(fu., fco.) € (t,un,k+1,t/ln,k]} . To that end, fix some k.

E.1.2. Construct a net for the set of densities fg. Fix a positive constant M and define the semi-

norm

||G||oo,M = max sup fG,z/i (y)
i€[n] ye[— M, M]

Note that ||G||so,as is proportional to ||Gllo,c,ns defined in Proposition D.1. Fix w = 23 > 0 and
consider an w-net for the distribution P(R) under ||-||so,ns. Let N = N(w, P(R), ||*||oo,as) and the
w-net is the distributions Hi, ..., Hy. For each j, let Hj ; be the distribution with

E(fHk,j,w fGo,-) > M k41
if it exists, and let Jj, collect the indices for which Hj, exists.

E.1.3. Project to the net and upper bound the likelihood. Fix a distribution H € By(t, A\,). There
exists some H; where ||[H — Hj||oo,ms < w. Moreover, H serves as a witness that Hj, ; exists, with
1H = Hpjlloo,pr < 2w.

We can construct an upper bound for fg ,,(z) via

fHk,jJ’i(z) +2w 2| <M

\/%w |z| > M

fH,z/i (Z) <

Define 9

M
o(2) = wi(|z] < M)+ “’22

1(|z] > M).

Observe that

fHk,jM(Z) + 20(2)
\/%V{U(Z)
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Fi1(2) < fitg i (2) + 20(2) if |2] < M.

Hence, the likelihood ratio between H and Gg is upper bounded:

le/z z fHk_]7l/7,(Z +2U
H z H fG(),I/»L( z H \/77/1 ( z)

fG()sz =1 |Z|>M
n L (Z; 2u(
< [ max S 2) + 200 H 1
JE€Jx paie fGo,Vi(Zi) 8| Zs|>M \/7% ( )

If H € A(t,vn, An), then the likelihood ratio is lower bounded:

H ff: » Z > exp (_nC*(%QL +E(fH,; fGo,-) )\n)) > exp (—’I’Ltc*(t’yi +E(fH,7 fGo,-) An)) :

(t>1)
Hence,

p [A<t7'7n7 )\n) N Bk(tv )‘n) 7é @]

- fHk,j,Vi(Zi)+2v(Zi) 1 42k 2
P{ (?é%fﬂ fow (Z:) >|ZI|T>M Varu(zy) = S0 G ””“A"))}

IN

i=1

n
<P | max fHk,j,Vi + QU(Zl) > efntQ(zC*(’Y%+,U«n,k>\n) (ES)
B Jj€Jx pai) fGo,l/i(Zi) B
P > e nt?(a— l)C*(Wn-‘r,U«n EAn) (E4)
M

The first inequality follows from plugging in h < tpin, k- The second inequality follows from choosing
some a > 1 and applying union bound.

E.1.4. Bounding (E.3). We consider bounding the first term (E.3) now:

e fHk V4 + 2'U(Zz) 2(0% (o2
E3) < Z P H e > 7Nt 0" O tiin,dn) (Union bound)
jedy Li=1 fGO»Vi (ZZ)
jEJk; fGO?”L (Z )
(Take square root of both sides, then apply Markov’s inequality)
-y N2 (241 A ) /2 HE fry ;0:(Zi) + 20(Z;) (£5)
Jed fGoM'(Zi)

where the last step (E.5) is by independence over i. Note that

\/fH,”,uZ(Z)"‘Qv / \/fHk],Vz )+ 2v(x \/fGO,Vz

fGO?”Z

E
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<1- hQ(fHk,j,l/iv fGO,Vi) + /_OO 2U($)fG07Vi($) dx
(Va+b<a+Vb)

o0

1/2
<1- h2(fHk,j,wv feow:) + (2/ v(x) dm) (Jensen’s inequality)

—00
=1- h2(fHk,j,wv faow;) +/8Mn (Direct integration)

Also note that, for ¢; > 0, we have

Hti = epologti < exp (Z(t’ — 1)) .

= THy i +20(Z;)
E ¥
11;[1 [\/ fGoﬂ/i(Zi)

Thus, we can further bound (E.5):

(E.3) < (E5) = Z oAt (V2 +pin 1 An) /2 HE [\/fHk’j,yi + 2v(Z;)

jeJk i=1 fGo,l/i(Zi)

and thus

< exp {—nﬁ2(fHk’j7., fao,) +nV 8Mw} .

nat’C* , -2
< Z exp (Yo + HngAn) — 00 (fu, .. fa,.) +nvV8Mw

: 2
JE€Jk

nat>C*
<) exp { 5 (% sk An) = 0t gy + nVEM w}

nat>C*
< exp { 5 (7,21 + fin g An) — nt%ikﬂ +nv8Mw + logN} (|Jk] < N)

t2C* M
< exp na (V2 + fngAn) — nt2p2 o +nV8Mw + Cllogw|? max | ———, 1
2 ’ V| logw|

(Proposition D.1, ¢ = 0)

nat’C* 2 2 VM 2 M
= exp 5 (O + BnkAn) = 1874 gy + VEM + Clogn)” max ﬁ’l '

(Recall that w =

|~

)

E.1.5. Bounding (E.4). We now consider bounding the second term (E.4). By Markov’s inequality

|

n

again (taking z x1/(21ogn) on both sides, we can choose to bound

ﬁ 1 7 s 1(1Zi>M) exp _n(a—l)t20*(7,%+,un,k)\n)
i=1 (2m2)l/4 My/w 2logn

(BE4) <E

instead. Define
1 Cyn N 1
rvH)V/iMyw — M ~ logn

Apply Lemma E.1 to obtain the following. Note that to do so, we require

1
M > vy+/8logn p>

~ logn

a; =
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Then,

log E

H(aiZi))‘]lOZ”ZM)]

%

n Zz logn 1(|Z;|>M)
H(Qﬂy 1/4Mf> = logE

i=1
n D D
Sﬂ/u Z(QZM))\ ( 1 n 2 Mp(G(]))
i=1

Mn MP
" a1 22uB(Gy
<» (Cy,n)len <Mn + ]\p;p )>
i=1
< L 2P (Go)
~Vu,Vp M Mp
As a result,
1 2Pnpup(Go) n(a—1) 5 (- 2(1—27F)
1 E4)<C, ., | — — t B\ . E.
OBl(E)] < o, (7 + )Y e e (24 pX202) . (m)

E.1.6. Choosing p, M,a and verifying conditions. By Assumption 2, ub(Go) < ABpP/®. Let M =
2eAg(cm logn)/® and p = (M/(2e40))"/* so that

2Pub(Go) /MP < exp (—¢p logn)

We choose ¢, > 2 sufficiently large such that M = 2eAy (¢, log n)l/a > vy/8lognV1and p > 1
for all n > 2 to ensure that our application of Lemma E.1 is correct. Since o < 2, such a choice is

available. Hence,
2npip(Go) _ 1
MP n
Hence the first term in (E.6) is less than 2C,, ,,.
Choose a = 1.5 to obtain that

n . ok
log[(B.4)] < 2Cuu ~ o t°C (42 + BAZ-2)
*B a
< t? [26’1,1“,,1Z _ UBG (log n)] (A2 > C\(log n)1+2i<12/n > C\(logn)?/n)

There exists a sufficiently large B dependent only on C*,Cy, C,, ,, where 2C,, ,, — C*f O (logn) <

—logn for all n > 2. Hence, for all sufficiently large B,
log[(E.4)] < —t?logn.

Similarly, under these choices,

log[(E.3)] < —nt? |:_ic*(%% +B}\i(1—2*k)) +BQ/\%(1—2k+1):| +C(10gn)1+22+7a

< —nt? [—ic*(xi + BA20-270)y 4 BQ/\i(l_QkH)] + Cllogn) 2512 (1, < Apyt > 1)
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INA
~
[\
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>
SN
|
= o
Q
*
|
= W
Q
*
sl
VR
|~
N———
_|_
s
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N
>
N——
[N}
15
+
[ V)
\/
|
Q
—
@)
o
3
S—
3
+
(V)
[\ v}
St
| — |

<—2C* — EC*B + BQ> — C(logn)l"ﬁ;xa
(An < 1. Pick B such that —3C* — 2C*B + B% > 0)

INA
|
o~
)
3
>
S
7N
)=
N———

IN

—t% |nA2 (ic* - ZC*B + B2> — C(log n)1+22+of’]

IN

—t%(log n)1+22+Ta [C’,\ <ZC’* — EC*B - BQ> — C’}

There exists choices of B, depending solely on C*, C, Cy, C,,, ., where [C')\ (—%C* — %C’*B + BQ) — C] >
1 so that the above is at most —t%logn — log 2.

Putting the union bound together, we obtain that
(E3) + (E4) <n~?.
This concludes the proof.

E.2. Auxiliary lemmas.

Lemma E.1 (Lemma 5 in Jiang (2020)). Suppose Z; | 7; ~ N (7;,v?) where 7; | v? ~ G indepen-
dently across i. Let 0 < v,y < oo be the upper and lower bounds for v;. Then, for all constants
M > 0,\>0,a; > 0,p € N such that M > v,/8logn, A € (0,pA 1), and ai,...,a, > 0:

. {H ,aizi‘muzﬁzm} “ o {E”:(%M)A <Miy¢g N (2%}\(46’0))17) } |

=1

Appendix F. An oracle inequality for the Bayes squared-error risk
Recall the definition of MSERegret,, in (C.4) and the event A,, in (C.5).

F.1. Controlling MSERegret,, on AS. The first term is the regret when a bad event occurs, on
which either the nuisance estimates are bad or the data has large values. The probability of this

bad event is
P(AS) < P — nlloo > An) + P(Z,, > M,) < P(||) — 1lloc > Ap) + 12

There exist choices of the constant in (D.2) for M, such that P(Z,, > M,) < n~2, by Lemma F.6.
Thus, at a minimum, the first term is o(1) for appropriate choices of A, M,, such that P(AS) — 0.
We can also control the expected value of MSERegret,, on the bad event AC.

Lemma F.1. Under Assumptions 1 to 4. For 8 > 0, suppose n > 3 and suppose A,,, M,, satisfies
(D.2) such that P(Z,, > M,) < n~2, we can decompose

E[MSERegret,, (Gn, M L(I17 — nlloc > An)] S P> = nlloc > An)'/*(log n) ¥/

E[MSERegret,, (G, N 1(Z, > M,)] <u %(log n)2/e
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Proof. Observe that, for an event A on the data Z7.,,
A ~ _1 o 2 *\ 2 ]
E [MSERegretn(Gn,n)n(A)} ~E |- ;(Qi,aﬁ —99)21(A)

- q11/2

2
1<~ .
<z |(1300,0,- 0] | P
- l:]- -
by Cauchy—Schwarz.
A crude bound (Lemma F.5) shows that, almost surely,
1 ¢ ’
A —4
B
i=1
Apply Lemma F.6 to find that E[Zi] <# (logn)*“. This proves both claims. O

F.2. Controlling MSERegret,, on A,.

Theorem F.1. Assume the conditions in Corollary E.2. That is,
(1) Suppose G,, satisfies Assumption 1.
(2) For 8 > 0, suppose A,,, M, satisfies (D.2).
(3) Suppose Assumptions 2 to 4 hold.

Then,
A 2 o
E [MSERegretn(Gm M1(An)| Su n T (log n)%JFSHB

Proof. Let (3, be the constant in Corollary D.1 and By; be the constant in Corollary E.2. Recall
the Hellinger rate 4, in (E.2).
Recall the decomposition (C.4) for MSERegret,,. Note that the term corresponding to the second

term in the decomposition (C.4),

2 r * A *
E|1(An)= > (07 = 0)0, ¢, — ; )] =0,
i=1
is mean zero, since E[(6f — 6;) | Y1,...,Y,] = 0. Thus, we can focus on
]l(An) — *\2 | — 1 2 *(2
B | 0, 00| = LB (A0, 01 (F.1)

where we let éGn 7 denote the vector of estimated posterior means and let #* denote the correspond-
ing vector of oracle posterior means. Let the subscript p, denote a vector of regularized posterior

means as in (C.2). Thus, we may further decompose,

I+ 116¢ = 05,11 + 1165, — 0"]l-

10¢, 5 — 0"l < W10, 5 — O, ol + 106, 0 — 0 o 102

Gn s10,Pn
Let

]l(An) N N 2
— o M0e,5 = 0, |

& =
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_ 1(40) o
f2= Tneémno N eénavaan (F.3)
1A o
&= =06, 05— 0. (F.4)
1(An) |\ .

corresponding to the square of each of the terms, such that
(F.1) < 4(E& + E& + ES + E&y) = 4(E& + E&s + E&y).

Observe that & = 0 by Lemma D.9, since the truncation by p,, does not bind when A,, occurs.
The ensuing subsections control E£1, E€3, E4 individually. Putting together the rates we obtain,
we find that

& Su MSAZ = E& Sy MZ(logn)*A2

E¢s <y (log n)géi

1
E&y Su —
n

Now, observe that §,, <y A, M A, M, logn and % <3 (logn)32. Hence, the dominating rate

n ~

is (logn)302. Plugging in 62 in (E.2) to obtain the rate
(F.1) <n n_%(logn)z%+3+2’31. O

F.3. Controlling £;.

Lemma F.2. Under the assumptions of Theorem F.1, in the proof of Theorem F.1, & <y
M?2(logn)2A2.

Proof. Note that, by an application of Taylor’s theorem,

é é 2 f/ nsz(Z‘) /G’n7Vz<Zi)
- A~ UL A =0; 7 N
1,Gn,1) 4,GinsMo ‘ S’lfGn U; (Z ) SOlfGnyyz (Z )

— 2 377[)1 . 8¢z

I\ omy G it om Gnymo
82¢' 82¢
_ i A i & .
= 0; 877%68@ GAn’,;h (Sz SOZ) om 2 Gmm (ml mOl) ?

where we use 7); to denote some intermediate value lying on the line segment between 7; and ng;.
By Lemma D.14,
0.

H(An) i ényﬁ — 01 G’n o 57.[ Mn log nAn

Hence, squaring both sides, we obtain & <y M2(logn)?A2. O

F.4. Controlling &5.

Lemma F.3. Under the assumptions of Theorem F.1, in the proof of Theorem F.1, Ef3 <y
(logn)362.
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Proof. Observe that

* _ I - _ *
i7G7L77707p7L 0i7pn - SOZ Ti7Gn77707pn Tl7pn
A . . . . . A . * _
where T Conopn 18 the regularized posterior with prior GG, at nuisance parameter 7y and Tion =
T4,Go,m0,pn -

We shall focus on controlling

Fix the rate function J,, in (E.2) and the constant By, in Corollary E.2 (which in turn depends on
(3, in Corollary D.1). Let B, = {h( fa, . fco,-) < Budn} be the event of a small average squared
Hellinger distance. Let Gi,...,GxN be a finite set of prior distributions (chosen to be a net of
()

n

P(R) in some distance), and let 75, be the posterior mean vector corresponding to prior G; with

nuisance parameter 1y and regularization p,.

Then 1(4,) A
e e — ol S (G GG+ C)
where

G = 17emopn = o IP1 (A0 N BY) (F.6)
2

2 _ (|1~ T (4) _ ox 1(A,. N B F.7

G (HTGm,pn ol = il Tpnn)+ (An 1 By) (F.7)
2

2 _ (@) _ || — () _ o

G = maw () = I =& I = 1)) (.8)

2
2 _ () _ o
¢t = ma (E |l - 77,1} (F.9)

The decomposition ¢; through (4 is exactly analogous to Section C.3 in Soloff et al. (2021) and
to the proof of Theorem 1 in Jiang (2020). In particular, ¢; is the gap on the “bad event” where
the average squared Hellinger distance is large, which is manageable since 1(A, N BS ) has small
probability by Corollary E.2. (5 is the distance from the posterior means at Gn to the closest
posterior mean generated from the net G1,...,Gy; (o is small if we make the net very fine. (3
measures the distance between HT,EK) — 7, || and its expectation; (3 can be controlled by (i) a large-
deviation inequality and (ii) controlling the metric entropy of the net (Proposition D.2). Lastly,
(4 measures the expected distance between T,Sj ) and 7,,; it is small since G; are fixed priors with
small average squared Hellinger distance.

However, our argument for (3 is slightly different and avoids an argument in Jiang and Zhang
(2009) which appears to not apply in the heteroskedastic setting. See Remark F.1.

The subsequent subsections control ¢; through (4, and find that {4 <g; (logn)352 is the domi-

nating term. ]

F.4.1. Controlling (;. First, we note that

(7" 20002802 )= et 56
T (An, N B,)) Sy log(1/pn)1(An N B,) =lognl(A, N B),;)

T5,Gnmospn — Tpn
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By Corollary E.2, P(4, N BY) < (%" +9) 1, and hence

1 1 log1
*EC%S, ognloglogn
n n

F.4.2. Controlling (. Choose G1,...,Gn to be a minimal w-covering of {G ch(fa, fao.) < (5n}

under the pseudometric

Bl ) ‘
PV (2) frn() v (2)
where N < N (w, P(R),dum, p,)- We note that (F.10) and (D.17) are different only by constant

factors. Therefore, Proposition D.2 implies that

log N <510i(nl/6)\/log(l/pn),P(R),depn> <y log(1/6)? max (1, NIn) (F.11)

dM'ruPn (H17 HQ) = max Ssup (FlO)

€[N 22| <M,

log(1/4)
for all sufficiently small § > 0.

Then
1 ,
ECQQ <1(4, N B”);gﬁ\);(]”%@n,no P T,SZ)HQ (Triangle inequality : [|a —b|| — ||b — ¢|| < |la — ¢]|)
v} (Z:) v it (Zi
1(A, N By) maxZ]l|Z|<M) nabi - Gy (2
JEIN fGn Vz( )\/ < ) ij7Vi(Zi) \ (%)
<w?
52 log(1/6)?
< ———"log(1/pn). (Reparametrize w = §log(1/6)p;,,  /log(1/pn))

n

F.4.3. Controlling (3. We first observe that V;; = |
Vi = (Vij,...,Va;)', we have that

zpn 77 ol S V/logn, by Lemma D.10. Let

Gs = max([[Vi[| = E[[V;[l)+

Let K, = Cylogn > max;; |Vi;|. Since G;, Gy are both fixed, Vij,...,V,; are mutually indepen-

dent.
L) u?
— exp|——= |-
K, ) =P\ oKz
by Lemma F.7. By a union bound,

Observe that
P(C§>x)<Nexp — ).
- 2K?2

n

P(IV;l > E[V; 1] +w) = P (H;

V.
>E||—L
HKn

Therefore

E(Z] = /0 TP > ) de
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:/0 min <1,Nexp (—2;;%>) dx

o x
:2K2logN+/ N exp (—> dx
" 2K2log N 2K7%

<y lognlog N.

Now, if we take 6 = p,,/n, then
(logn)?

1

~EIC + 5] Sn
Remark F.1. For the analogous term in the homoskedastic setting, Jiang and Zhang (2009) (and,
later on, Saha and Guntuboyina (2020)) observe that ||7'ng) —7,. |l is a Lipschitz function of the noise

component Z; — ;. As a result, a Gaussian isoperimetric inequality (Theorem 5.6 in Boucheron et
al. (2013)) establishes that

P19 = I 2 E (17D =75 [ 7y + )

is small, independently of n—a fact used in Proposition 4 of Jiang and Zhang (2009). Note that
the concentration of ”TP(iL) — 7, || is towards its conditional mean E [HTP(Z) 7o, ,Tn]. In

the homoskedastic setting where v; = v,
E I =m0l 71,7 | = B, 179 = 7] (F.12)

where G, = 13,6, is the empirical distribution of the 7’s. However, (F.12) no longer holds
in the heteroskedastic setting, and to adapt this argument, we need to additionally control the

difference between E |:||T(i) — 75|l o H] . The arguments of Jiang (2020)

(p-2289) and Soloff et al. (2021) (Section C.3.3, arXiv:2109.03466v1) appear to use the Gaussian

concentration of Lipschitz functions argument without the additional step.
Téi) —7,, are bounded and applying

the convex Lipschitz concentration inequality. Since, like Soloff et al. (2021), we seek regret control

| 71,... ,Tn} and E |:||T(“ZL) —

Instead, we establish control of (5 by observing that entries of

in terms of mean-squared error, this argument applies to their setting as well. Jiang (2020), on the
other hand, seeks regret control in terms of root-mean-squared error, and it is unclear if similar
fixes apply.

|

F.4.4. Controlling (4. Consider a change of variables where we let w; = z/v; and \; = 7/v;. Let
G ;) be the distribution of A; under G, where
G (dX\) = G(dT)

Then
o) = [ 2ot =2 Gr) = o [ i = 3) Gy dh) = 5 e (w)

v; Vi
and

1
/ !/
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Hence,

! . 2
E(T(j) o )2 — 2R iji,l(wZ) B f/G’Oi,l(wi)
! ' ijivl(wi) V pn fGoml(wi) V pn

SH max ((log 1//)71)3’ | 10g h(ijiJ? fGoz‘,l)‘) h2(iji71) me,l)
(Lemmas D.9 and F.8)

= Imax ((log 1/pn)37 | log h(fG’j,Vm fGo,Vi)D hQ(ijJ/w fG'o,Vi)
(Hellinger distance is invariant to change-of-variables)

Let hz - h(ij,Vi?fG07yi).

Hence,
1 (logn)? 1
ZR[¢? < 24 - K2
CE[C]) S Y. k4 Y [loghilh;
i:| log hy|<(log 1/pn)? i:|log hi|>(log 1/pn)?
—2 1 1
< (logn)*h”(fa,,.. fao,.) + - Z hi (z|logz| <e™1)
i:|log hy|>(log 1/pn)?
Note that

2 _
[log hi| > (log 1/pn)® = hi < exp (—log(1/pn)®) < pli8/P)" <40 8 o™
(Assumption D.1)
Therefore the first term dominates, and
1

CEIGH) Su (logn)?s2.

F.5. Controlling &4.

Lemma F.4. Under the assumptions of Theorem F.1, in the proof of Theorem F.1, E{y < %

Proof. Note that

* *\21 __ Zféoﬂ/i(z) ’ fGOvyi ’
E[(0;,, —0:)7] = / <V'i oo (2) 11— m fGow(2)dz

471/2
Lo (2
<E I/ZQM P fcow(Z) < pn/l/i]l/Q (Cauchy—Schwarz)
feow(2)
Sn py/® Var(Z)1/ (Lemma D.12)
1
Suo—-
n
Therefore, E[&4] <y % O

F.6. Auxiliary lemmas.

Lemma F.5. Let éz G be the posterior mean at prior G and nuisance parameter estimate at 7.
Let 07 = éi,Go,no be the true posterior mean. Assume that G is supported within [—M,,, M ,] where
M, = max; | Z;(7) V 1|. Let || — nlloc = max(||ri2 — mo]|oc, |3 = s0[loo)-
Then, suppose
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(1) 117 = nlloo 2 1.
(2) Assumptions 2 and 3 holds.

(3) § 23 Spn for some fixed sequence sgy, > 0.

Then

A -
0 SH Son Zn.

*
LGy 0;

Moreover, the assumptions are satisfied by Assumptions 1 to 4 with sy, = Sgr < 1.

Proof. Observe that

. 1 5 Fe (2 1 R L, (Z)

0 ¢ = iGomo| =

~

5 fe, 5.(Zi)  soi Jaow(Z0)

—13 75 =1
57.[ Som M, + Z,.

by the boundedness of Gn and Lemma D.18. Note that

L S0i mo; — MYy _
|Zi(0)| = §; Zi + % S S 1 Zil.-
Therefore,
9i7én7ﬁ B eivGOJIO SH 8[7’127”'

Lemma F.6. Let Z, = max; |Z;| V 1. Under Assumption 2, for t > 1
P(Z, >t) <nexp(—Cayapt®)-
and
E[Z}] Spay (logn)?/®,

Moreover, if M, = (Cy + 1)(02_71{ logn)'/* as in (D.2), then for all sufficiently large choices of
Cu, P(Zn, > M,) <n 2

Proof. The first claim is immediate under Lemma D.16 and a union bound.

The second claim follows from the observation that

1/c
Efmax(|Z,| v 1] < (Z E((Zi] v 1>PC]> < /o8 (pole.

where the last inequality follows from simultaneous moment control. Choose ¢ = logn with
nl/108" — ¢ to finish the proof.

For the “moreover” part, we have that
P(Zn > Mn) < exp (logn - CAo,a,l/u (CH + 1)a02?)1-[ log n)

and it suffices to choose Cy such that (Cy + 1)* > cﬁfi so that P(Z, > M,) < e 2lsn =

0,%Vy

n=2. O
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Lemma F.7. Let W = (Wy,...,W,) be a vector containing independent entries, where W; € [0, 1].
Let ||-|| be the Euclidean norm. Then, for all t > 0

P[|W] > E[|W| +] < e ¥/2,

Proof. We wish to use Theorem 6.10 of Boucheron et al. (2013), which is a dimension-free con-
centration inequality for convex Lipschitz functions of bounded random variables. To do so, we

observe that w — ||w]| is Lipschitz with respect to ||-||, since
lw+all < lwl| + llall [lw]| = [w+a—a] <[w+all+ ol = [llw+all = [wl|] <all,

Moreover, trivially [Aw + (1 — Nv|| < Mw| + (1 = A)|jv]| for A € [0,1], and hence w > ||w]| is
convex. Convexity implies separate convexity required in Theorem 6.10 of Boucheron et al. (2013).

This checks all conditions and the claim follows by applying Theorem 6.10 of Boucheron et al.
(2013). g

1
Lemma F.8. Let fg = fu,1. Then, for 0 < p, < Nt

/ ( fiy, () Fiz, (@) )2 fo (2) da

le(LU) V pn a fHo(x) V pn
SJ max ((log 1/pn)37 ‘ logh (fH17fH0) ’) h2 (le’fHO)

where we define the right-hand side to be zero if Hy = H.

Proof. This claim is an intermediate step of Theorem 3 of Jiang and Zhang (2009). In (3.10) in
Jiang and Zhang (2009), the left-hand side of this claim is defined as 7(fm,, prn). Their subsequent

calculation, which involves Lemma 1 of Jiang and Zhang (2009), proceeds to bound

r(prPn) < 462h2<fH17 fH()) max (@i(pn)a 2a2) + 2‘~P+<pn)\/§h(fH1afH0)a

for a* = max (¢34 (pn) + 1,|1log h* (fu,, fH,) |) - Collecting the powers on h,log h and using ¢ (pp)

\/log(1/py) proves the claim.

Appendix G. Estimating 79 by local linear regression

S
O

In this section, we verify that estimating ng by local linear regression satisfies the conditions we
require for the nuisance estimators, when the true nuisance parameters belong to a Holder class of
order p = 2: my(0), so(0) € Cil([crg,cru]).

In our empirical application, we estimate myg, s9 by nonparametrically regressing Y; on x; =
logyg(04).™
smoothness conditions for (mg, so) translate to the same conditions on (E[Y | z], Var(Y | z)—c?(z)),

Since log(-) is a smooth transformation on strictly positive compact sets, Holder

with potentially different constants. Moreover, scaling and translating x; linearly do not affect our
technical results. As a result, we assume, without essential loss of generality, x; € [0,1]. We abuse
and recycle notation to write mo(x) = E[Y; | x; = x|, so(z) = Var(0; | z; = ). We also note that
mo(x), so(x) € C3, ([0,1]) for some Az Sy Ay

"8Correspondingly, let o(z) = 107.
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We will consider the following local linear regression of Y; on z;. There are many steps imposed
for ease of theoretical analysis, but we conjecture are unnecessary in practice. In our empirical

exercises, omitting these steps do not affect performance.

(LLR-1) Fix some kernel K (-). Use the direct plug-in procedure of Calonico et al. (2019) to estimate
a bandwidth Ay, .
(LLR-2) For some Cj, > 1, project ilnm to some interval [C’h_ln_l/5, Chn_1/5] so as to enforce that

it converges at the optimal rate:””
ilnm%(nmvc' n1/5)/\Cn /5.

(LLR-3) Using ilmm, estimate mg with the local linear regression estimator M,y under kernel K (-)
and bandwidth 7, .

(LLR-4) Project the resulting estimator 7 to the Hélder class C3, ([0,1]):
m € argmin ||m — Mraw|co-
meC3, ([0,1])
We obtain m through this procedure.
LLR-5
LLR-6
LLR-7
LLR-8

Form estimated squared residuals R? = (V; — i(z;))2.

Repeat (LLR-1) on data (R?, ;) to obtain a bandwidth h,, s.

Repeat (LLR-2) to project iln,s-

Using Bms, estimate v(z) = E[R? | X = z] with the local linear regression estimator o
under kernel K(-).

(LLR-9) Since © is a local linear regression estimator, it can be written as a linear smoother 0(z) =

(
(
(
(

\_/\_/\_/\_/

S 0i(; by s) R2. Let an estimate of the effective sample size be

1 1
o= L . (G.1)
n ; Zg 1622(wj,hn75)

(LLR-10) Truncate the estimated conditional standard deviation:

2
p— 211(3:). (G.2)

(LLR-11) Finally, project the resulting estimate to the Holder class as in (LLR-4):

Sraw () = \/0(2) — 02(2) V

s(x) € argmin  [|S — Sraw||oo-
s€C3, ((0,1])
82(~)an% min; o2
In practice, we expect the projection steps (LLR-3), (LLR-4), (LLR-7), and (LLR-11) to be un-
necessary, at least with exceedingly high probability, since (i) Calonico et al. (2019)’s procedure

is consistent for the optimal bandwidth, which contracts at n=/5

, and (ii) local linear regression
estimated functions are likely sufficiently smooth to obey Assumption 4(3). Hence, in our empirical
implementation, we do not enforce these steps and simply set M = Myaw, § = Spaw. Omitting the

projection steps does not appear to affect performance.

"We use the < notation to reassign a variable so that we can reduce notation clutter.
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To ensure we always have a positive estimate of sp, we truncate at a particular point (G.2). This
truncation rule is a heuristic (and improper) application of results from the literature on estimating

non-centrality parameters. We digress and discuss the truncation rule in the next remark.

Remark G.1 (The truncation rule in (G.2)). The truncation rule in (G.2) is an ad hoc adjustment
without affecting asymptotic performance.?’ It is based on a literature on the estimation of non-
central x? parameters (Kubokawa et al., 1993). Specifically, let U; N (Aiy1) and let V =

b Ul? be a noncentral x? random variable with p degrees of freedom and noncentrality parameter
A =Y" X2 The UMVUE for X is V — p, which is dominated by its positive part (V — p)4.
Kubokawa et al. (1993) derive a class of estimators of the form V' —¢(V;p) that dominate (V —p)+
in squared error risk. An estimator in this class is (V —p) V ﬁvﬁ”

This setting is loosely connected to ours. Suppose mg is known, and we were using a Nadaraya—
Watson estimator with uniform kernel. Then, for a given evaluation point zg, we would be averaging
nearby R?’s. Each R; is conditionally Gaussian, R; | (0;,0:) ~ N(0; — mo(0;),0?) with approx-

2

imately equal variance oj =~ o(x0)?. If there happens to be pg R,L-Q’s that we are averaging, the

Nadaraya—Watson estimator is of the form

o(zo) = o(zo) Zp: <0Ri))2

= \o(zo

2
Conditional on Uf, 0, the quantity Y ©_; (a(lj:io)) is (approximately) noncentral x? with p degrees

of freedom and noncentrality parameter

= ()

Therefore, correspondingly, applying the truncation rule from Kubokawa et al. (1993), an estimator

for the sample variance of 6;, p% P01 (0; — mo(x))?, is

(@(l‘o) — 0’2(1'0)) V

v(xg).
po + 2 (w0)

Here, we apply this truncation rule (improperly) to the case where 0(xg) is a weighted average
of the squared residuals, with potentially negative weights due to higher-order polynomials (equiv.
higher-order kernels). To do so, we would need to plug in an analogue of py. We note that when
independent random variables V; have unit variance, the weighted average has variance equal to

the squared length of the weights

Var (Z &(:c)%) = Z&Q(x)
i i=1

80Indeed, since we already assumed that the true conditional variance so(x) > s, we can truncate by any
vanishing sequence. Given any vanishing sequence, eventually it is lower than sy, and eventually |§ — so| is
small enough for the truncation to not bind. This is, in some sense, silly, since finite sample performance
is likely affected if we truncate by, say, @, reflected in a large constant in the corresponding rate
expression. Our following argument assumes that the truncation of order O(n~*°). Doing so is likely to
achieve a smaller constant in the rate expression, despite not mattering asymptotically.

81Though, since neither (V—-p)y and (V—p)V p—izV is differentiable in V, they are not admissible.
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Since a simple average has variance equal to 1/n, we can take (37, f?(x))_l to be an effective
sample size. Our rule simply takes the average effective sample size over evaluation points in (G.1)

and use it as a candidate for p. |

The goal in this section is to control the following probability as a function of t > 0
P (17 = molloe > Cutn™*/"(10g )"

for some constants /3, Cy to be chosen. Since we treat x1,...,x, as fixed (fixed design), we shall
do so placing some assumptions on sequences of the design points 1., as a function of n. These
assumptions are mild and satisfied when the design points are equally spaced. They are also satisfied
with high probability when the design points are drawn from a well-behaved density f(-).

Before doing so, we introduce some notation on the local linear regression estimator. Note that,
by translating and scaling if necessary, it is without essential loss of generality to assume z; take
values in [0, 1]. Let h,, denote some (possibly data-driven) choice of bandwidth. Let u(z) = [1, z]’
and let By, = Bpg(hy) = % YK ("’;l;x) U (‘T;;I) U (a:;;m)/ Then, it is easy to see that the
local linear regression weights can be written in terms of By, and u(-):

Sp =nhy, Li(x) = Li(x, hy) = iu(O)’B;xlu (xl — x) K (IZ — x) .
Sn hn, hn,

We shall maintain the following assumptions on the design points. The following assumptions

introduce constants (C}, ng, Ao, ag, Ko, K(+), ¢, C, Ck, Vi) which we shall take as primitives like
those in H. The symbols <, >, =< are relative to these constants, and we will not keep track of

~) ~Y)

exact dependencies through subscripts.
Assumption G.1. For some constant Cy > 1, the data-driven bandwidth h, is almost surely
contained in the set Hy, = [Ch_ln_l/5 Voo, Cpn= 1.
Assumption G.1 is automatically satisfied by the projection steps (LLR-3) and (LLR-7).
Assumption G.2. The sequence of design points (z; : i =1,...,n) satisfy:
(1) There exists a real number \g > 0 and integer ng > 0 such that, for alln > ng, any x € [0, 1],
and any h € [C’h_ln_l/‘r’ V %, Cypn~1/5), the smallest eigenvalue )\min(an(iL)) > \o.
(2) There exists a real number ag > 0 such that for any interval I C [0,1] and alln > 1,

izn; I(wi € 1) < ag ()\(I) v ;)

where \(I) is the Lebesgue measure of I.
(3) The kernel K is supported on [—1, 1] and uniformly bounded by some positive constant K.
(4) There exists ¢,C > 0 such that for all n > ng, the choice of p, in (G.1) satisfies end/d <
pn(h) < Cn*/5 for all h € [Cy'n=1/5 v 2=, Cpn=1/7].
Assumption G.2(1-3) is nearly the same as Assumption (LP) in Tsybakov (2008). The only
difference is that Assumption G.2(1) requires the lower bound Ay to hold uniformly over a range
of bandwidth choices, relative to LP-1 in Tsybakov (2008), which requires Ag to hold for some

deterministic sequence h,,. This is a mild strengthening of LP-1: Note that if x; are drawn from a
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Lipschitz-continuous, everywhere-positive density f(z), then for h — 0,nh — oo,

h) ~ /K(t)u(t) x)dt > /K ) dt <;§[(l)nl]f( )>

where > denotes the positive-definite matrix order. Thus the minimum eigenvalue of By, (h) should
be positive irrespective of z and h. See, also, Lemma 1.5 in Tsybakov (2008).
Assumption G.2(2)—(3) are the same as (LP-2)—(LP-3) in Tsybakov (2008). (2) expects that the
design points are sufficiently spread out, and (3) is satisfied by, say, the Epanechnikov kernel.
Lastly, (4) expects that the average effective sample size is about s, = nh, =< n=4/5, Again,

heuristically, if z; are drawn from a Lipschitz and everywhere-positive density f(z), then

> ag) b [(O) By L u@KO) ) dt = [ @OV B u(®K 0 (x,) .
=1 n

Sn

Hence the mean reciprocal p,, is of order s,. We also remark that Assumption G.2 is satisfied by
regular design points z; = i/n.

Assumption G.3. The kernel satisfies the following VC subgraph-type conditions. Let

Fi = {yH (y;x)leC’;x) Lz € [0,1],heHn}

for k = 1,2. For any finitely supported measure Q,

N(e, F, L2(Q)) < Ck(1/e)"%

for Ck, Vi that do not depend on Q.

Assumption G.3 is satisfied for a wide range of kernels, e.g. the Epanechnikov kernel. By
Lemma 7.22 in Sen (2018), reproduced as Lemma G.2 below, so long as the function ¢ — t* 1K (¢)
is bounded (assumed in Assumption G.2(3)) and of bounded variation (satisfied by any absolutely
continuous kernel function), the covering number conditions hold by exploiting the finite VC di-
mension of subgraphs of these functions.

We now state and prove the main results in this section. The key to these arguments is Proposi-
tion G.1 on the bias and variance of local linear regression estimators. Proposition G.1 is uniform
in both the evaluation point x and the bandwidth &, as long as the latter converges at the optimal
rate.

Theorem G.1. Suppose the conditional distribution 8; | o; and the design points o1, satisfy
Assumptions 2, 3, and G.2. Moreover, suppose my, s satisfies Assumption 4(1) with p = 2.

Suppose the kernel K (-) satisfies Assumption G.3. Let 1h,§ denote the estimators computed by
(LLR-1) through (LLR-11). Then:
(1) P (1,5 € C3,([0,1])) =1

(2) For some C' depending only on the parameters in the assumptions, for alln > 7 and t > 1,

A a2 72 1
P (max(”m — 1m0|lo0s ||8 — s0||) > Ctn~3 (logn)1+2/oz) < o

(G.3)
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(3) For some ¢ depending only on the parameters in the assumptions, for all n > 7,
P (f < 5> =1
n
Proof. The first claim is true automatically by the projection to the Holder space. The third claim
is true automatically by (LLR-11), since p, =< n*® and n=4/% > n=1,

Now, we show the second claim. Since we assume that mg, sg lies in the Hoélder space with
2

So > So¢, then projection to the Hoélder space (and truncation by 2/(2 + p,) min; ;) worsens
performance by at most a factor of two for all sufficiently large n. The projection to the Holder
space ensures that ||7) — 7o]/~ is bounded a.s. for all n, so that we can remove “for all sufficiently
large n” at the cost of enlarging a constant so as to accommodate the first finitely many values of
n. As a result, it suffices to show that

1
1042

P (max (itras = mollocs |3raw = s0lloc) > Ctn ™2 (10gn)”) <
for some C' and =1+ 2/a.
Let Y; = mo(z;) + & where & = 0; —mgo(z;) + (Y; — 0;). Note that we have simultaneous moment
control for &;:
max E[|¢; [P/ < p!/®
(2

where « is the constant in Assumption 2. Therefore, we can apply Proposition G.1 to obtain

A B 1
P (It — molloe > Ctn ™ (logm) +1/) < oy

for the local linear regression estimator Myay-

The same argument to control ||$;aw — So||leo is more involved. First observe that

‘§?aw - 3%‘ - ’graw - 30’(§raw + 30) > 30£|§raw - 30’-

Also observe that for a positive fjy,
|fVg—fol <|f—fol Vgl

As a result, it suffices to control the upper bound in

. 1 . 2
Jsome = sl < 5o (5 = e v (-5 ) (v0(2) = Vax(¥; | a1 = )
; 12 = volloo + [lvolloo :
< —
S0 —wvolleo V 5+ il (Assumption G.2)
< 16 = volle 4

Now, observe that k2 = R? + (mg — 1)? — 2(mg — 1)&;. Hence,

> bt ) 2 = o)+ { o =l + 2o — il () | 5 6o )

|[0(2) — vo(z)] <

i=1 €lnl i=1
<[ 6o 2 = ()] + € {llmo = il + 2o — il (maxle]) |
i=1 1cn

(G.5)
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By Lemma 1.3 in Tsybakov (2008), the term 3% |¢;(x, hys)| is bounded uniformly in & and z by
a constant. Note that

& = R? — vo(x;)
has simultaneous moment control with a different parameter (& = «/2):

max(BI&)P S /e

Thus, applying Proposition G.1 and taking care to plug in f,&, we can bound the first term in
n
ZEZ(IE’ hn,s)Rzz - UO(Qj)

(G.5)
'
i=1 0o

Note that by an application of Lemma F.6, for any a,b > 0, we have that

— 4nl042°

> Ctn~%/°(log n)1+2/0‘> < L

P <max |&i| > C(a,b)t(log n)l/o‘) <an e ”

As a result, the second term in (G.5) admits

1

P — 1|2+ 2|mo — 177 1) > Ctn=2/5(logn) 72/ ) < ——
(1m0 =l + 21 — sl () > Con5hogm)'+2/%) < 11

Finally, putting these bounds together, we have that

A B . 1
P (Hv — vp)|oe > Ctn~2/%(logn)'+% ) < 31073
where the same bound (with a different constant) holds for §.ay by (G.4).

Combining the bounds for /m and §, we obtain (G.3). This concludes the proof. U

Theorem G.2. Under the assumptions of Theorem G.1, let 1 = (m, §) denote estimators computed
by (LLR-1) through (LLR-11). Then,

E {MSERegretn(Gmﬁ)} < n2/5(logn) 2/,

Proof. Recall the event A,, in (C.5) for A,, = Cln_2/5(log n)? and M, = Cy(log n)l/o‘, where C1, Cy
are to be chosen and 8 = 1+ 2/a. Define A, = A,, N {s07/2 < § < 250, }. Decompose

E MSERegretn(én,ﬁ)] —E [MSERegretn(én, ﬁ)l(fln)] +E [MSERegretn(Gn, ﬁ)]l(flg)} .

Note that, for all sufficiently large n > N, such that N depends only on Ci, 3, sy, s, the event
Ay, implies {sgr/2 < § < 250, } and hence A,, = A,,. Thus, by Theorem G.1, for all sufficiently large
n, on the event A,, statements analogous to Assumption 4(2—4) hold for the estimator 7. As a

result, we may apply Theorem F.1, mutatis mutandis, to obtain that
E [MSERegretn(Gn, ﬁ)]l(fln)] < 0= 4/5(log ) 22 +3+28

for all sufficiently large choices of C', Cs.
To control E [MSERegretn(én, ﬁ)ﬂ(ﬁg)} , we observe that under Lemma F.5 and Theorem G.1(1

and 3), we have that almost surely,

MSERegret,,(Gp,n) S n47i.
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Hence, by Cauchy—Schwarz as in Lemma F.1,
E [MSERegretn(én, AL(AS)] < P(AC)Y2n4(log n)?/®,

where we apply Lemma F.6 to bound E[Zi}.
For all sufficiently large n > N,

P(A}) = P(AY) < P(Zy > My) +P(I = mollsc > An).

Sufficiently large Cy, Cy can be chosen such that the right-hand side is bounded by n~'°. To wit,
we can apply Theorem G.1 to bound || — 1o|/cc. We can apply Lemma F.6 to bound P(Z,, > M,,).
As a result, we would obtain

E |MSERegret,, (G, N 1(AS)| < %(bgn)?/a

for all sufficiently large n.
Since E[MSERegret,, (G, 7)] < n*(logn)?® is finite for all n, at the cost of enlarging the implicit

constant, we have the result of the theorem holding for all n. O

G.1. Auxiliary lemmas.

Proposition G.1. Consider the local linear regression of data Y; = fo(x;)+&; on the design points
z;, fori = 1,...,n. Suppose fy belongs to a Hélder class of order two: fu € C%([0,1]) for some
L > 0. Suppose that the design points satisfy Assumption G.2 and the (possibly data-driven)
bandwidths h,, satisfy Assumption G.1. Assume the kernel additionally satisfies Assumption G.3.

Assume that the residuals §; are mean zero, and there exists a constant A¢ > 0, > 0 such that

max (E[|&[7])!/P < Agp'/®

for allp > 2. Let ¢;(x, h) be the weights corresponding to local linear regression, and define the bias
part b(x, hy) = (0o bi(x, hy) fo(xi)) — fo(z;) and the stochastic part v(x,h) = > li(x, h)&.

Recall that H,, is the interval for h,, in Assumption G.1. Then:
(1) The bias term is of order n=2/5:
sup  |b(x, h)| < n 0.
Ie[o,l],hEHn

(2) The variance term admits the following large-deviation inequality: For any a,b > 0, there
exists a constant C(a,b), which may additionally depend on the constants in the assump-
tions, such that for allm > 1 andt > 1

1
P sup  |u(z, h)| > C(a,b) - t- (logn)T/en=2/5) < cm_b—2
z€[0,1],h€Hy, t
(3) As a result, let f(-) = b(-, hn) + v(-,hn) + fo(+), we have that for any a,b > 0, there exists
a constant C'(a, b) such that for alln > 1 and t > 1,

P (Hf — folloo > C(a,b)t(log n)1+1/an*2/5> < an*btlz'
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Proof. Note that (3) follows immediately from (1) and (2) since the bounds in (1) and (2) are

uniform over all h € H,. We now verify (1) and (2).

(1) This claim follows immediately from the bound for b(xg) in Proposition 1.13 in Tsybakov
(2008). The argument in Tsybakov (2008) shows that

sup |b(z, hy)| < Ch2,
z€[0,1]

which is uniformly bounded by Cn~2/5 by Assumption G.1. Hence

sup [ba, h)| S n~2.
z€[0,1],h€ Hp,

(2) Let M be a truncation point to be defined. Let
Gi.em = &1(|&G] < M) = E[GL(IG| < M)] & sm = GL(1&G] > M) — E[&1(1&] > M))]
be truncated and demeaned variables. Note that
§i = &i<m +&i>m-

First, let Vip(x, hy) = >0 bi(z, hy)&i > Note that by Cauchy-Schwarz, uniformly over x, hy,

1
2/5 2
Sn/ n E 5i,>M
i=1

Now, for some C' related to the implicit constant in the above display,

maxl E¢?

1< _ M
P 2 2) «p(2 Z 2 2 _—2/5 i>M 2/5
( sup V1n<xvhn) > Ct ) = (n P fz,>M >tn 2

z€[0,1],hn€Hp,
(Markov’s inequality)

We note that by Cauchy—Schwarz,

E[&. u] < \/EIEVPUEI > M) < /P& > M) < exp (~eM®) (Lemma D.16)

where ¢ depends on A¢. Hence, for a potentially different constant C,

2
p sup [Vin(z, hy)| > Ct | <exp (—CMO‘ —2logt + —log n> . (G.6)
z€[0,1],hn€EHp D

Next, consider the process

Van (2, hn) wah Vi<
=1

125



- nlhn ;’U(O)'anl é K (%h; x) i, <M
As (2,hn)
+Liu(0)'35; 0 K<xz—m> <a:,,—:c> &i,<M
nhy, 2= 1 o o
A (,hn)

n

_ Ai(x,hy) 1 " Ti— T Ag(x,hy) 1 T;— T T;—
:hnnZK< I >§z,<M+hnnZK I I &i,<M-

1=1 =1

Note that, by Assumption G.2(1), uniformly over z € [0,1] and h,, € H,,
_ 1
| Ak, hy)| < [Ju(0) B || < pve

By triangle inequality,

11 <& T;— T 1|1 < T;— X T;— X
Van(@, hy) S — |= Y K[ = i — =) K= : i
2(3: )Nhn n; < hn >€’<M+h” n; ( hn >< hn >§7<M
= W‘én’l($7 hn) + W%nﬂ(x7 hn)

We will aim to control the 19-norm of the left-hand side. Note that it suffices to control the 1)9-norm
of both terms on the right-hand side:

sup |Van (z, hyy)|

1
X
x€[0,1]7hn€Hn 2

. 5 \/’Tlhn ]?ifi sup |V2n,k(x7hn)‘
2

xG[O,l],hnEHn

2
The above display follows from replacing the sum with two times the maximum and Lemma 2.2.2
in van der Vaart and Wellner (1996).

We will do so by applying Lemma G.1. The analogue of f in Lemma G.1 is

tes f(ta,h) = <thx>k1K<thx)

for Vo, 1, k = 1,2. Naturally, the analogues of F is

Fr=A{t— f(t;z,h): 2 €[0,1],h € H,} U{t — 0}.

Note that
F(tia,h) < 1(Jt - 2| < h)Ky

and thus the diameter of F}, is at most

1 n
sup Koo | =Y 1z € A) <n/10
AC[0,1]:A(A)<4Cyn—1/5 ne
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by Assumption G.2(2). Therefore, by Assumption G.3, we apply Lemma G.1 and obtain that for
k=1,2

< Mn='1%/logn.

sup  [Van(z, h)|
z€[0,1],heH,,

2
Finally, this argument shows that

sup [Van (x, h)|
x€[0,1],h€ Hp,

1 _ .
‘ 5 WM\/ logn S n 2/5M log n. (G?)
2 "

Putting things together, we can choose M = (¢, log n)l/ @ for sufficiently large ¢, so that by
(G.6),
a b1

P ( sup  |[Vip(z, h)| > Ctn_2/5> <-nU,
z€| 2 t

0,1],h€Hy,

where ¢, depends on a,b. The bound (G.7) in turns shows that

P sup  [Van (@, hn)| > C(a,b)t(logn) 2a n~2/ | < 27"
ZCE[O,thnEHn

Taking t = \/blogn + log(a/4)s gives
P sup [Van (z, hy)| > Cla, b)s(log11)1“/0‘?1_2/56_82 <
z€[0,1],hn€Hy,

for all s > 1.

Therefore, combining the two bounds,

P < sup |v(z, he)| > C(a,b)t(log n)1+1/an2/5> < Cm,bt%.
z€|

0,1),hn€Hn
O
Lemma G.1. Suppose &; are bounded by M > 1 and mean zero. Consider the process
1 n
V. = — ;)&
W)= ;ﬂ D&
over a class of real-valued functions f € F and evaluation points z1,...,x, € [0,1]. Define the
seminorm ||-||,, relative to x1,...,x, by
[flln =

Suppose 0 € F and F has polynomial covering numbers:

N(e, F, |lla) < C(1/0)"  e€0,1]

127



where C,V > 0 depend solely on F. Then

sup |V (f)||| S Mdiam(F)y/log(1/diam(F)),

ferF

2
where diam(F) = Supfl,f2ef||f1 — falln-

Proof. The process V,(f) has subgaussian increments with respect to ||-||:

HVn(fl) - Vn(fZ)HTZJz 5 MHfl - fZHn'

Hence, by Dudley’s chaining argument (e.g. Corollary 2.2.5 in van der Vaart and Wellner (1996)),
for some fixed fy € F,

diam(F)
< Valfo)llgs + CM / Vg NG, 7, ) do.
P2

Note that (i) the metric entropy integral is bounded by C'diam(F)/log(1/diam(F)), and (ii) for a
fixed fo, ||V (fo)llws S |l follnM < diam(F)M since 0 € F. Therefore,

sup V,,(f)
f

< Mdiam(F)+/log(1/diam(F)).
2

sup Va(f)
f

0

Lemma G.2 (Lemma 7.22(ii) in Sen (2018)). Let ¢(-) be a real-valued function of bounded vari-
ation on R. The covering number of F = {z — g(ax + b) : (a,b) € R} satisfies

N(e, F, Ly (Q)) < K1V

for some K1 and V; and for a constant envelope.
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