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Gaussian empirical Bayes methods usually maintain a precision independence assumption:
The unknown parameters of interest are independent from the known standard errors of the
estimates. This assumption is often theoretically questionable and empirically rejected. This
paper proposes to model the conditional distribution of the parameter given the standard
errors as a flexibly parametrized location-scale family of distributions, leading to a family of
methods that we call CLOSE. The CLOSE framework unifies and generalizes several proposals
under precision dependence. We argue that the most flexible member of the CLOSE family is
a minimalist and computationally efficient default for accounting for precision dependence.
We analyze this method and show that it is competitive in terms of the regret of subsequent
decisions rules. Empirically, using CLOSE leads to sizable gains for selecting high-mobility
Census tracts.

KEYWORDS: Empirical Bayes, g-modeling, regret, heteroskedasticity, nonparametric
maximum likelihood, Opportunity Atlas, Creating Moves to Opportunity.

1. INTRODUCTION

Applied economists often use empirical Bayes methods to shrink noisy parameter estimates,
in hopes of accounting for the imprecision in the estimates and improving subsequent decisions.
Many such settings' can be described by a heteroskedastic Gaussian sequence model with known
variances. That is, researchers obtain statistical estimates Y; and accompanying standard errors
o, for parameters 6; associated with units ¢ = 1,...,n. Motivated by the central limit theorem,
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2 1 INTRODUCTION

we model Y; as unbiased Gaussian signals on 6; with known variances o?:

Loosely speaking, empirical Bayes methods improve decisions—e.g., estimating 6; or identify-
ing units with high ,—by pooling strength across the many estimates (Y;, 0;)"_, and accounting
for differing levels of noise o;.

Commonly used empirical Bayes methods often assume precision independence—that the
known standard errors o; do not predict the underlying parameters 6; (i.e., o; 1 6;). However,
precision independence is economically questionable and empirically rejected in many contexts.
Inappropriately imposing it can harm empirical Bayes decisions, possibly even making them
underperform decisions without shrinkage. Motivated by these concerns, this paper introduces
and analyzes empirical Bayes methods that allow for precision dependence.

To be concrete, our empirical application (Bergman et al., 2024) uses empirical Bayes methods
to shrink raw economic mobility estimates (Y;, ;) of low-income children, curated by Chetty
et al. (forthcoming). Here, 6; represents true unobserved economic mobility of low-income
children from Census tract 7. In this context, precision independence assumes that the standard
errors of these estimates do not predict true economic mobility. However, more upwardly mobile
Census tracts tend to have noisier estimates, in part because they contain fewer low-income
households. Consequently, the standard errors o; and true mobility 6; are positively correlated.

In this context, imposing precision independence can be costly for decision-making. Bergman
et al. (2024) select high-mobility Census tracts by choosing those with high empirical Bayes
posterior means (i.e., shrinkage estimates). Under precision independence, empirical Bayes
methods shrink all estimates to their unconditional mean (i.e., £[f;]) and shrink noisier estimates
more aggressively. If §; and o; are positively correlated, such shrinkage tends to systematically
underestimate true mobility of high-o; tracts. This can harm subsequent selection decisions,
if we wish to target high-mobility—hence disproportionately high-o;—tracts.” In contrast,
screening on shrinkage estimates computed by our methods selects substantially more mobile
tracts.

To introduce empirical Bayes methods, let us return to the Gaussian model (1.1). Under
this setup, empirical Bayes methods are rationalized as approximations of unknown optimal
decisions. Assume that (6;,0;) are drawn randomly from some distribution. Then the optimal,
infeasible decisions take the form of Bayes decision rules for an oracle Bayesian, whose prior is
the unknown distribution of (6;,0;). Empirical Bayes methods emulate these oracle decisions
by estimating the oracle’s prior from the data. For instance, shrinkage estimation, discussed so
far, corresponds to using the estimated posterior means of §; given (Y;,0;) as a decision rule
for predicting 6, ...,6,. Under this backdrop, precision independence further simplifies the
problem of estimating the oracle’s prior, but introduces poor performance when it fails to hold.

This paper has two contributions. First, we propose a flexible but tractable framework for
modeling precision dependence that nests various proposals in the literature. Our methods are
then natural estimation strategies under this framework. Section 2 models 6; | o; as a conditional

2For a few measures of economic mobility where precision independence is severely violated, we find that screening
on conventional estimates selects /ess economically mobile tracts, on average, than screening on the unshrunk estimates.
Fortunately, for the measure of economic mobility (mean income rank pooling over all demographic groups whose
parents are at the 25" percentile of household income) used in Bergman et al. (2024), the violation of precision
independence is sufficiently mild, so that screening on these empirical Bayes shrinkage estimates still outperforms
screening on the raw estimates.
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location-scale family,® controlled by o;-dependent location hyperparameter mq (o) = E[6 | o]
and scale hyperparameter s2(o) = Var(6 | o). Under this assumption, different values of o;
translate, compress, or dilate the distribution 6; | o;, but the underlying shape G, of this
distribution is constant over ¢;. This model subsumes precision independence as the special
case where the location and scale parameters are constant functions of o;.

This model naturally gives rise to a family of conditional location-scale empirical Bayes
methods—which we call CLOSE—by estimating the hyperparameters (mq(0), so(0),Gy). The
CLOSE framework also makes estimating these objects highly tractable. The location and scale
hyperparameters mq(-), so(-) can be written as conditional moments of Y | o, reducing their
estimation to learning conditional expectation functions. Subsequently, given (mq(+), so(+)), it
is possible to normalize the data (Y;,0;) so as to remove precision dependence. After normal-
ization, one could then apply conventional empirical Bayes methods to estimate the remaining
hyperparameter Gj.

The CLOSE framework unifies and generalizes several proposals in the literature (among
others, Kline et al., 2023, Weinstein et al., 2018, George et al., 2017, Ignatiadis and Wager, 2019).
These proposals can be viewed as specific modeling and estimation choices for (my, 59, Go)-
Various subsets of these proposals emphasize a nonparametric perspective for modeling and
estimating various components of (my, o, Go); thus, a natural way to generalize is to adopt a
nonparametric perspective for all of them. In particular, we advocate for using nonparametric
regression to estimate (mg(-), So(+)) and for using nonparametric maximum likelihood (NPMLE)
to estimate G (Kiefer and Wolfowitz, 1956, Jiang and Zhang, 2009, Koenker and Mizera, 2014).
We refer to this variant as CLOSE-NPMLE. We view CLOSE-NPMLE as a flexible, minimalist, and
computationally efficient default, in the absence of substantive knowledge that motivates further
restrictions on (mq, So, Go).

The second contribution of the paper is a theoretical analysis of CLOSE-NPMLE in Sec-
tion 3. Our main result (Theorems 1 and 2) establishes that, under the CLOSE assumptions,
CLOSE-NPMLE emulates the oracle Bayesian as well as possible in terms of squared error
loss. Specifically, we establish upper and lower bounds for the squared error Bayes regret for
CLOSE-NPMLE. These upper and lower bounds match up to logarithmic factors in the number of
observations, indicating that CLOSE-NPMLE attains a regret rate that is approximately minimax
optimal. These results extend existing regret guarantees for NPMLE-based empirical Bayes to
account for precision dependence (Soloff et al., 2024, Jiang, 2020, Jiang and Zhang, 2009, Saha
and Guntuboyina, 2020). The key technical difficulty is accounting for estimation error in mq
and s(, which feed into NPMLE estimation.

We enrich our main result in two additional ways. First, to assess robustness of CLOSE-
NPMLE to the CLOSE assumption, we study a population version of CLOSE-NPMLE under
misspecification of the location-scale model. Theorem 3 finds that its worst-case risk—under
arbitrarily different shapes of 6; | o; as a function of o;—is within a bounded multiple of the
risk of a minimax procedure. Second, we also extend our guarantee for squared error regret to
the Bayes regret for two ranking-related decision problems, including the problem of selecting
high-mobility tracts in Bergman et al. (2024). Theorem 4 shows that the Bayes regret in squared
error dominates the Bayes regret for these other decision problems. Coupled with Theorem 1,
this implies that CLOSE-NPMLE has good performance for these ranking-related problems as
well.

3A location-scale family with shape G, indexed by location m and scale s, is a set of distributions with cumulative
distribution functions (CDFs) Fy, s(t) =G (t;m) as m and s vary. For instance, the family A/ (m, s?) is location-
scale with shape G(t) = ®(t), for ® the standard Gaussian CDF.




4 2 MODEL AND PROPOSED METHOD

To illustrate our method, Section 4 applies CLOSE to two empirical exercises (Chetty et al.,
forthcoming, Bergman et al., 2024). The first exercise is a simulation calibrated to the Op-
portunity Atlas, the dataset published by Chetty et al. (forthcoming). For all 15 measures of
economic mobility that we consider, CLOSE-NPMLE improves over all alternative methods and
captures over 90% of possible mean-squared error (MSE) gains relative to no shrinkage, whereas
conventional empirical Bayes methods capture only 70% on average and as little as 50% for
some.

The second exercise evaluates the out-of-sample performance of various procedures for
selecting high-mobility Census tracts (Bergman et al., 2024), using an out-of-sample validation
procedure based on the coupled bootstrap that we introduce (Oliveira et al., 2021). Bergman
et al. (2024) use empirical Bayes procedures to select high-mobility Census tracts in Seattle. In
an exercise that mimics theirs, we find that CLOSE-NPMLE selects more economically mobile
tracts than conventional methods. Conventional methods, on the other hand, frequently select
less mobile tracts than screening based on the noisy estimates directly. The improvements of
CLOSE-NPMLE over the standard method are on median 2.6 times the value of basic empirical
Bayes—that is, the improvements the standard method delivers over screening on the raw
estimates Y; directly. Therefore, for this application, if one finds using the standard empirical
Bayes method a worthwhile methodological investment, then the additional gain of using CLOSE
is likewise meaningful.

2. MODEL AND PROPOSED METHOD
2.1. Empirical Bayes assumptions

We observe estimates Y; and their standard errors o; for parameters 6;, over populations
i€ {1,...,n}. We maintain two assumptions that are standard in the empirical Bayes literature
(Gilraine et al., 2020, Jiang, 2020, Soloff et al., 2024, Gu and Koenker, 2023, Gu and Walters,
2022, Walters, 2024).

First, we assume throughout that the estimates are conditionally Gaussian with known vari-
ances equal to o2 and are independent across i (1.1). The Gaussian model (1.1) is heuristically
motivated by a central limit theorem applied to the underlying micro-data. This assumption is
not without loss: We ignore the fact that the central limit theorem is only an approximation
and treat the Normality as exact. As a concrete example (cf. Example 2 in Walters, 2024),
suppose 0; = Eq,[Y;;] is the population mean of some variable Y;; ~ ); drawn from popula-
tion ();. A natural estimator Y; of 0, is the sample mean of Y;,,...,Y;,,. A natural estimate
for the variance of Y; is 02 = n; > Z?’:l(Yz —Y;)?. By standard arguments, as n; — oo,
o7 (Y —6;) LN N (0,1). This heuristically motivates (1.1) by replacing “Lo with <

Second, we assume that (6;, ;) are random and sampled i.i.d. from some distribution. Since
empirical Bayes methods estimate the distribution of (6;, 0;), it is natural to think of (6;,0;) as
random. For minor technical reasons, throughout, we condition on .,, = (04,...,0,,) and treat
them as fixed. Thus, we think of 6; as drawn independently but not necessarily identically:

i.n.i.d.
Let Py = (G),...,Gn)) denote the conditional distribution 6., | 01.,.
“Note too that Y; — 6; = OP(TL;l/2) and 0; — n;1/2 Varg, (Y;;) = Op(n; "), and so the estimation error in

o; is negligible compared to the estimation error in Y;, thereby heuristically justifying treating the estimated standard
error o; as the true variance of Y;.
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Throughout, we focus on a setting without additional covariates X;, returning to accommodat-
ing for covariates in the empirical application (Section 4). Our methods generalize immediately
to settings with covariates X;—as long as Y; | X;,0;,0; ~ N (0;,07)—by treating X; symmetri-
cally as ;. We focus on o; since it is always present in heteroskedastic empirical Bayes settings,
and it enters the likelihood of Y; unlike other covariates. Likewise, for simplicity, we focus on a
setting where (Y;,0,,0,) are independently distributed: We briefly discuss dependence across i
in Section OA4.1 of the Online Supplement.

Under these assumptions, empirical Bayes methods are desirable for decision-making: They
approximate optimal but infeasible decision rules. To see this, consider a decision problem with
loss function L(9, 6;., ), which evaluates an action § at a vector of parameters 6;.,,. The optimal
decision—in terms of expected loss Ep [L(-,61.,) | 01.,] over (Y;,6;) | o,—chooses actions
that minimize the posterior expected loss under prior Fy:

6*(Y1:n70-1:n; PO) S argminEPg [L(ayeln) | Yl:naonl:n} (22)
[

For this reason, we refer to §* as the oracle Bayes decision rule, and think of it as the Bayes
decision rule for an oracle whose prior is Py. §* is infeasible since we do not know P,. To
remedy, empirical Bayes methods seek to approximate the oracle Bayes rule 6*. Naturally, one
recipe is to plug an estimate P for P, into (2.2):3

(SEB(K:’erl:n; P) € argminEP[L((S)Gl:n) | Yl:nao-lzn}' (23)
5

For the decision problem where L(4,6,.,,) = % >, (6; —6;)? is mean-squared error, (2.3) gen-
erates empirical Bayes posterior means E [0, | Y;, 0], often referred to as shrinkage estimates
(James and Stein, 1961, Efron and Morris, 1973).

To simplify the estimation of F;, popular empirical Bayes methods often assume precision
independence: 0; 1L o;, or, equivalently, G(1y = --- = G, in (2.1) and equal to some distri-
bution G'). For instance, the standard parametric empirical Bayes method models G ; as
i.i.d. Gaussian, G ) ~ N (my, sg) (Morris, 1983). State-of-the-art empirical Bayes methods
relax the parametric assumptions on G o) and estimate Gy with nonparametric maximum
likelihood, or NPMLE (Jiang, 2020, Gilraine et al., 2020, Soloff et al., 2024). Henceforth, we
refer to these methods as INDEPENDENT-GAUSS and INDEPENDENT-NPMLE, respectively. The

“INDEPENDENT” here emphasizes precision independence.

2.2. Precision independence and its violation

Despite its convenience, precision independence may be economically implausible; imposing
it may cause empirical Bayes methods to underperform. We illustrate this with an application to
the Opportunity Atlas (Chetty et al., forthcoming). There, one published measure of economic
mobility 6, of tract ¢ defines it as the probability that a Black individual becomes relatively
high-income (i.e., having family income in the top 20 percentiles nationally) after growing up
relatively poor in tract 7 (i.e., with parents at the 25" percentile nationally).

Intuitively, Census tracts with more low-income Black households should have more precise
estimates of 6;, simply because there is a larger sample size to estimate 6;. However, it is likely
that these tracts are also on average poorer and are thus less economically mobile. Thus, these

5To emphasize the distinction between the true expectation with respect to the data-generating process (2.1) and a
posterior mean taken with respect to some possibly estimated measure P, we shall use [E to refer to the former and E
to refer to the latter. Subscripts typically make the distinction clear as well.
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Census tracts should have smaller o; but also lower 6;, meaning that (o, ;) are positively
correlated.

Opportunity Atlas estimates for
P(Income ranks in top 20 | Black, Parent at 25th Percentile)

0.6 All tracts in the largest 20 Commuting Zones
Estimates Y; | 6;, o; ~ N(6;, 67)
0.4 —— Estimated E[6 | o] = E[Y | 0]
95% uniform confidence band for E[6 | 0]
=
@ 02
©
£
»
L
0.0
-0.2

-2.50 -2.25 -2.00 -1.75 -1.50 -1.25 -1.00 -0.75
l0g10 (07)

NOTES: All tracts within the largest 20 Commuting Zones are shown. Due to the regression
specification in Chetty et al. (forthcoming), point estimates of ; € [0,1] do not always lie
within [0, 1]. The orange line plots nonparametric regression estimates of the conditional mean
E[Y | o] = E[f | 0] = mo(0), estimated via local linear regression implemented by Calonico
et al. (2019). The orange shading shows a 95% uniform confidence band, constructed by the
max-t confidence set over 50 equally spaced evaluation points. See Supplementary Material
SMB& for details on estimating conditional moments of 6; given o;.

FIGURE 1.—Scatter plot of Y; against log, (o) in Chetty et al. (forthcoming)

As this economic intuition predicts, precision independence is readily rejected for this measure
of economic mobility. Figure 1 plots the estimates Y; against their standard errors, overlaying
an estimate of the conditional mean function my(o;) = E[6; | 0;] = E[Y; | 0;]. If 0, were
independent of o, then the true conditional mean function mq(o;) should be constant. Figure 1
shows the contrary—tracts with more imprecisely estimated Y; indeed tend to have higher 6,.

What happens if we apply empirical Bayes methods that assume precision independence
here? Figure 2 overlays empirical Bayes posterior means on the scatterplot. In the top left panel,
INDEPENDENT-GAUSS shrinks Y; towards a common estimated mean 7, depicted as the black
line. When o; and 6, are positively correlated, estimated posterior means under INDEPENDENT-
GAUSS systematically undershoot ; for tracts with imprecise estimates. Similarly, the top right
panel of Figure 2 shows that INDEPENDENT-NPMLE suffers from the same undershooting. In
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Opportunity Atlas estimates for
P(Income ranks in top 20 | Black, Parent at 25th Percentile)
All tracts in the largest 20 Commuting Zones

0.6 0.6
Estimates Y; | 6;, 0; ~ N(6}, 07) Estimates Y; | 6;, 0; ~ N(6;, 07)
04 EB posterior means (Independent Gaussian) 04 EB posterior means (Independent NPMLE)
. —— Estimated E[0] W : —— Estimated E[8] ik
0.2 0.2
0.0 0.0 -
-0.2 -0.2
-2.5 -2.0 -1.5 -1.0 -25 -2.0 -1.5 -1.0
0.6
Estimates Y; | 6;, 0; ~ N(6;, 07)
0.4 EB posterior means (CLOSE-NPMLE)
: —— Estimated E[6 | o] = E[Y | 0]
0.2
0.0
-0.2
-25 -2.0 -1.5 -1.0
log1o (07)

NOTES: The top left panel shows posterior mean estimates with INDEPENDENT-GAUSS. The
top right panel shows the same with INDEPENDENT-NPMLE. The bottom panel displays posterior
mean estimates from our preferred procedure, CLOSE-NPMLE. In the top panels, the estimates
for the unconditional mean and variance of 6; are weighted by the precision 1/07, following
Bergman et al. (2024).

FIGURE 2.—Posterior mean estimates under precision independence

contrast, the bottom panel of Figure 2 previews our preferred procedure, CLOSE-NPMLE, which
shrinks towards the conditional mean E[0; | 0;], thus avoiding the undershooting.

Nonetheless, posterior means from INDEPENDENT-GAUSS or INDEPENDENT-NPMLE may
still be better predictors, on average, for #; in mean-squared error than the noisy Y; (James and
Stein, 1961, Efron and Morris, 1975). However, the undershooting for large o, is particularly
problematic if one hopes instead to select high-mobility Census tracts based on these posterior
means, as do Bergman et al. (2024). On average, high-mobility tracts are exactly those with high
o;. Underestimating mobility for these tracts thus leads to suboptimal selections that may even
underperform screening directly based on Y; (see, also, Mehta, 2019).

To see this, Figure 3 zooms into a subregion of Figure 1 and highlights two Census tracts, one
in Englewood, NJ, and one in Richmond, CA—referring to them by tracts A and B, respectively.
Demographically, tract A is 77% nonwhite according to the 2010 Census, and tract B is 57%
nonwhite, contributing to different o;’s. Tract A has a lower raw estimate Y; than tract B
(Y4 < Yp); and tracts with similar o; to tract A, on average, also have lower estimates than
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Opportunity Atlas estimates for
P(Income ranks in top 20 | Black, Parent at 25th Percentile)

0.200
# Rawdata
0175 ® EB posterior mean (Independent Gaussian) . RTr?]Ct B 4 oA
' EB posteri CLOSE-NPMLE ast Richmond,
* posterior mean ( ) San Francisco-Oakland, CA CZ
0.150 (FIPS 06013370000)
t 3
TractA
0.125 Englewood, NJ
Newark-Trenton, NJ CZ
0.100 (FIPS 34003015200)
®
0.075
0.050
\
0.025 d
0.000
-1.6 -1.5 -1.4 -1.3 -1.2 -1.1 -1.0

log1o (07)

NOTES: This plot shows a subregion of Figure 1 and highlights two Census tracts. The two
tracts are those with log,,(c;) < —1.1 with the highest Y;, for which the selection decisions from
INDEPENDENT-GAUSS and CLOSE-NPMLE disagree. Like Bergman et al. (2024), the selection
decisions aim to select 1/3 of Census tracts so as to maximize the average 6, selected, by
screening for the top 1/3 of empirical Bayes posterior means (formally, see Decision Problem 3).

FIGURE 3.—Ranking decisions for two Census tracts

those similar to tract B (i.e., m(0.4) < m(op)). Either gap between the two tracts is substantial.®
These observations are compelling evidence in favor of g > 6 4: If one would like to select a
Census tract to recommend, then, between A and B, one is probably better off recommending
tract B.

However, INDEPENDENT-GAUSS shrinks both to an estimate of the unconditional mean, which
results in a higher posterior mean estimate for tract A. In doing so—fooled by an excessively
low shrinkage target for tract B—INDEPENDENT-GAUSS recommends tract A over B instead.
In contrast, our preferred method (CLOSE-NPMLE) computes posterior means that preserve the
more plausible ordering of the two tracts. We do so by modeling the conditional distribution of
0; | o; more flexibly, which we turn to now.

SBoth Y5 — Y4 and (o) — (0 4) are about five percentage points. For reference, an estimate of the uncondi-
tional standard deviation of 6; is 3.7 percentage points.
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2.3. Conditional location-scale modeling of precision dependence

We propose the following conditional location-scale model as a relaxation: For a distribution
G\ normalized to have zero mean and unit variance, 6; has the following representation

91' = mo(Ui) + SO(Ui)Ti where Ti ‘ O'Z‘i-’i';JdAGO 770() = (m0(~), SO('))- (24)

(2.4) states that the conditional distribution 6 | ¢ depends on ¢ via mg(c) and so(c). The
function mg(-) translates the location of the distribution and the function sq(-) controls the
scaling. The underlying shape of the distribution is governed by 7; ~ G and is restricted by
(2.4) to be invariant across different o; values. By the normalization of GG, we can think of
my(+) as the conditional mean of 6; | o; and s3(-) as the conditional variance.

Applying the empirical Bayes recipe (2.3) amounts to estimating the unknown hyperpa-
rameters (1, Gy). Estimating 19 = (mg(+), So(+)) is straightforward, as 7, can be written as
conditional moments of Y; | o;:

mo(o) =E[0|o]=E[Y |o] and s;(c)=Var(d|o)=Var(Y|o)—o>. (2.5

Estimating 7, thus reduces to estimating conditional expectation functions.
Estimating G is more complicated. We do so by normalizing away the precision dependence.

Consider transforming (Y, 0;) into (Z;,v;), defined by Z; = %f;()‘”) and v; = 50?;') . Note
that (2.4) implies that
Zl' | Ti,l/?NN(TZ‘,VE) Ti | U'i,Vii"i\.Si'Go. (26)

(2.6) makes clear that, first, the transformed triplet (Z;, 7;, ;) obeys an analogue of the Gaussian
model (1.1), where Z; is a noisy Gaussian signal on 7; with variance 2. Second, precision
independence holds in (2.6), since 7; | Vil'kd ‘Gy.

This observation motivates the following strategy: First, estimate mg and s, with 772(+) and
3(-) so as to transform (Y}, 0;) into (Z;, ;):

5 Y — m(Ui)
4= 0

g;

8(0i)

and 7;= 2.7

Second, apply empirical Bayes methods that assume precision independence on (Zi, ;) to
estimate G. This leads to a family of empirical Bayes strategies that we refer to as conditional
location-scale empirical Bayes, or CLOSE:

CLOSE-STEP 1| Estimate m(0), s3(o) according to (2.5).

CLOSE-STEP 2| With the estimates 7) = (1, §), transform the data according to (2.7).
Apply empirical Bayes methods under precision independence to estimate G, with some
G, on the transformed data (ZAZ, ;).

\ CLOSE-STEP 3 \ Having estimated (7, @n) and hence having obtained P, we then form

empirical Bayes decision rules following (2.3).
This framework produces a family of empirical Bayes strategies, since ] CLOSE-STEP 1 \

and ] CLOSE-STEP 2 \ can take different forms that practitioners can plug and play. When there
are additional covariates X; (independent of the noise (Y; — 6;)/0;), researchers can choose
instead to model mq (o, X;) and sq(0;, X;) that include these covariates, and estimate G, after
normalizing by mg(o;, X;) and so(0y, X;).

This paper focuses on a particular implementation which we call CLOSE-NPMLE. It uses non-
parametric regression for ’ CLOSE-STEP 1 ‘ and NPMLE for ’ CLOSE-STEP 2 ‘ We recommend
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this method as a flexible default and primarily analyze it in Section 3. We conclude this section
with several self-contained discussions on implementations of these two steps, the rationale for
(2.4) and CLOSE-NPMLE, and other miscellaneous issues.

2.4. Discussions

2.4.1. Implementation

For ’ CLOS , one can exploit (2.5) by plugging in estimates of conditional expec-
tation functions. For E[- | o] an estimator of conditional means, we may let 1h(c) = E[Y | o]
and 8%(c) = E[(Y — m(0))? | 0] — 0. The estimator E[- | o] itself may be nonparametric or
based on judiciously chosen parametric models (see Walters, 2024, for suggestions of the latter).
The estimation of 1y should also impose known support restrictions on 7). For instance, the
conditional variance estimate §, should be nonnegative (see Remark 1), and the conditional
mean estimate should be within the support of 6;. Our subsequent theoretical results simply
assume that the estimators for mq(-), so(+) are well-behaved and are uniformly accurate.

For ] CLOSE-STEP 2 \ one could again model G nonparametrically or parametrically. As
a flexible, performant, and minimalist default in the absence of stronger views on the shape
GO, we focus on using NPMLE to estimate GGy (Koenker and Gu, 2019). Formally, the NPMLE
G,, maximizes the log-likelihood of Z;, whose marginal distribution is the convolution G *
N (0,02): For ¢(+) the Gaussian probability density function and P(RR) the set of all distributions
supported on R, we maximize

G, € argmax — Zlog/ ® ZiA_T AlG(dT). (2.8)

GeP®R) N v v

In practice, we approximate P(R) with finitely-supported distributions on a grid in order to
compute (2.8) (Koenker and Mizera, 2014).”

On the other hand, a default parametric model for Gy is to simply assume that G, ~ N (0, 1),
which we refer to as CLOSE-GAUSS. This approach amounts to using INDEPENDENT-GAUSS on
the transformed estimates (Z;, v;), with knowledge that the prior G, has zero mean and unit
variance. Under this model, the oracle Bayes posterior means are:

* Uiz 32 (UI)
6CLOSE GAUSS(Yi? Ui) = Wm(J(Ui) + SQ(UO)ﬁY; 29)
0 T 2 0 J 2

Despite being rationalized under the assumption 6, | o; ~ N (mq(0;), s3(0;)), this oracle (2.9)
enjoys strong robustness properties® even without the location-scale model (2.4) and the assump-
tion that Gy ~ N(0, 1). First, (2.9) is the optimal linear-in-Y" decision rule for estimating 6; in
squared error (Weinstein et al., 2018); second, (2.9) is minimax in the sense that it minimizes

"Koenker and Gu (2017) provide an efficient software implementation for (2.8), which we use throughout.

In terms of grid choice, theoretically, the only downside of a finer grid is computational burden. Ideally, adjacent
grid points should have a sufficiently small and economically insignificant gap between them. In our empirical
exercises, since the distribution G of 7; have zero mean and unit variance, we find that a fine grid within [—6, 6]
(e.g., 400 equally spaced grid points), with a coarse grid on [min; Z;, max; Z;] \ [—6, 6] (e.g., 100 equally spaced
grid points), performs well. Our subsequent theory accommodates an approximate maximizer of the likelihood, and
thus accommodates the discretization (Assumption 1).

8Theorem 3 shows that oracle versions of CLOSE-NPMLE satisfy analogous but weaker robustness properties when
the location-scale model fails.
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TABLE I
'VARIOUS EXISTING METHODS FIT INTO THE CLOSE FRAMEWORK
Step 1 Step 2

Weinstein et al. (2018) Partition-based nonparametric estimator for m, sg G~ N(0,1)

George et al. (2017) Parametric models for m ), s2 Go ~N(0,1)

Chamberlain (1984) Parametric models for mq, s Gy ~N(0,1)

Efron (2016) Constant m, sg G nonparametric (log-spline sieves)
Kline et al. (2023) mg = c18(+), sg = cos(-) for parametric s(-) G nonparametric (log-spline sieves)
INDEPENDENT-NPMLE Constant mgq, s G nonparametric
INDEPENDENT-GAUSS Constant m, s Gg ~N(0,1)

Ignatiadis and Wager (2019) ~ Nonparametric m, constant sg Go ~N(0,1)

Jiang and Zhang (2010) Constant mq, sg (o) = o (see Remark 2) G nonparametric

the worst-case mean squared error over choices of Gy, .., G (,) among all decision rules (see

Lemmas SM9.2 and SM9.3 for formal statements, respectively). This method performs almost
as well as CLOSE-NPMLE in our empirical exercises.

2.4.2. The location-scale assumption and CLOSE-NPMLE

We argue that the location-scale assumption provides a unifying framework for a number of
existing methods, and CLOSE-NPMLE is a natural generalization of these methods within this
framework. We also briefly speculate how to generalize beyond CLOSE-NPMLE.

Several existing methods can be thought of as implementations of CLOSE by making different
choices in ] CLOSE-STEP 1 \ and ] CLOSE-STEP 2 |. Table I summarizes how these methods fit
into the CLOSE framework. Among these methods, some choose nonparametric models for
’ CLOSE-STEP 1 ‘ and some choose nonparametric models for’ CLOSE-STEP 2 ‘ For instance,
Weinstein et al. (2018) propose CLOSE-GAUSS, with a partition-based nonparametric estimator
for my, s2. Kline et al. (2023) consider a scale family 6; = s¢(o;; 3)7; for some 7 | o, K Go;
they model s¢(o;; §) parametrically, but model G, flexibly using a log-spline sieve (Efron, 2016).
George et al. (2017) propose a fully Bayesian model whose components feature parametric
choices for my, so with Gy ~ N (0,1).

While the right modeling approach likely depends on the particular empirical context, various
subsets of these proposals emphasize being flexible in at least one of the two steps. Thus,
absent substantive knowledge that motivates more restrictive assumptions, a natural default
that unifies these approaches is to be flexible in both steps. Among nonparametric methods,
CLOSE-NPMLE may be particularly attractive due to its minimalism: The NPMLE is free of
tuning parameters (Koenker and Gu, 2019), and tuning parameter choices for nonparametric
regression are relatively well-understood (Calonico et al., 2019, Armstrong and Kolesdr, 2018).
That said, at a high level, when precision dependence is an issue, any approach that models and
estimates my, So, Go well is likely to perform well.

While CLOSE-NPMLE naturally generalizes the existing methods in Table I, one might consider
methods that do not impose (2.4) and are even more flexible. These methods are potentially
more theoretically and computationally cumbersome: For instance, we can show that these
flexible methods can no longer transform Y; into some Z; = h(Y;, 0;) so as to exploit precision
independence on the transformed model Z; | 7(6;,0;),0;.° In this sense, these methods must
depart substantially from those that impose precision independence.

°This is because transforms that preserve linear exponential family structure are necessarily affine. Exponential
family structure is important for empirical Bayes because Tweedie’s formula holds (Efron, 2011, 2022). For an affine
transform, the only way for Z; = a(o;) + b(o;)Y; to satisfy precision independence is if (2.4) holds. See Lemma
0OAA4.2 for a precise statement.
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A natural approach is to estimate NPMLE locally around o values, and we consider these
approaches important venues of future work. One might consider discretizing observed o;
values into bins and apply INDEPENDENT-NPMLE within each bin.!” A smoother—but more
computationally intensive—alternative is to estimate the posterior at some given ¢ by consider-
ing only observations with o; € [0 — h,o + h] and again use INDEPENDENT-NPMLE for these
observations. For these methods, the number of bins and bandwidth A are tuning parameters.
While we anticipate ad hoc choices of tuning parameters to perform well, a proper theoreti-
cal analysis likely needs to link tuning choices to smoothness in the conditional distribution
o — fy|-(- | o) with respect to certain distributional distances. The corresponding regularity
conditions thus seem more complex than smoothness conditions for conditional expectations
required by CLOSE-NPMLE.

2.4.3. Additional remarks

REMARK 1—Negative 5 estimates: Analogue estimators for s3(o;) = Var(Y; | 0;) — o7
may take negative values.'' In our experience, truncating § at zero does not seem to cause bad
performance when computing posterior means. Nevertheless, in Supplementary Material SM8
and the software implementation, we propose a heuristic but data-driven truncation rule that
produces strictly positive 5, borrowing from a statistics literature on estimating non-centrality
parameters for non-central x? distributions (Kubokawa et al., 1993). |

REMARK 2—Other transformations: We summarize and compare CLOSE to two methodolog-
ical alternatives, deferring a detailed discussion on these and on several others to Section OA4.2.
First, Jiang and Zhang (2010) propose applying NPMLE on the ¢-ratio Z; = Y; /o, ~ N (0;/0,1);
similar approaches are used in Efron (2016), Kline et al. (2022). For estimating #;, one then
uses 0, = o, - E; [0:/0;| Z;]. Interpreting 0, as an estimated posterior mean Ep, [0; | Y;, 0;]
requires that 0, /0; 1L 0;,—meaning that (2.4) holds with s,(0;) = o, and constant mg(-). Thus
this ¢-ratio approach can be viewed as a particular instance of CLOSE, if we wish to imbue it
with an empirical Bayesian interpretation.

Second, when Y; and 6; are sample and population means of binary outcomes, the esti-
mated variance of Y; is mechanically correlated with 0;: 02 = Y;(1 — Y;)/n,. A variance-
stabilizing transform, e.g. Z; = arcsin+/Y; (Brown, 2008), results in approximately Gaussian
Z; ~ N (arcsin+/6;, (4n;)~') without the mechanical dependence. However, it is still possible
that n; predicts ;, and when that happens, proper modeling of 6; | n,—e.g., via an analogue of
(2.4)—can continue to improve performance. ]

3. THEORETICAL RESULTS

As a review, we observe (Y;,0,)" ,, where (6;,0;) satisfies (2.4) and (Y;,0;,0;) obeys
(1.1). The procedure CLOSE-NPMLE transforms the data (Y;, ;) into (Z;, ;), with estimated
conditional moments 7 = (i, §) for 1y = (mq, so) in | CLOSE-STEP 1|. It then estimates G
via NPMLE (2.8) on (Z, v;)™_,. This section introduces a few statistical guarantees on the

1%Qur Monte Carlo exercise in Section 4 uses a similar approach to construct a Monte Carlo data-generating process.
Thus, the oracle performance in the Monte Carlo is the best-case scenario for the performance of this procedure. There,
we find CLOSE-NPMLE performs well relative to the oracle and thus to this procedure (Figure 4).

'The negative estimated variance phenomenon is in part caused by estimation noise in Var(Y; | o;). However, in
our empirical application, there is some evidence that observations with large estimated o;’s are underdispersed for the
measures of economic mobility in the Opportunity Atlas (see Section OAS.1 of the Supplement). Armstrong et al.
(2022) propose a Bayesian estimator for the conditional variance.
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performance of CLOSE-NPMLE in terms of regret. To unify presentation, we first review decision
theory primitives and introduce regret.

Let 6(Y1.n,01.,) be a decision rule mapping the data (Y;.,,01.,,) to actions. Recall that
L(9d,6,.,) denotes a loss function mapping actions and parameters to a scalar. Let R (d; Py) =
Ep,[L(d,601.,) | 01.,] be the Bayes risk of § under P,. The oracle Bayes decision rule 6* (2.2) is
optimal in the sense that it minimizes Rg. Thus, a natural performance measure for the empirical
Bayesian (2.3) is the gap between the Bayes risks of g and 6. We refer to this quantity as
Bayes regret:

BayeSRegretn((sEB) = EPO [L((sEB,@l:n) — L((S*,le) | O—lzn]v (31)

where the right-hand side integrates over the randomness in 6,.,,, Y1.,,, and, by extension, P.If
an empirical Bayes method achieves low Bayes regret, then it successfully imitates the decisions
of the oracle Bayesian, and its decisions are thus approximately optimal. Our results show that
Bayes regret for CLOSE-NPMLE vanishes quickly as a function of n.

REMARK 3—Fixed vs. random 6: Our results consider asymptotic optimality, in terms of
(3.1), of the empirical Bayes decision rule when 6; | o; is randomly sampled from P, following
arecent literature on nonparametric empirical Bayes (Jiang, 2020, Soloff et al., 2024). A separate
literature considers instead the frequentist risk Rr(01.,,;01.,,) =E[L(d,6,.,) | 61.n,01.,] under
fixed (0;.,,01.,) (Robbins, 1956). For instance, James and Stein (1961), Bock (1975), Brown
(2008), Weinstein et al. (2018) consider shrinkage estimators that dominate §; = Y; uniformly
for all configurations of 6,.,,. Xie et al. (2012), Kwon (2023) consider choosing decision rules
within a restricted class that minimize an unbiased estimate of Rp. In particular, Xie et al. (2012)
can be thought of as 1mplement1ng INDEPENDENT-GAUSS with different ways of estimating
the hyperparameters in 6; | o; <"\ (my, s2), and Weinstein et al. (2018) can be thought of as
implementing CLOSE-GAUSS.

While these guarantees for Ry are preserved even if we further average the frequentist risk
over 0., | 01., ~ Py, they are distinct from upper bounding (3.1)."* In particular, they may
leave much on the table if Ry is targeted. Moreover, these guarantees in R are typically
restricted to MSE. Our example in Figure 3 shows that reasonable decisions for MSE may not
be reasonable for subsequent selection decisions. As a simple example, Bock (1975) considers
spherical shrinkage rules of the form d; = c(3_, Y;?)Y; for some function c(-). However, despite
dominating no-shrinkage in MSE, §; does not change the ranking of different units, and hence
does not improve on ranks over Y. ]

In what follows, we use the symbol C' to denote a generic positive and finite constant which
does not depend on n. We use the symbol C,, to denote a generic positive and finite constant
that depends only on z, some parameter(s) that describe the problem. Occurrences of the same
symbol C, C, may not refer to the same constants. Since all expectation or probability statements
are with respect to the conditional distribution P, of 6, ., | 0;.,, going forward, we treat o, .,, as
fixed and simply write E[-], P(-) to denote the expectation and probability over 6;.,, | 01.,, ~ Pp;
we may omit the subscript P, or the conditioning on oy.,,.

3.1. Regret rate in squared error
Our main result concerns the canonical statistical problem of estimating the parameters 6.,
under MSE.

12For instance, the oracle Bayes rule for mean-squared error may not dominate §; = Y; in R uniformly for all
01.,. Conversely, decisions that merely dominate §; = Y; may still be quite far from the oracle Bayes rule.
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DECISION PROBLEM 1—Squared-error estimation of 6,.,,: The action § = (d4,...,d,) col-
lects estimates §; for 6;, evaluated with MSE: L(4,6,.,,) = % > i, (6; — 6;)%. The oracle Bayes
decision rule 6* = (65, ..., 0:) here is the posterior mean under P,, where 07 =Ep [0, | Y, 0,].
The empirical Bayesian counterpart is 0; p=E3l0;|Y:, 04 |

For Decision Problem 1, define MSERegret,, as the excess loss of the empirical Bayes
posterior means relative to that of the oracle Bayes posterior means:

n n

1 - 1

MSERegret,, (G,n) =~ (Bia, — 02— = (07 —6,)°,

egre n( 777) TL;( ,Gm ) n;( i )

where 0 are the oracle posterior means and HAi,G,n are the posterior means under a prior

parametrized by (G,n). The corresponding Bayes regret (3.1) for CLOSE-NPMLE in this
decision problem is then the Fy-expectation of MSERegret,,

1 - * N 2
~> 0= 0ic,.0) 1 . (3D

i=1

BayesRegret, =E [MSERegretn(G‘n, ﬁ)] =Ep,

Equation (3.2) additionally notes that expected MSERegret,, is equal to the expected mean-
squared difference between the empirical Bayesian posterior means éann and their oracle
counterparts 6. Our subsequent results (Theorems 1 and 2) state upper and lower bounds
for BayesRegret, , over a class of data generating processes Py 2 Fy. We now introduce and
discuss the assumptions on P.

3.1.1. Assumptions for regret upper bound

We first assume that G, is an approximate maximizer of the log-likelihood on the transformed
data (Z,, v;) satisfying some support restrictions. This is not restrictive, as the actual maximizers
of the log-likelihood function satisty it (Proposition 4, Soloff et al. (2024)). This assumption
also accommodates for the fact that the NPMLE is approximated by a discrete distribution on a
grid.

ASSUMPTION 1: Let ¢;(Z;,7),G) =log [~ @(?)G(dﬂ be the objective function in

i

(2.8), ignoring the factor 1/0; that does not involve G. We assume that G satisfies

1 & . 1 &
- E ZZ)!(ZH,'?;GTL) Z sup —
N HeP®) 152

1

n

or tolerance k,, = 21o . Moreover, we require that G‘n has support points within
n 108\ 75 q pport p

[min, Z,;, max; ZAZ] To ensure that k,, is positive, we assume that n > 7= [/2me]."

We now state further assumptions on P, beyond (2.4). First, we assume that G|, is sufficiently
thin-tailed such that its moments grow slowly.'* The thickness of its tail is parametrized by
a € (0, 2], which subsequently affects the log factors in Theorem 1.

3The constants k., =< % log(n) also feature in Jiang (2020) to ensure that the fitted likelihood is bounded away
from zero. The particular constants in x,, simplify expressions and are not material to the result.

“An equivalent statement to Assumption 2 is that there exists ai,as > 0 such that Pg,(|7| > ¢) <
a1 exp (—aot®) for all ¢ > 0. Note that when a = 2, G is subgaussian, and when o = 1, Gy is subexponen-
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ASSUMPTION 2: The distribution G has zero mean, unit variance, and admits simultaneous
moment control: For some o € (0,2] and Ay > 0 such that for all p > 0, (E,.q,[|7|?])"" <
Aopl/a.

Next, Assumption 3 imposes that members of P, have various variance parameters uniformly
bounded away from zero and oco. This is a standard assumption in the literature, maintained
likewise by Jiang (2020) and Soloff et al. (2024).

ASSUMPTION 3: The variances (01.,, So) admit lower and upper bounds: There are positive
reals 04,04, So0¢, Sou > 0 such that, for all i and all o € (04,0,), 0¢ < 0; < 0, and Sgp <
S0(0) < Sou-

Lastly, we require that m(+) and so(+) satisfy some smoothness restrictions. We also require
that 772(-) and 3(-) satisfy some corresponding regularity conditions. Let C%} ([0, 0, ]) denote
the Holder class of order p > 1 with maximal Holder norm A, > 0 supported on [0, o, ] (Section
2.7.1, van der Vaart and Wellner, 1996).

ASSUMPTION 4: Assume that

1. The true conditional moments are Holder-smooth: my, so € C ([04,0,]).

Additionally, let 3y > 0 be a constant. Assume that the estimators for mg and so, 1) = (11, §),
satisfy:

2. For all sufficiently large C1 3, > 0 and all n,

1
P (1= mll > Cosen™ 7 (logm)®) <

where [|1)]| = max([|m||w, [[sll) for 1= (m, s).

3. 1) takes values in' V almost surely: P (m €V, 5 €V) =1, where V is a set of functions
supported on [0,,0,] that (i) is uniformly bounded sup ;.|| f|lc < Ca, and (ii) admits
the metric entropy bound log N (€, V, |||loc) < Cay p.og.on (1/€)*/P.

4. The conditional variance estimator respects the conditional variance bounds in Assump-
tion 3: P (s% <§< 280u) =1.

Assumption 4 is a Holder smoothness assumption on the conditional moments m, and s,
which is a standard regularity condition for nonparametric regression. Moreover, it is also a
high-level assumption on the quality of the estimation procedure for (712, §). It expects that 7
and § are accurate in ||-||.., belong to a class with manageable metric entropy, and obey the
bounds for s,."

Assumptions 2 to 4 specify a class of distributions P, and estimators 7 = (12(-), §(+)) regu-
lated by a set of hyperparameters H = (04, 0., S¢, Su, Ao, A1, @, Bo, p). Our subsequent theoreti-
cal results are uniform over P, for a fixed H.

tial (see the definitions in Vershynin, 2018). Assumption 2 is slightly stronger than requiring that all moments exist
for G, and weaker than requiring G to have a moment-generating function. Similar tail assumptions feature in the
theoretical literature on empirical Bayes (Soloff et al., 2024, Jiang and Zhang, 2009, Jiang, 2020).

5Assumption 4(2) is slightly stronger than an estimation rate requirement || — 7ollec =
Op (n_P/(2P+1)(logn)50), in the sense that the probability of large deviations are additionally controlled.
Local polynomial smoothing estimators can attain the desired estimation rate of n=?/(27+1 (logn)?0 in |||
(Tsybakov, 2008, Stone, 1980). Since the data is assumed to be thin-tailed in Assumption 2, such estimators also attain
the stronger requirement in Assumption 4(2).

For Assumption 4(3), if the estimators 7 and 5 are p-Holder smooth almost surely, we can simply take V =
Cf"l ([oe,04]) for some potentially different A}. This can be achieved in practice by, say, projecting estimated

parameters 7] to C'a, ([o¢,04]) in ||*]| 0o -
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3.1.2. MSE regret results

Our main result is a non-asymptotic upper bound for (3.2): The MSE regret of CLOSE-NPMLE
2
converges to zero no slower than n~ T (logn)€.

THEOREM 1: Under Assumptions 1 to 4, there exists a constant Cy 5 > 0 such that the
following upper bound holds:

BayesRegret, =E [MSERegretn(én,ﬁ)} < Coﬂn_%(log n) a8t (3.4)

Second, we give a corresponding minimax lower bound on the regret, which shows that
Theorem 1 cannot be improved by more than logarithmic factors.

THEOREM 2: Fix a set of valid hyperparameters H. Let P(H,01.,) be the set of distributions
P, on support points c1., which satisfy (2.4) and Assumptions 2 to 4 corresponding to H.'°
For a given Py, let ;7 =Ep, [0, | Y;, 0] denote the oracle posterior means. Then there exists a
constant cy; > 0 such that

n n

1 A 1 P
inf  sup  Ep, | =3 (0,— 07— =Y (0] —0)*| > eyn” T,

01:n Ul:ne(o'[vo'u) n i=1 n i=1
Po€P(H,01:n)

where the infimum is taken over all (possibly randomized) estimators of 0.,,.

Theorem 1 continues a recent statistics literature on empirical Bayes methods via NPMLE, by
characterizing the effect of an estimated first-step parameter 7). Our theory hews closely to—and
extends—the results in Jiang (2020) and Soloff et al. (2024), which themselves extend earlier
results in the homoskedastic setting (Jiang and Zhang, 2009, Saha and Guntuboyina, 2020). In
particular, Soloff et al. (2024) show that the MSE regret rate is of the form C'(log n)B% under
precision independence and assumptions similar to ours. In this context, we show that first-step
estimation error degrades this regret rate gracefully, and we link the corresponding regret rate to
the smoothness of 7),. The proof of Theorem 1 is deferred to the Online Appendix, but its main
ideas are outlined in Appendix A.

Theorem 2 shows that the rate (3.4) is optimal up to logarithmic factors. These logarithmic
factors partly reflect inefficiencies in the proof of Theorem 1, but in any case the gap is not
large. We prove Theorem 2 by showing that any good posterior mean estimate 0, implies a good
estimate 71(c;) for mg for some particular choice of Gg, 0., s3(+). Minimax lower bounds
for estimation of m (Tsybakov, 2008) then imply lower bounds for estimation of the oracle
posterior means 6 (see Ignatiadis and Wager, 2019, for a similar argument in a related setting).

We additionally note that these regret upper bounds readily extend to the case where covariates
are present and the location-scale assumption (2.4) is specified with respect to the additional

Finally, Assumption 4(4) also expects the conditional moment estimates 7) to respect the boundedness constraints
for so. This is mainly so that our results are easier to state.

We show in Supplementary Material SM8 that a local linear regression estimator (with  suitably truncated) satisfies
weaker conditions than Assumption 4(2)—(4) that are nonetheless sufficient for the conclusion of Theorem 1.

16This result additionally takes the supremum over the support points o1.,. This is because the nonparametric
regression problem would be “too easy” for certain configurations of o7.,,. For instance, when o1 .,, only takes m < n
unique values, nonparametric regression is possible at rate y/m/n. For the proof, it suffices to consider o1.,, being
equally spaced in [0, 0]
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covariates X;:

'_mO(Xipai)
0;|oi, X; ~ Gy <SO(Xian) ) ) 3.5

under smoothness assumptions on (my, so, M, §) analogous to Assumption 4. The resulting
. . . . __2p_
convergence rate would reflect the dimensionality of the covariates, and the term n~ 2»+T would

be replaced with nfﬁ, where d is the dimension of X.

Taken together, Theorems 1 and 2 are statistical optimality guarantees for CLOSE-NPMLE in
terms of Decision Problem 1. That is, the worst-case MSE performance gap of CLOSE-NPMLE
relative to the oracle contracts at the best possible rate, meaning that CLOSE-NPMLE mimics the
oracle as well as possible.

3.2. Robustness to the location-scale assumption (2.4)

We prove Theorems 1 and 2 imposing the location-scale model (2.4). This is an optimistic
assessment of the performance of CLOSE-NPMLE. While (2.4) nests precision independence, it
may still be misspecified. This subsection explores the worst-case behavior of CLOSE-NPMLE
without (2.4).

We do so by considering an idealized version of CLOSE-NPMLE. So long as 6, | o; has two
moments, 7o(+) = (mg(+), So(+)) are well-defined as conditional moments. We will assume that
mg, So are known. Without (2.4), G is ill-defined, but we assume that we obtain some pseudo-
true value G that has zero mean and unit variance. Thus, for estimating 7, = %{25)") whose
distribution is 7; | o; ~ G, this idealized procedure uses some misspecified prior G, # G,
where G, agrees with G| in the first two moments. The worst-case performance of the procedure
that uses G, depends on how far posterior means under G differs from posterior means under
Gi.

We show in Section SM10 that this difference is bounded uniformly for all G} satisfying
an additional tail assumption. This result implies that the maximum risk of this procedure is
at most a constant multiple of the minimax risk; here, the minimaxity is defined with respect
to a game between an analyst and an adversary, where the analyst knows mg, s, and hopes to
estimate 6,.,,, and the adversary chooses the shape of the distribution 7; | o;. In this game, the
oracle version of CLOSE-GAUSS (2.9) is a minimax procedure (Lemma SM9.3).

Specifically, let P(my, so) denote the set of distributions of 6., | ¢;.,, where E[f; | 0;] =
myo(o;) and Var(6; | o;) = s2(o;). Let

Go(Ae) = {G; tEqy[r] =0, Varg; (1) = 1,G5(—2) V (1 = Gg(2)) < Az forall z >0}

be the set of mean-zero, variance-one distributions satisfying an additional tail condition indexed
by A >0,e>0."

THEOREM 3: Under the preceding setup and (2.1), but not (2.4), let éiﬁggmo denote the
posterior mean for 6; under a prior G, for . Let p = max; s3(0;)/0? < 0o be the maximal

7By Markov’s inequality, this condition is satisfied if G has its (2 + €)™ moment bounded by A. A previous
version of this paper stated Theorem 3 without this additional tail condition, regrettably due to a technical error that is
corrected in this version. See Section SM 10 of the Supplementary Materials.
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conditional signal-to-noise ratio. Then, for some 0 < C5 5 . < oo that solely depends on p, ¢,

1<~ -
sup sup Ep, —Z(@i’gam —0,)?

G5 €Go(Ase) PoEP(mo,s0) n i—1
: S Cﬁ,/\,m (36)

inf sup Ep, 1 g (éi—ei)Q
n
=1

01:n Po€EP(mo,50)

where the infimum in the denominator is over all (possibly randomized) estimators of 0; given
(Yi,04)iy and o (-).

Theorem 3 shows that the worst-case behavior of an idealized version of CLOSE-NPMLE
comes within a factor of the minimax risk. Thus, CLOSE-NPMLE is not arbitrarily unreasonable,
even under misspecification. We caution that (3.6) is a fairly weak guarantee, in that the decision
rule that simply outputs the prior conditional mean (§; = my(0;)) also satisfies it. Nevertheless,
even so, (3.6) does not hold for an idealized version of INDEPENDENT-GAUSS.'®

3.3. Other decision objectives and relation to squared-error loss

So far, our regret guarantees are only about estimation in MSE (Decision Problem 1). We now
turn to two decision problems that involve ranking or selection and show similar guarantees
for CLOSE-NPMLE in terms of regret for these decision problems. These decision problems are
likely more economically relevant for, e.g., replacing low value-added teachers, recommending
high-mobility tracts, or treatment choice (Gilraine et al., 2020, Bergman et al., 2024, Manski,
2004, Stoye, 2009, Kitagawa and Tetenov, 2018, Athey and Wager, 2021).

DECISION PROBLEM 2—UTILITY MAXIMIZATION BY SELECTION: Suppose § = (d1,...,0,)
consists of binary selection decisions d; € {0, 1}. For each population, selecting that popula-
tion has net benefit 6;. The decision maker wishes to maximize utility (i.e., negative loss):
—L(d,6,.,) = % > i, 0;0;. The oracle Bayes rule selects all whose posterior mean net benefit
0, is nonnegative: §; = 1 (0;"7 Py > 0) . One natural empirical Bayes decision rule replaces 07 p,
with 0;" p» following (2.3).

DECISION PROBLEM 3—TOP-m SELECTION: Similar to UTILITY MAXIMIZATION BY
SELECTION, suppose & consists of binary selection decisions, with the additional constraint that
exactly m populations are chosen: ) _, 6; = m. The decision maker’s utility is the average 6; of
the selected set:

—L(8,01) = %Z(wi. 3.7)
1=1

The oracle Bayesian selects the populations corresponding to the m largest posterior means
0;p: 07 =1 (6;“,,30 is among the top-m of szn,PO) . Again, the empirical Bayes recipe (2.3)
replaces P, with the estimate P. |

8That is, it does not hold for the implementation of INDEPENDENT-GAUSS that plugs in known unconditional
moments o = L 33" mo(0:) and s = L 337 | (mo(0:) — mo)? + s3(0:). To wit, take so(o;) & 0. Then,
the minimax risk as a function of (so(-), mo(+)) is approximately zero, but mg(+) can be chosen such that the risk of
INDEPENDENT-GAUSS is bounded away from zero. See Lemma SM9.4 for a formal statement.
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REMARK 4: The utility function (3.7) rationalizes the widespread practice of screening
based on empirical Bayes posterior means (Gilraine et al., 2020, Chetty et al., 2014, Kane and
Staiger, 2008, Hanushek, 2011, Bergman et al., 2024). In Bergman et al. (2024), for instance,
where housing voucher holders are incentivized to move to Census tracts selected according to
economic mobility, (3.7) represents the expected economic mobility of a mover were they to
move randomly to one of the selected tracts. Our theoretical results can accommodate slightly
less restrictive mover behavior (Remark B.1). |

The oracle Bayes decision rules §* in Decision Problems 2 and 3 depend solely on the vector
of oracle Bayes posterior means 67,,. Therefore, for these problems, the natural empirical Bayes

decision rules simply replace oracle Bayes posterior means (6;) with empmcal Bayes ones (0,).
It stands to reason that as 6, is close to 0 in squared error, even when 0, implies the wrong
selection decision, this decision is not too costly for the empirical Bayesian. We formalize this
intuition in the following theorem, showing that if 6, are close to 07 in MSE, then decisions
plugging in é are also close to their oracle counterparts in terms of Bayes risk.

To specialize, let UMRegret,, denote BayesRegret,, for the loss function in Decision Prob-
lem 2 and let TopRegret(m) denote BayesRegret,, for Decision Problem 3.

THEOREM 4: Suppose (2.1) holds but (2.4) does not necessarily hold. Let 5, be the plug-in

decisions with any vector of estimates 6,;. Then,
1. For UTILITY MAXIMIZATION BY SELECTION,

E[UMRegret,, ()] (

g ] ) N : (3.8)

2. For TOP-m SELECTION,

1/2
E[TopRegretw(S)]g\f ( Tllz D : (3.9)

Theorem 4 shows a sense in which Decision Problems 2 and 3 are easier than Decision
Problem 1: The regret of the latter dominates those of the former. As a result, if we use CLOSE-
NPMLE under (2.4), our convergence rates from Theorem 1 also upper bound regret rates for
these two decision problems. In particular, for m/n — ¢ € (0, 1), both regret rates (3.8) and
(3.9) are of the form n /(271 (logn)® = o(1) under Theorem 1. Thus, the performance of the
empirical Bayes decision rule approximates that of the oracle at least as fast as O(n~P/(2P+1)),
up to log factors.

REMARK 5—Tightness of Theorem 4: We suspect that the actual performance of CLOSE-
NPMLE for Decision Problems 2 and 3 may be better than predicted by Theorem 4. The proof of
Theorem 4 exploits the fact that when the empirical Bayesian makes a selection mistake, the
size of the mistake is not large if the square-error regret is low. It does not exploit the fact that
if squared error regret is low, then the empirical Bayesian may be unlikely to make mistakes
in the first place.'"” Nevertheless, Theorem 4 is competitive with recent results. For instance, in
nonparametric settings, the rate in Theorem 4 is more favorable than the upper bound derived in
Coey and Hung (2022), who also study Decision Problem 3. ]

YUpper and lower bounds are derived in related but distinct settings by Audibert and Tsybakov (2007), Bonvini
et al. (2023); some upper bounds, under possibly stronger assumptions, appear better than implied by Theorem 4.
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3.4. Validating performance by coupled bootstrap

We close this section with a procedure that provides unbiased estimates of the loss of arbitrary
decision rules for Decision Problems 1 to 3. Practitioners can use this procedure to evaluate the
gain of CLOSE-NPMLE relative to other alternatives—we do so extensively in Section 4. The
validity of this validation depends only on the Gaussianity (1.1)—without assuming (6;,0;) are
random nor assuming the location-scale model (2.4).

For some w > 0 and an independent Gaussian noise W; ~ A/ (0, 1), consider adding to Y; and
subtracting from Y; some scaled version of W;:

1
Yi(l) =Y, + \/aaiWi Yim =Y, — —oW,.
Vw

Oliveira et al. (2021) call (Yim, Yi(Q)) the coupled bootstrap draws. Observe that the two draws
are conditionally independent under (1.1):

{Y?m] Iei,o?NquZ] : {( +6u)az (1+w‘1)03D' (3.10)

The conditional independence allows us to use Yi@) as an out-of-sample validation for decision

rules computed based on Y,'"). We denote their variances by 0?1y and o7 ).
The coupled bootstrap can be thought of as approximating sample-splitting the micro-data
without needing access. We could imagine splitting the micro-data into training and testing sets,

and think of Yi(l) as training-set estimates and YZ-(Q) as testing-set estimates. We might compute

decisions based on Yi(l) and evaluate them honestly with fresh data Yi(Q). The coupled bootstrap
precisely emulates this sample-splitting procedure.”

The following proposition formalizes how to use coupled bootstrap to provide unbiased
estimators for the loss of a generic decision rule.*!

PROPOSITION 1: Suppose (Y;,0;) obey (1.1). Fix some w > 0 and let Y,"),Y>) be the
coupled bootstrap draws. For some decision problem, let §( 1:n) be some decision rule using

only data <Y( ) o; (1)) . Let F = (01.n,Y1(.13,01.n,(1),01.n (2)> for Decision Problems 1

K2

to 3, the estimators T(Y1 -, 0) displayed in Table II are unbiased for the corresponding loss:
B[, 8060)) | F] =1 (80+1),61.0)

We speculate that the bound for UTILITY MAXIMIZATION BY SELECTION can be tightened by verifying a margin
condition, using Proposition 2 in Bonvini et al. (2023). Relatedly, Liang (2000) shows upper and lower bounds for
Decision Problem 2 of the form O((logm)!-% /n) in a homoskedastic setting, assuming the oracle posterior means fall
on both sides of zero.

20To see this, suppose Y; = Y ; is a sample mean of i.i.d. micro-data Y;; : 5 =1,...,n;. Suppose we

n;
n; J=1
split Y;; into two sets, with proportions 1/(w + 1) and w/(w + 1), respectively. Let Yi(l) and Yi(2> be the sample
means on each respective set. Then the central limit theorem motivates that, approximately, (3.10) holds for Yim and

Yfz). For instance, coupled bootstrap with a value of w = 1/9 is statistically equivalent to splitting the micro-data
with a 90-10 train-test split.

2 QOliveira et al. (2021) state the unbiased estimation result for the mean-squared error estimation problem. They
connect the coupled bootstrap estimator to Stein’s unbiased risk estimate. Our calculation for other loss functions
extends their unbiased estimation result. Proposition 1 can also be easily generalized to other loss functions that admit
unbiased estimators (Effectively, the loss is a function of a Gaussian location ;. For unbiased estimation of functions
of Gaussian parameters, see Table Al in Voinov and Nikulin, 2012).
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TABLE II

UNBIASED ESTIMATORS FOR LOSS OF DECISION RULES AND ASSOCIATED CONDITIONAL VARIANCE
EXPRESSIONS (PROPOSITION 1)

Problem Unbiased estimator of loss, T' (Y1<:2n> s 5) Var (T (Yl(i) s 6) | F )
- 2 1)) 2 2 1

Decision Problem 1 % Sy (Yi( ) 61-(Y1(:n))) — a?’@) n% iy Var ((YZ( ) (52'(Y1(:n>))2 | .7:)
.. 1 2 1

Decision Problem 2 — % Sy 5i(y1(:n) )Yi( ) 7%2 iy 61-(Y1(m> )051(2)
.. 1 2 1

Decision Problem 3 — % KIS (Y1<m) )Y,L,( ) ﬁ S8 (Y1<m> )01.27(2)

Moreover, their conditional variances are equal to those displayed in Table I1.

Proposition 1 allows for an out-of-sample evaluation of decision rules, as well as uncertainty
quantification around the estimate of loss, solely imposing the Gaussian model. This is a useful
property in practice for comparing different empirical Bayes methods, especially if one is
worried about the misspecification of (2.4) or if one is unwilling to evaluate risk integrating over
random 6,.

4. EMPIRICAL ILLUSTRATION

How does CLOSE-NPMLE perform in the field? We now consider two empirical exercises
related to Chetty et al. (forthcoming) and Bergman et al. (2024). Using Census micro-data,
Chetty et al. (forthcoming) estimate a suite of tract-level children’s outcomes in adulthood
and publish an “Opportunity Atlas” of the estimates and the corresponding standard errors.”
Taking these estimates, Bergman et al. (2024) conducted a program called Creating Moves to
Opportunity. Bergman et al. (2024) provided assistance to treated low-income individuals to
move to Census tracts with estimated posterior means in the top third. We view Bergman et al.
(2024)’s objectives as TOP-m SELECTION, for m equal to one third of the number of tracts in
Seattle and King County, WA.

The Opportunity Atlas published by Chetty et al. (forthcoming) also includes tract-level
covariates, a complication that we have so far abstracted away from. In the ensuing empirical
exercises, following Bergman et al. (2024), the estimates are residualized against the covariates as
a preprocessing step (Fay and Herriot, 1979). We now let Y; denote the raw Opportunity Atlas
estimates for a pre-residualized parameter ¢J; and let (Y}, 6;) be their residualized counterparts
against a vector of tract-level covariates X;, with regression coefficient 3.>* We can apply the
empirical Bayes procedures in this paper to (Y;,c2) and obtain an estimated posterior for 6;.
This estimated posterior for the residualized parameter 6; then implies an estimated posterior
for the original parameter ¥J; = 6, + X3, by adding back the fitted values X 3. When there are

no covariates, 9, =0, and Y; =Y.

22Like prior work that uses this data (see, e.g., footnote 28 in Andrews et al., 2024), we do not have access to the
variance-covariance matrix of these estimates. Correlations across estimates are due to small proportion of movers
between tracts and are anticipated to be small.

2 Alternatively, Section OA5.4 shows that flexibly modeling E[6; | o;, X;] = mo (04, X;) and Var(0; | 04, X;) =
s2(04,X;), as in (3.5), induces substantial additional benefits, relative to simply projecting out the covariates linearly.
Here, including o; in the modeling remains important—modeling 8; | X; flexibly does not fully capture these benefits.

2Precisely speaking, let X; be a vector of tract-level covariates. Let ( f’i, o;) be the raw Opportunity Atlas estimates
of a parameter ;. Let 8 be some vector of coefficients, typically estimated by weighted least-squares of Y; on X;.
LetY; = f’l — X/p and 0; =9; — X/ be the residuals. Since 3 is precisely estimated, we ignore its estimation
noise. Then, the residualized objects (Y3, 0;) obey the Gaussian sequence model Y; | 6;,0; ~ N(0;,02).
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The covariates we use are included in the publicly available data from Chetty et al. (forthcom-
ing) and cross-referenced with their labels in Table OAS5.2. They include: poverty rate in 2010,
share of Black individuals in 2010, mean household income in 2000, log wage growth for high
school graduates, fraction with college or post-graduate degrees in 2010, mean parent family
income rank, mean parent family income rank for Black individuals, number of all and Black
children under 18 with parents whose household income is below median in 2000 (in both levels
and logs).

We consider 15 measures of economic mobility J;. Each ¥; is the population mean of some
outcome for individuals of some demographic subgroup growing up in tract ¢, whose parents are
at the 25" income percentile.”> We will consider three types of outcomes: (i) percentile rank
of adult income (MEAN RANK), (ii) an indicator for whether the individual has incomes in the
top 20 percentiles (TOP-20 PROBABILITY), and (iii) an indicator for whether the individual is
incarcerated (INCARCERATION) for the following five demographic subgroups: all individuals
(POOLED), white individuals, white men, Black individuals, and Black men. Under these
shorthands, the outcome in Section 2 is TOP-20 PROBABILITY (Black), while Bergman et al.
(2024) consider MEAN RANK POOLED.

The remainder of this section compares several methods on two exercises. In the first exercise,
a calibrated simulation, we compare MSE performance of various methods to that of the oracle
posterior. The second exercise is an empirical application to a scale-up of the exercise in Bergman
et al. (2024). It uses the coupled bootstrap (Section 3.4) to evaluate whether CLOSE-NPMLE
selects more economically mobile tracts than alternatives.

4.1. Calibrated simulation

We draw from a data-generating process estimated from the data. This data-generating
process does not impose the location-scale assumption. On the data (Y;,0;), we estimate

m(-), 82(-) via local linear regression. We then transform to obtain Z; = (Y; — m(0;))/5(0;)
and 7; = 0;/5(0;). We partition o, into vingtiles. For the data (Zi, ;) whose o; falls in a
given vingtile v € {1,2,3,4,5}, we estimate a vingtile-specific Gm, via NPMLE. We then
normalize this estimated NPMLE to have mean zero and variance one, by affinely transforming
the estimated distribution. Finally, to generate synthetic data, for a o; corresponding to the v(;)™
vingtile, we draw 7" | o; ~ G, and set 0 = 7;°5(0;) +1(0y), Y| 07,00 ~ N (07, 07)
and Y = Y;* + X/f. Additional details for the sampling process and simulation setup are
documented in Section OAS5.2.
On the simulated data, we then implement various empirical Bayes strategies. We consider
the feasible procedures: NAIVE, INDEPENDENT-GAUSS, INDEPENDENT-NPMLE, CLOSE-GAUSS
(parametric), CLOSE-GAUSS, and CLOSE-NPMLE, as well as the infeasible ORACLE. Here,
¢ NAIVE sets éi =Y.
* INDEPENDENT-GAUSS weighs the estimation of the hyperparameters (my, so) with 1/02,
following Bergman et al. (2024).

* CLOSE-GAUSS (parametric) implements CLOSE-GAUSS, where | CLOSE-STEP 1 | models
the conditional moments parametrically as mq(o;;a) = a; + aslogo; and s3(oy;b) =
exp(b; + by logo;), and estimates my, so via least-squares.*®

2 Since all measures of economic mobility have bounded support, as either percentile ranks or percentage rates,
Assumption 2 is automatically satisfied for 8; with o = 2, at least when there are no covariates.

*That is, we fit a1,a2 via minimizing Y ,(Y; — a1 — azlogo;)?. We then fit b1,b> via minimizing
S A —m(0:))? — 02 — exp(by + bz log(o;))}. We thank an anonymous referee for this suggestion.
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* The conditional moments 7y = (mg(+), So(+)) in CLOSE-GAUSS and CLOSE-NPMLE are
estimated via local linear regression, where bandwidth is selected via plug-in IMSE-optimal
bandwidth, as implemented in Calonico et al. (2019).”

* Since we know the ground truth data-generating process, we can also compute the ORACLE
procedure that uses posterior means under the true F.

* None of the feasible procedures have access to 3, which they must estimate in the same
way using weighted least squares with weight 1/02, following Bergman et al. (2024).

MSE performance measured by the % of Naive-to-Oracle MSE captured

Mean income rank

Mean income rank [white]

Mean income rank [Black]

Mean income rank [white male]

Mean income rank [Black male]
P(Income ranks in top 20)

P(Income ranks in top 20 | white)
P(Income ranks in top 20 | Black)
P(Income ranks in top 20 | white male)
P(Income ranks in top 20 | Black male)
Incarceration

Incarceration [white]

Incarceration [Black]

Incarceration [white male]
Incarceration [Black male]

Column median

NOTES: Each column is an empirical Bayes strategy that we consider, and each row is a
different definition of 1J;. The table shows relative performance, defined as the squared error
improvement over NAIVE, normalized as a percentage of the improvement of ORACLE over
NAIVE. The last row shows the column median. Results are averaged over 1,000 Monte Carlo
draws.

FIGURE 4.—Relative squared error Bayes risk for various empirical Bayes posterior means

Figure 4 plots the results from this calibrated simulation, focusing on MSE performance. For
each method and each target variable, we display a relative measure of MSE gain. For each
method, we calculate its MSE gain over NAIVE, normalized by the MSE gain of ORACLE over

ZSpecifically, 1 = E[Y; | log ;] and 82(o;) = max(E[(Y; — m(0;))? | logo] — 02,52(0;)), where B[ |
log ;] implements local linear regression and 3(c;) implements a data-driven truncation of 42, detailed in Section
SM8. Replacing the truncation point 5(o;) with zero (that is, we exclude the observations with §(co;) = 0 from
estimating G, and treat these observations as having empirical Bayes posterior degenerate at 1.(o; )) does not appear
to qualitatively affect our results.
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NAIVE. If we think of the ORACLE-NAIVE difference as the total size of the “statistical pie,”
then Figure 4 shows how much of this pie each method captures.

The first five columns show the relative mean-squared error performance without residualizing
against covariates, applying empirical Bayes methods directly on (Y;, o;). We see that methods
which assume precision independence perform worse than methods based on CLOSE.” Across
the 15 variables, the median proportion of possible gains captured by INDEPENDENT-GAUSS is
only 31%. This value is 50% for INDEPENDENT-NPMLE, and 86% for CLOSE-NPMLE. Among
the first five columns, CLOSE-NPMLE uniformly dominates all three other methods. This indicates
that the standard error o; is highly predictive of 6;, and using that information can be very
helpful in the absence of additional covariates.

The next five columns show performance when the methods do have access to covariate
information. For MEAN RANK, after covariate residualization, the dependence between 6; and o,
does not appear to substantially affect shrinkage decisions. INDEPENDENT-NPMLE and CLOSE-
methods perform similarly, capturing almost all of the available gains. For the other two outcome
variables, TOP-20 PROBABILITY and INCARCERATION, the dependence between 6; and o;
is stronger, and CLOSE-based methods display substantial improvements over methods that
assume precision independence. Among CLOSE-methods, those that are more flexible appear
to reap a small benefit, though simple parametric models for (my, s9, Go) remain competitive
and significantly improve upon methods that assume precision independence. The most flexible
method, CLOSE-NPMLE, achieves near-oracle performance across the different definitions of 6,
and again uniformly dominates all other feasible methods.”

4.2. Validation exercise via coupled bootstrap

Our second empirical exercise uses the coupled bootstrap described in Section 3.4 for the
policy problem in Bergman et al. (2024). Viewing the policy problem in Bergman et al. (2024)
as TOP-m SELECTION, can CLOSE-NPMLE make better selections?

Specifically, we imagine scaling up Bergman et al. (2024)’s exercise and perform empirical
Bayes procedures for all Census tracts in the largest 20 Commuting Zones (CZs). We then
select the top third of tracts within each CZ, according to empirical Bayesian posterior means
for 19;. Additionally, to faithfully mimic Bergman et al. (2024), here we perform all empirical
Bayes procedures within CZ. Throughout, we choose w to emulate a 90-10 train-test split on the
micro-data. See Section OAS5.2 for details on the policy exercise setup.

Figure 5 shows the estimated performance of various methods. According to these estimates,
CLOSE-NPMLE generally improves over INDEPENDENT-GAUSS.*® Strikingly, INDEPENDENT-
GAUSS with covariates underperforms NAIVE for four of the 15 variables, and INDEPENDENT-
GAUSS without covariates underperforms for nearly all variables.

2]t may be surprising that INDEPENDENT-GAUSS can perform worse than NAIVE even on MSE, since Gaussian
empirical Bayes can be thought of as optimizing among a class of linear shrinkage estimators that include NAIVE.
We note that, as in Bergman et al. (2024), when we estimate the prior mean and prior variance, we weight the data
with precision weights proportional to 1/02. When the independence between 6 and o holds, these precision weights
typically improve efficiency. However, the weighting does mean that the resulting posterior means are no longer
optimal, even asymptotically, among the class of linear shrinkage rules under precision dependence. To take an extreme
example, if a particular observation has o; ~ 0, then that observation is highly influential for the prior mean estimate.
If E[; | 0] is very different for that observation than the other observations, then the estimated prior mean is a bad
target for shrinkage.

»Section OA5.3 in the Supplement contains an alternative data-generating process in which the 0; | o; distribution is
Weibull, which has thicker tails and higher skewness. Under such a scenario, NPMLE-based methods more substantially
outperform methods assuming Gaussian priors.

3°CLOSE-NPMLE is worse by an estimated 0.006 percentile ranks for MEAN RANK POOLED and worse by 0.04
percentile ranks for MEAN RANK for white men. In either case, the estimated disimprovement is small.
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Estimated average 9 among selected tracts
Mean income rank |74 24| 4727  47.40 47.38 47.37
Mean income rank [white] ~ 50.96 50.99 50.96 50.97 50.98

Mean income rank [Black] [S{eReE] 37.46 | 38.59 | 38.67

38.23 38.25

Mean income rank [white male] ~ 48.67 48.67 48.78  48.80 4872 4957
Mean income rank [Black male] ECXERIE I B 3457 3478 3481

P(Income ranks in top 20) EEEKIEN 18.26 1854  18.55
P(Income ranks in top 20 | white) ~ 21.59  21.66 22.35 22.49

P(Income ranks in top 20 | Black) m 7.80
P(Income ranks in top 20 | white male) ~ 18.81 19.13 | 2143  21.51 19.82
P(Income ranks in top 20 | Black male) 6.75 5.66 5.94

Incarceration 3.36 3.46 4.12 4.11

Incarceration [white] -

Incarceration [Black] 4.65 4.76 719 7.35

3.69 4.00 4.01
2.30 2.26 232
5.78 5.79 5.84
3.92 3.79 3.90

Incarceration [Black male] = 10.12  10.28 14.68 12.02 1220 12.36
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NOTES: Each column is an empirical Bayes strategy that we consider, and each row is a
different definition of ;. The table shows coupled-bootstrap estimates of average 1J; among
the Census tracts selected by each method—in terms of either percentage points or percentile
ranks—over 1,000 draws of coupled bootstrap. All decision rules are estimated separately within
CZs and select the top third of Census tracts within each CZ. The color scheme within each row
treats the performance of NAIVE as zero (grey) and CLOSE-NPMLE as one (dark green), and is
hence not comparable across rows. On this scale, a method that overperforms NAIVE is colored
green; otherwise it is colored magenta. The best performer for each row is additionally marked
with an orange star.

FIGURE 5.—Performance of decision rules in top-m selection exercise

For the MEAN RANK variables, using CLOSE-NPMLE generates substantial gains for mobility
measures for Black individuals (0.63 percentile ranks for Black men and 0.43 percentile ranks
for Black individuals). To put these gains in dollar terms, at the income level for experiment
participants in Bergman et al. (2024), an incremental percentile rank amounts to about $1,000
per annum. Thus, the estimated gain in terms of mean income rank is roughly $400-600. For
the other two outcomes, TOP-20 PROBABILITY and INCARCERATION, the gains are even more
sizable. These gains are as high as 2-3 percentage points on average. Among CLOSE-methods,
we again find that CLOSE-NPMLE generally performs the best, though by small margins.’! While

3nterestingly, the best performing method for MEAN RANK (POOLED) and MEAN RANK (white men) is CLOSE-
GAUSS (parametric), and the best performing method for MEAN RANK (Black) and MEAN RANK (Black men) is
CLOSE-NPMLE, but without residualizing against covariates.
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CLOSE-NPMLE is a simple default that works uniformly well, in this case, simple parametric
models that allow for dependence also appear competitive.

We can think of the performance gap between INDEPENDENT-GAUSS and NAIVE as the value
of basic empirical Bayes. If practitioners find using the standard empirical Bayes method a
worthwhile investment over screening on the raw estimates directly, perhaps they reveal that
the value of basic empirical Bayes is economically significant. Across the 15 measures, the
improvement of CLOSE-NPMLE over INDEPENDENT-GAUSS is on median 260% of the value
of basic empirical Bayes, where the median is attained by MEAN RANK for Black individuals.
Thus, the additional gain of CLOSE-NPMLE over INDEPENDENT-GAUSS is substantial compared
to the value of basic empirical Bayes. If the latter is economically significant, then it is similarly
worthwhile to use CLOSE-NPMLE instead.

5. CONCLUSION

This paper studies empirical Bayes methods in the heteroskedastic Gaussian location model.
We argue that precision independence—the assumption that the precision of estimates does not
predict the true parameter—is often empirically rejected. Empirical Bayes methods that rely on
precision independence can generate worse posterior mean estimates. Screening decisions based
on these estimates can suffer as a result. They may even be worse than the selection decisions
made with the unshrunk estimates directly.

Instead of treating 6; as independent from o;, we model its conditional distribution as a
location-scale family in o-dependent location and scale parameters. This assumption leads
naturally to a family of empirical Bayes strategies that we call CLOSE. The CLOSE-framework
naturally subsumes and generalizes several existing proposals for accommodating precision
dependence. We prove that CLOSE-NPMLE attains minimax-optimal rates in Bayes regret,
extending previous theoretical results. That is, it approximates infeasible oracle Bayes posterior
means as competently as statistically possible. Additionally, we show that an idealized version
of CLOSE-NPMLE is robust, with finite worst-case Bayes risk. Finally, we further connect our
main theoretical results to ranking-type decision problems in Bergman et al. (2024).

Simulation and validation exercises demonstrate that CLOSE-NPMLE generates sizable gains
relative to the standard parametric empirical Bayes shrinkage method. Across calibrated simula-
tions, CLOSE-NPMLE attains close-to-oracle mean-squared error performance. In a hypothetical,
scaled-up version of Bergman et al. (2024), across a wide range of economic mobility measures,
CLOSE-NPMLE consistently selects more mobile tracts than does the standard empirical Bayes
method. The gains in the average economic mobility among selected tracts, relative to the
standard empirical Bayes procedure, are often comparable to—or even multiples of—the value
of basic empirical Bayes.
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APPENDIX A: PROOF OUTLINE FOR THEOREM 1

The proof of Theorem 1 depends on numerous results deferred to the Online Appendix. An
outline is stated here. For constants A,,, M,,, C to be chosen, define the following events: For

11— ol = max(s — oo 5 — S0l )
A= {1 e < 80, Z0 = max(1v1) < 1) AD
i€[n

A, (C) = {||17—n0||00 §Cn7ﬁ(logn)50}. (A2)
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With the choice A, = Cyn~ %+1 (logn)®, we have that A, = A,,(C1)N{Z, < M,}. The
event A, (C) indicates that the first-step estimates 7 are accurate. By Assumption 4(2), there is
some sufficiently large constant C' such that this event occurs with high probability: P[A.,(C)] >
1-— # The event A,, also occurs with high probability since the additional requirement Z,, <
M, can be made probable, by choosing some M,, logarithmic in n, thanks to Assumption 2.

To prove Theorem 1, we consider the events A,,, AS separately. On AS, we use the fact that
the empirical Bayes posterior means 0; and the oracle posterior means 0; are no farther than
the range of the data max Y; — minY;, which is logarithmic in n under Assumption 2 (Lemma
OA3.2). Since A is assumed to be unlikely, regret on AS is sufficiently small.

On the event A,,, the first-step estimates 7) are accurate, and the data Z; are not too large. The
bulk of the argument thus controls regret on A,,, stated separately in the following theorem,
whose proof is deferred to Section OA3.

REMARK A.1—Notation: For 4,,, B,, >0, we use A,, < B,, to mean that some universal
C exists such that A,, < CB,, for all n, and we use A,, <, B,, to mean that some universal C,,
exists such that A4,, < C, B,, for all n.* [ ]

THEOREM A.l: Suppose Assumptions 1 to 4 hold. Fix some 3 > 0,C, > 0, there exists
choices of a constant Cyy 5 such that, for A,, = Cyn=?/ P+ (logn)?, M, = Cy »(logn)/e,
and corresponding A,

__2p 2+a
Sun 2 (logn) e T2

E [MSERegretn(én,ﬁ)ﬂ(An)] <
We now outline how to prove Theorem A.1 and provide a proof for Theorem 1 given Theo-
rem A.l.

A.1. Step 1: convert regret on 0, to regret on 7;

To prove Theorem A.1, note that the empirical Bayes posterior means are of the form

where 7, » . denotes the posterior mean of 7 | Zi,ﬁi, where 7; ~ G’n and Z, | 7o, 05 ~
N (7;,2). On the event A,,, m,§ are close to myg, sg, and thus controlling MSERegret,,
amounts to controlling MSE on 7’s: E [(TZ»* — 7ﬁi767L7ﬁ)2j| , where 7 = 7, ¢,.n, 15 the oracle
posterior mean for 7;.

To do so, we adapt the argument in Soloff et al. (2024) and Jiang (2020). To introduce this

argument, recall that ¢; denotes the log-likelihood in Assumption 1 and define

1 1o
Sub,(G) = (n > vilZimo, G) — — Zm(zi,no,Go)) (A3)

+

32In logical statements, appearances of < implicitly prepend “there exists a universal constant” to the statement.
For instance, statements like “under certain assumptions, P(A,, < B,,) > ¢o” should be read as “under certain
assumptions, there exists a constant C' > 0 such that for all n, P(A,, < CB,,) > ¢o.”
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as the log-likelihood suboptimality of G against the true distribution G, evaluated on Z;, v;,
which depend on the true conditional moments 7). For generic G and v > 0, define

fau(z) = / e (Z_T) "), (A4)

o v

as the density of some mixed Gaussian variable Z ~ N(0,2?) x G. Let the average squared
Hellinger distance be

B (o fon) = S (v o) W(F9) =5 [ (VI = ola)?do

(A.5)
Loosely speaking, Soloff et al. (2024), following Jiang and Zhang (2009), show that
1. With high probability, all approximate maximizers of the likelihood have low average
Hellinger distance:

_ 1
P [There exists G where Sub, (G) < C182 but i (fe... fay..) > C’Q(Si} <= (A.6)
n

for some rate function 07 < = (logn)“ (Theorem 7 in Soloff et al. (2024)).
2. Foragiven G, E[(7} — 7, ¢.n,)?] S (logn)© (EQ(fQ., fGO’.)) (Theorem 9 in Soloff et al.

(2024)). R
Therefore, an approximate maximizer G of the likelihood Sub,, (G) should have low average
Hellinger distance to GG and thus should output similar posterior means.

A.2. Step 2: show G, isan approximate maximizer of the true likelihood

To use this argument for Theorem A.l, a key challenge is that G only maximizes the
approximate likelihood * >~ 4;(Z;, 7, G), which only has 1) &~ 19 on A, but 1) # 1o. A key
result is an oracle inequality for the likelihood (Corollary SM6.1), where, loosely speaking,

P [An, Subn (Gr) > gn] —0(1/n) (A7)

for some e, < (logn)© (n=27/@P+D) 4 p=P/@rADR(fo | f ). This result states that the

likelihood suboptimality of the feasible NPMLE G,, cannot be much higher than its average
Hellinger distance to Gj.

The bound (A. 7) is a refinement of a simple linearization argument applied to 7 >
1 ZZ L ¥i(Z;,n, G,,). Heuristically speaking, a first-order Taylor expansion yields

*Zw 17777 _:Lzaaﬁl A — Toi ~*Z¢ 177703
i=1

Here, £ 37" :(Z;,1, G,.) is large by definition of (. Thus, the right-hand side would be
large following a bound on the first-order term

1 & i
E;an

=m0

(0 = Moi) | -

n="n0
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A naive bound on this term, using only the fact that |7}; — 10| < ||} — 76|00, Would lead to
a suboptimal regret rate of O(n~?/(2»*Y(logn)®). Our more refined analysis additionally
leverages the fact that

E awz(za 771 GO)
on

_ Z—1o{(Zn)—-1)/vin)}] _
_E[ v on =0,

=m0

[=1/o,=7/a]

and thus the derivative %’7"' is sufficiently small if G, ~Gyin Hellinger distance.

A.3. Step 3: adapt Hellinger distance bound

Corollary SM6.1 makes sure that Gn probably achieves high likelihood, but the bound depends
on h°. Since (A.6) uses a likelihood bound for G to control EQ, we need to additionally finesse
(A.6) to accommodate the fact that the likelihood bound depends on I

Second, we adapt (A.6) to show that, loosely speaking, with high probability G, has low
average Hellinger distance to G, (Corollary OA3.1)):

C
P[40, o) 2~/ logn)] =0 (LI

n
Thus, this allows us to show that E[(7 — 7; ¢, )?L (A4, )] is small, after additional empirical

process arguments in Section OA3.
This section concludes with a proof for Theorem 1 given these results.

PROOF OF THEOREM 1: Let A,, = C’lﬂn_?ppﬁ(log n)Po, where C) 4 is the constant in
Assumption 4(2), and M,, = C'(logn)'/* for some C chosen by our application of Theorem A.1.
Decompose

E[MSERegret,, (G, 1)]
= E[MSERegret,, (G.,,7)1(4,)] + EIMSERegret,, (G,.,7) 1(AS U {Z, > M, })]
< E[MSERegret, (G,,7)1(A4,)] + E[MSERegret, (G,.,7)1(AS)]

+ E[MSERegret,, (G,,7)1 (Z > M,,)]

Zta 43428, +Z

<u n” T (logn) = (log n)?/« (Theorem A.1 and Lemma OA3.2)
n

__2p 2+a 3,9
Snn 4 (logn) s T,

The application of Lemma OA3.2 uses the implication of Assumption 4(2) that

1
—. Q.E.D.

P(A,(C13)9) =P([71 = nollee > An) <
APPENDIX B: PROOFS OF OTHER RESULTS STATED IN THE MAIN TEXT

PROOF OF THEOREM 2: We consider a specific choice of Gy, 01.,,, and sy. Namely, suppose
Go ~N(0,1), 0,.,, are equally spaced in [0y, 0,], and so(0) = (s, + 5,)/2 = 8o is constant.
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With these choices, the oracle posterior means 8 are equal to

82 2
0 = Y+ L —my (o)
i 2 24 2 PR AN VS
S+ oy S+ o;
. . n ~ ngrU-z N s%
For a given vector of estimates 6;.,,, we can form m(o;) = ot 0, — in . Note that,
[3 0 k3

for this choice,

%Z 1 Zog,5u l Z m(o;) —mo(0;)) 1 )

Therefore, the minimax rate must be lower bounded by the minimax rate of estimating m,, at
01.n» Where the right-hand side takes the infimum over all estimators of m, with data (Y;,0;):

n

1 .
- g (0; — 0,)* — (67 — 9,-)2] Zo0,su i%fsup]E
mo

i=1

n

> (i) — mofer)

i=1

inf sup E

01:n o1:n,P0

Using classical minimax results, Lemma SM9.1 shows that the right-hand side is lower bounded
by n~27/(2p+1) "which completes the proof. Q.E.D.

PROOF OF THEOREM 3: Note that HALGS,,,O = 80(04)Ti,c5.n0 + Mo(04), where 77, is the
posterior mean for 7; under (G,7), and 6; = s (0;)7; + mo(o;). Thus,

| NN 1 & .
E 2(91 — 91)2 = ﬁ Z Sg(gi)(Ti»GS;WO — Ti)2.
i=1 i=1

Theorem SM10.1 shows that E¢;, [(ﬁ,gs,no — Ti)z] < C, . forall G} € Gy. Taking the expected
value with respect to P, € P(my, so) and apply the bound C) ., we have that

n

7112(9 —0,) ]<CAE ZSO 0;).

i=1

E

By Lemma SM9.3, we have that

Jige-er]

3\'—‘

o? 5
— ————5:(0;) = inf su
néaf#—sg(oi) o(o:) =1 b

01:n P(]ep(m0750)
Note that, for some c; > 0,

o2 1 .
,sto(m —EZW% 0;) > cp— ZSO ).

i=1

Hence,

3\’*

C)\’el - 0'1-2 2
; ] & 1l T s )
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S —91-)2] .

i=1

=C5einf  sup  Ep

0
01:n Po€P(mg,s0)

This concludes the proof. Q.E.D.

0* are both mea-

7.71

PROOF OF THEOREM 4: 1. By the law of iterated expectations, since 0,
surable with respect to the data,™

E[UMRegret, | =E

ii{n(@: > 0) - 1(4; 20)}9;]

i=1

Note that, for 1(6; > 0) — 1(d; > 0) to be nonzero, 0 is between 0; and 6;. Hence, |0} <

|0 — 6| and thus by Jensen’s inequality
Lo 1/2
UMRegret,,| E|- 07 —06,)? .
. A

Zw* 0| <

2. Let J* collect the indices of the top-m entries of 0} and let j collect the indices of the
top-m entries of #;. Then, by law of iterated expectations,

[TopRegret(m) Z]E[{ (teJ” )—ﬂ(zej)}t?f}

Observe that this can be controlled by applying Proposition B.1, where w; =0 forall: <n —m
and w; = 1 for all ¢ > n — m. In this case, |w|| = v/m. Hence,
) 1/2

n 1/2
1 A m
—E[T: tm1 <2 R 2576, — 07)2 <2%/—|E
ST [ £ S o P

Divide both sides by m/n to obtain the result. Q.E.D.

PROPOSITION B.1: Suppose o(-) is a permutation such that éo’(l) <.+ <Oy(n). Then, for
any wy,...,w, € R,

n

%Zw o~ Z 90()_2llw||2 %Z<éi—95)2~
i=1

TL =1

where 0, <07, < ... <0, are the order statistics for {05, ...,0:} and ||w||5 =w? +--- +
2
w

n*

PROOF: We compute

1 L
~ Y willy - Zw Ooi) = Z“’ 0y — Zwieg(i) +
i=1 i=1

I A
LS il — 024,
nizlw( (4) o‘(z))

33For a randomized decision rule 6; that is additionally measurable with respect to some U independent of
(6;,Y;,0;)"_,, this step continues to hold since E[f; | U,Y;,0;] = 6;.
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=1 i=1

(Cauchy-Schwarz)

— ] 7
vn \| n —

The last step follows from the observation that the sorted difference is dominated by the
unsorted difference, D" | (67;) — 0o(1))* < D21, (0 — 07)?, which is true by the rearrangement
inequality.™ Q.E.D.

REMARK B.1—Mover interpretation of Theorem 4: Recall that we can think of TOP-m
SELECTION as the decision problem in Bergman et al. (2024) (Remark 4). The utility function
represents the expected mobility of a mover, assuming that the mover moves randomly into one
of the high mobility Census tracts. Our proof of Theorem 4 allows for a slightly more general
decision problem. Suppose the decision now is to provide a full ranking of Census tracts for
potential movers and maximize the expected mobility for a mover. Suppose that the probability
that a mover moves to a tract depends decreasingly and solely on the tract’s rank. To be more
concrete, suppose the mover has probability 7m; of moving to the highest-ranked tract, mo < 7
to the second-highest, and so forth. Then, with the same argument, the corresponding regret is

. 1/2
dominated by 2¢/n> " w7 - (E [% o0 — 6;‘)2}) , which generalizes (3.9). [ |
PROOF OF PROPOSITION 1: These are straightforward calculations of the expectation. Since
every expectation and variance is conditional on 6;.,,, Yl(jl), T1in,(1), T1in,(2)> We Write E[- | F]
and Var(- | F) without ambiguity.
1. (Decision Problem 1) The unbiased estimation follows directly from the calculation

E (¥ = 8,(v0)? | F] = (68 = 6:(Y0))* + 02

The conditional variance statement holds by definition.
2. (Decision Problem 2) The unbiased estimation follows directly from the calculation

E[5: (i)Y | F| =8.(v0)8.
The conditional variance statement follows from
Var 6,V | F| = .00k, 0
3. (Decision Problem 3) The loss function for Decision Problem 3 is the same as that for

Decision Problem 2 up to a factor of n/m. Since we condition on Yl(i), the argument is thus
analogous. Q.E.D.

*For all real numbers 21 < -+ < &y, y1 < -+ <yn, wehave >, T;yr) < D, Tsys for any permutation 7.
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PART 1. PROOF OF THEOREM 1
OA3. REVIEW OF NOTATION AND PROOFS OF LEMMA OA3.2 AND THEOREM A.1

We recall some notation in the main text, and introduce additional notation. Recall that we
assume n > 7. We observe (Y, 0;)"_,, where (Y;,0;) € R x R such that

Y; | (ei,Ui) NN(GianQ)

and (Y}, 60;,0;) are mutually independent. Assume that the joint distribution for (6;,0;) takes
the location-scale form (2.4)

0, | (o1,...,00) ~Go (W)

Define shorthands mg; = mo(o;) and sg; = so(0;). Define the transformed parameter

6;,—m

2
T, = 0i the transformed data 7, = %, and the transformed variance v} = <. By
3 01

501
assumption,
221 (o) N ) 7l Gy
Let 1) = (11, §) denote estimates of mq and s,. Likewise, let 7); = (M, 8;) = (m(0;), 5(0;)). For
a given 7}, define

5 A 5 o Yi—my seiZitmoei— My o
Z;=2;(n) = Zi(Z;,n) = 3 ° §,0 v =0}

&,

We will condition on 0., throughout, and hence we treat them as fixed. Let v,, v, be the

corresponding bounds on v; = SO‘Z;_) , implied by Assumption 3.

For generic values 77 = (m, s) and distribution G, define the log-likelihood function

= Z(n) -7 N 5
VYi(z,n,G) = log/_oo ¥ (W) G(dr) =log (w(n) : fG,m(n)(Zi(??))) )

where we recall fg, from (A.4). As a shorthand, we write f; ¢ = fo.,(Z;) and f] ;=

f6,,(Z3).
Fix some generic G and nn = (m, s). The empirical Bayes posterior mean ignores the fact that
G, n are potentially estimated. The posterior mean for 6; = s;7 + m; is

éi,G,'r] =m; + SiEG,f/i('r]) [7' | Zz<77>]

Jiafeng Chen: jiafeng @stanford.edu
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2 OA3 REVIEW OF NOTATION AND PROOFS OF LEMMA OA3.2 AND THEOREM A.1

Here, we define E¢ , [h(7, Z) | 2] as the function of z that equals the posterior mean for h(7, Z)
under the data-generating model 7 ~ G and Z | 7 ~ N (7, v). Explicitly,

1 z—7\ 1
B Ih(r.2) |4 = 5 [ hr.2)e ( . ) L 6an).
Explicitly, by Tweedie’s formula,
5 ; o Jesi(Zi(n)
Eco,(m) (7| Zi(n)] = Zs(n) + Vf(ﬁ)%
G,0;(n 1

Y, —m;
S

Hence, since Z;(n) =

il

A~

Lo (Z
ei,G,n =Y, + S,ﬁf(n)w

faonmy(Zi(n))

Define 0} =0, ¢, », as the oracle Bayesian’s posterior mean. Fix some positive number p > 0,
define a regularized posterior mean as

. oo (Zi
bicp=Yi+ 5:02(n) fG’”ZE’”( ) 5 (OA3.1)
f U4 Zl 77 \/ ~
G (77)( ( )) VZ(T})
and define 0] , = éi,go’no, , correspondingly. Similarly, we define
) ; 5 T 600 (Zi(n) ..
Ti,Gm.p = Zi(n) + Vi2(77) f G7(l§7)( )) v 1% Tip = Ti,Go,no,p (OA3.2)
D3 i\7] N
G,2i(n) :(n)
We also define
1 —-1/2
pi(p) = [log = pe(0.(2m) ) (0A3.3)
TP

so that ¢(p, (p)) = p. Observe that ¢, (p) < /log(1/p).
Recall the event A,, and the quantity Z,, in (A.1). Many of the following statements are true

for A,, defined with generic A,,, M,,. However, to obtain our rate expression in the end, recall
that we set A,,, M,, to be of the following form:

A, = Cyn~ 771 (logn)? and M,, = (Cy + 1)(Cs 5, logn)'/=. (OA3.4)

Here, C is to be chosen, and C 4 is some constant determined by Theorem SM6.1. Corre-
spondingly, we also have a choice

~C,p M7 A\ 1

1
Pn = —3¢€ ’
nd ev 2T

where the constant C'3, , is chosen to satisfy the following result, proved in Section SM6.

(OA3.5)



OA3.1 Proof of Theorem A.1 3

LEMMA OA3.1: Suppose |Z,| = max;c(n) |Z;| V1 < M, ||5 — sollee <A, and |7 —

Moo <A, Let G, satisfy Assumption 1 and v satisfy Assumption 4. Then, under Assumption
SMé.1,!

1. 1Z; V1| <y M,

2. There exists Cy, such that with p, = 5 exp (~Cy M2 A,) A —J5=, we have that

Pn
. Z;) > —.
fG7L7Vi( ) — v;

3. The choice of p,, satisfies log(1/p,) =<4 logn, o, (p,) =<# Vogn, and p, Sqn=3.

We now state and prove Lemma OA3.2 and Theorem A.1, which are crucial claims in the
proof of Theorem 1. The first claim, Lemma OA3.2, controls regret on the event AS.

LEMMA OA3.2: Under Assumptions 1 to 4, for 3 > 0, suppose A,,, M, are of the form
(OA3.4) such that P(Z,, > M,) <n~?, we can decompose

E[MSERegret,, (G, ) L(1 — follo > An)] Sot P17 = 1ollow > An) 2 (log 1)/
E[MSEReget, (G, )17, > M,)] Sx +(logn)?/*.

PROOF: Observe that, for an event A on the data 7;.,,,

K2

A A -]' & N *) 2
E [MSERegretn(Gn, n)]l(A)] =E | Z;(ei,é,ﬁ —07)21(A)

1/2

P(A)'/?

i=1

r 2
1~ .
<E (n Z(ngn - 01‘ )2>

by Cauchy-Schwarz. Since ||} — 7o |co S# 1, @ crude bound (Lemma OA3.6) shows that

2
1 - . 4
(n Zl(azcn - 91‘ )2> SH Zn'
Apply Lemma OA3.7 to find that E[?i] <# (logn)* <. This proves both claims. Q.E.D.

The main theorem of this part in the Online Appendix is stated and proved in the following
section. It characterizes regret behavior on the event A,,, for A,,, M,, chosen as in (OA3.4).

OA3.1 Proof of Theorem A.1

We first state a result that is key to our remaining arguments, which we verify in the Supple-
mentary Material (Section SM7).

I'This assumption is satisfied with our choices in (OA3.4).



4 OA3 REVIEW OF NOTATION AND PROOFS OF LEMMA OA3.2 AND THEOREM A.1

COROLLARY OA3.1: Assume Assumptions 1 to 4 hold and suppose A,,, M,, take the form
(OA3.4). Define the rate sequence

5, = P/ @D (log ) 2+ (OA3.6)

Then, there exists some constant By, depending solely on C7, in Corollary SM6.1, 3, and
P, Vy, U, Such that

Jog1 |
28081 10>

log 2 n

P [A., h(fe, . fao.) > Bubn] < <

THEOREM A.l: Suppose Assumptions 1 to 4 hold. Fix some S > 0,C; > 0, there exists
choices of a constant Cy, 5 such that, for A,, = C;n=?/P*Y (logn)?, M, = Cy 2(logn)/2,
and corresponding A,,,

[MSERegret (Gn,)1(A )} Sun~ HiT (logn) & +3+26

PROOF: We choose M, to be of the form (OA3.4). Note that we can decompose

n R 1 n

1
MSERegretn(G,n) = ﬁ E (91'7G7n — 91>2 - — E (9: — 91)2
i=1 i=1

n

1 <~ - 2 .
= Z(Gi,an —07)2 + - Z(a; —0,)(0;.. — 07) (OA3.7)
1=1

i=1

Note that the second term in the decomposition (OA3.7), truncated to A,,, is mean zero:

A) Ze* Aann 01)]:0’

since E[(6 —6,) | Y3,...,Y,] = 0. Thus, we can focus on

E[MSE G LA =E | XA S G o _geye| = LEinan)ds, 00

[MSERegret,, (G, 1) 1(A5)] = 2> (0:6,5 — 0))°| = ~E[L(A)]106,,5—0"|);
=1

(OA3.8)
where we let é@m ; denote the vector of estimated posterior means and let 6* denote the corre-
sponding vector of oracle posterior means. Let the subscript p,, denote a vector of regularized
posterior means as in (OA3.1). Here, we set p,, as in (OA3.5). Thus, we may further decompose
by triangle inequality:

16¢, ., =671 < I8¢ 1106, 0 = 06 monpn | 106, 0.0 = O3, |+ 165, = 6711

G, Gn no Gn,yno

We denote each term in the decomposition of (OA3.8) by &1, ..., &,:

1(A,), ; i

& = <n ) 10c, »— G‘n,no||2 (OA3.9)
1(A,), » p

e e (©A3.10
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1(4,) .
€3 = (n )||9@MOM -0 | (0OA3.11)
€= (A )||9 — 072 (0A3.12)

We have that (OA3.8) < 4(E&; + E&, + E&; + EE,y) = 4(EE + E&s + EEy).
The individual ¢;’s are bounded by the arguments in the remainder of this section. The key
term leading to the final rate is E[£;5]:

» We show in Lemma OA3.3 that & <y M2(logn)?*AZ2, and thus E§; <y M2 (logn)2A2.

* Lemma OA3.1(2) implies that, given the choice Pn in (OA3. 5) the regularized posterior
means and the unregularized posterlor means are equal 0, =0, since the truncation
does not bind. Therefore, &, =

* We show in Section OA3.2 that E&3 <4 (logn)32. Here, 6, is the rate in (OA3.6).

* Finally, we show in Lemma OA3.4 that E&, <y

Gnimo.pn Gnmo®

Lastly, we observe that by the definition of §,, in (OA3.6), the upper bound for E[£3] is the
dominating rate. Plugging the definition of 62 yields that

(OA3.8) = E[MSERegret, (G, 7)L(A,)] Sp n~ 247 (logn) 5% +3+26. Q.E.D.

REMARK OA3.1—Remainder of proof: The proof for Theorem A.1 hinges on the key result
in Section OA3.2 for bounding &5. Effectively, the argument first relates &3 to the corresponding
regret for the transformed parameters 7; (OA3.2):

||Tén77707/7n - T;n ”2

To prove a bound for this object, we truncate to the event where EQ( fe, . fa,,.) is small and
T ||* can be bounded by EZ(fGT“,, fco..)-
For this argument to work, the key is that the event where EQ( fe, .. fay,.) is small has high
probability, which is shown in Corollary OA3.1. Lastly, to prove Corollary OA3.1, we need

to first establish that G,,—estimated off (Z,, U;)—does not have high likelihood suboptimality
Sub,,(G,,). This is the most laborious part of the proof (Corollary SM6.1). ]

use the fact that, loosely speaking, the |7, , . —

LEMMA OA3.3: Under the assumptions of Theorem A.l, in the proof of Theorem A.l,
& Sy M2(logn)?AZ.

PROOF: Note that, by an application of Taylor’s theorem,

ol o2 f6,0,(2)

“18ifa, 0, (Zs) - soifé, v, (Zi)

i,Gn,i gi,énmo

_ 2| 2% O (Equation (SM6.4))
ami én,ﬁ aml Gn no
Y, Y,

_ 2 J & o ° Y. — )

— O om;0s; én,ﬁi(SI SOI) + am? G\l (ml mm) 7
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where we use 7; to denote some intermediate value lying on the line segment between 7); and
No:- By Lemma SM6.11, we can bound the two derivative terms and obtain
0

1(A4,) |0 <u M, (logn)A,,.

iaéna'f] - i,@nmo

Hence, squaring both sides, we obtain &; <y, M?2(logn)?AZ. Q.E.D.

LEMMA OA3.4: Under the assumptions of Theorem A.l, in the proof of Theorem A.l,
E& Sn -

PROOF: Note that

Py Y fop
105, 077 =3, [ (e ) 1T o e
o fGOaVi (Z) fGOJJi (VE=
~1/2
% ,<Z>>4 1
<s2E (V.2 0.4 -P ,(2) < puvi]?
= 204 i fG(),Vi(Z) | [fGo, 1( ) P / ]

(Cauchy—Schwarz)

SwEl(r = 2)'% - p,/? Var(2)1/°
(Tweedie’s formula, Jensen’s inequality, and Lemma SM6.9)

1
S~
n

In particular, the third line follows since by Tweedie’s formula and Jensen’s inequality

<V2 fao,w(m)‘*
o (2)

Therefore, E[¢4] Sy +. Q.E.D.

E =E[Ecy.,[r— 2| 2)'] <El(r - 2)" Sn 1.

OA3.2 Controlling &

LEMMA OA3.5: Under the assumptions of Theorem A.l, in the proof of Theorem A.l,
E&3 <3 (logn)®62, where 8, is defined in (OA3.6).

~

PROOF: Observe that Qi,@nm’pn - Hj’pn

= 50 |7 4 o 2 '
= Soi 717Gn77707l7n Tlxpn| Where T'Lana"]07pn 18

the regularized posterior with prior G,, at conditional moments 7o and 7;°, = 7; ¢4 90,0, » Where
we recall (OA3.2).
Thus, we shall focus on controlling
:H'(An) H%én,nmpn - T,:n H2
Fix the rate function 4,, in (OA3.6) and the constant By in Corollary OA3.1 (which in turn
depends on Cj; in Corollary SM6.1). Let B, = {h(f¢g, ., fa,,.) < B, } be the event of a
small average squared Hellinger distance. Let G4, ..., G be a finite set of prior distributions



OA3.2 Controlling &3 7
(chosen to be a net of {G 2 h( fa, fag,) < 5n} in some distance), and let T,Ei ) be the posterior
mean vector corresponding to prior G; with conditional moments 7)o and regularization p,,.

Now, note that, for any j,

l(An) H%énWOan - T:n ||

<% moon = Ton IL(An N BY) + L(Aw 0 Bu) (176, im0 — 7o | = 752 =75, 1) .
+ (172 = I =Ellr? =75 ), +Ell7? =75 -
Then
1(A,) . . 4
e —ToulP < S (E+E+E+E)
where
(12 = ||%GMO’M — T;n||21L (An N BS) (OA3.13)
2
&= (W mon ~ 5l = migles? = 7,11) 140015 (0A3.14)
+
2 _ G) _ G) _ 2 0A3.15
& ]rrelggﬁ(\lfpn o I =Ellr — 75 1])2 (OA3.15)
2 2

The decomposition (; through (, is exactly analogous to Section D.3 in the supplementary
materials to Soloff et al. (2024) and to the proof of Theorem 1 in Jiang (2020). In particular, ¢;
is the gap on the “bad event” where the average squared Hellinger distance is large, which is
manageable since 1(A,, N BS) has small probability by Corollary OA3.1. ¢, is the distance from
the posterior means at Gn to the closest posterior mean generated from the net Gy, ...,Gx; (o is
small if we make the net {G, ..., Gy} very fine. (5 measures the distance between || 7() —7* ||
and its expectation; (3 can be controlled by (i) a large-deviation inequality and (ii) controlling
the metric entropy of the net (Proposition SM6.2). Lastly, (4 measures the expected distance
between ngi ) and 7 itis small since G are fixed priors with small average squared Hellinger
distance.

However, our argument for (5 is slightly different and avoids an argument in Jiang and Zhang
(2009) which appears to not apply in the heteroskedastic setting. See Remark OA3.2.

The subsequent subsections control ¢; through (4, and find that {;, <4 (logn)3d? is the
dominating term. Q.E.D.

OA3.2.1 Controlling ¢,
First, we note that,
(/f_i,én,no,pn - Tz Pn ) (A ﬁ BC) ~H log(]‘/pn) (An m B'r(Lj) SH lognl(An m B'r(zj)
(Lemma OA3.1 and Lemma SM6.8)
By Corollary OA3.1, P(A, N BS) < (loglog” + 9) , and hence LE(? <, losnloslosn

log 2
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OA3.2.2 Controlling (,
Choose Gy, ..., Gy to be a minimal w-covering of {G : h(fs.., fa,,.) < 6, } under the pseu-
dometric
s V()
fH1 l/l( ) v (pn/Vi) sz,ui(Z> k4 (pn/Vi)
where N < N (w/2,P(R),dur, ., ).> We note that (OA3.17) and d,,  » (SM6.39) are dif-

ferent only by constant factors, in the sense that dyys,, ,,, (H1, H2) <3 dp oo, v (Hi, Ho) for all
H,, H,. Therefore, Proposition SM6.2 implies that

log N <510gp<1/5)\/log(l/pn),P(R),dMn,pn) <y log(1/6)* max (1, M) .

dur,, pn (H1, Hy) =max  sup (OA3.17)

i€ln] z:1z1<M,

log(1/9)
(OA3.18)
Then,
1 1(A4,NB,) 2
ﬁé_; S T}?{lj{}] (HTGn 10:Pn pn” - ||T(j) Tpn”)
((a —max; b;); <min;|a —b;|)
(J) 2
(A N B )n Jréll]{fl]”TGn 70:Pn ||
(Triangle inequality : |||a —b]| — [[b —¢||| < |la — ¢||)
2 g/ 2 1 2
e . (Z0) Vi [, 0, (Z:)
=1(A,NB,) min — 1(1Z;| < M,) noti Ehadd
( ﬁmnz (12 <mmw>@wm Ty i (Z)V (pu]17)
5%log(1/§
<w? <y M log(1/py). (Reparametrize w = 26 log(1/8)p;*1/log(1/p,))

OA3.2.3 Controlling (5
We first observe that V;; = |7, W) x| <y /logn, by Lemma SM6.8. Let V; =

'L Pn ,Pn
(Vij, ..., Va;)', we have that (5 = max; (||V;|| — E||V;]|)+. Let K,, = Cy+/logn > max;; |Vi;|.
Since G, Gy are both fixed, Vi;,...,V,,; are mutually independent, and V;; /K, € [0, 1]. Then,

observe that by Lemma OA3.8,
U u?
Tx) =P\ ez )

P (¢; >z) < Nexp <_2sz>

E[¢G] = /OOOP(Cg2 >z)dx < /000 min <1,Nexp (—2;;2>> dx

2This is by the monotonicity relation of covering numbers. See Exercise 4.2.10 in Vershynin (2018).

PVl > E[IV; ] +u) = (

V.
>E|| -~
HKn

By union bound,

Therefore,
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—2K? 1ogN+/ Nexp (—‘”) da

2
QKEL log N 2Kn

<4 lognlog N.

Now, if we take § = p,,/n, then ~E[C5 + (5] Su (ogn)®/2 My,

n

REMARK OA3.2: For the analogous term under homoskedasticity, Jiang and Zhang (2009)
observe that ||7/) — 7~ || is a Lipschitz function of the noise component Z; — 7;. As a result, a
Gaussian isoperimetric inequality (Theorem 5.6 in Boucheron et al. (2013)) bounds

P (HTSR — T;n” >E [HT(ZL) —T;n|| |7'1,...,Tn} —|—:U) ,

independently of n—a fact used in Proposition 4 of Jiang and Zhang (2009). Note that the
concentration of [|7/) — 7~ || is towards its conditional mean

E [HT;ZB —Tp*n|| | Tl,...,Tn] )
In the homoskedastic setting where v; = v,
Bl = I msm] =Ea,, [I75) =75 I (0A3.19)

where Gy, = i >, 0, is the empirical distribution of the 7’s. However, (OA3.19) no longer
holds in the heteroskedastic setting, and to adapt this argument, we need to additionally control
the difference between E [[|[7) — 77 ||| 71,...,7,] and E [||7) —7* ||]. The argument in
Jiang (2020) (p.2289) appears to use the Gaussian concentration of Lipschitz functions argument
without this additional step. Instead, we establish control of (5 by observing that entries of

( ) _ * . . . . . .
7,7 — 7, are bounded and applying the convex Lipschitz concentration inequality. ]

OA3.2.4 Controlling (4

Consider a change of variables where we let w; = z/v; and \; = 7/v;. Let G(;, be the
distribution of \; under G, where G ;)(d\) = G(d7). Then

1 1 1
foun(@) = [ rtw =20 6ldn) = [0 = X) G dh) = 5 fay alw)

v;

and fé,ui (Z) = %flgu)’l(wi). Hence,

E [( z(]p)n —Tz‘*,pn)2] =v’E [( féj*“)’l(wi) _ féo,(i)al(wi) )21

ij’(i),l(wi) V Pn fGO,(i),l(wi) V Pn

Swmax ((10g1/pa)*, Nog h(fa, )1 Sy )l ) B2 (e, 15 far )
(Lemma OA3.9)

= max ((log 1/pn)37 |logh(ijaVi ’ fGo,w)l) hZ(ij,Vi ’ fG011’i)
(Hellinger distance is invariant to change of variables)

Let h; = h(fa, ;> fao.;)- Hence,

1 logn)? 1
EE[Q;Q] Sn % Z hi+— Z |log hs|h}

iz[logh;|<(log 1/pn)3 iz|log hi|>(log 1/pn)?
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— 1 1
< (logn)3h2(fgj,.,fgoy.) + - Z ghi (z|logx| <e ! forz €[0,1])

iz|log hi|>(log1/pn)3

Note that

—1

llog hi| > (log 1/p,)* = h: < exp (—log(1/pn)?) < pllos /70 <oy pl Spm ™.
(Assumption SM6.1)
Therefore the first term dominates, and thus 2E[(3] Sy (logn)®d7.

0A3.3 Auxiliary lemmas

LEMMA OA3.6: Let éan be the posterior mean at prior G and conditional moments
estimate at 7. Let 07 = 6 .Go,no be the oracle posterior mean. Assume that G is supported within
[—DM,,, M,] where M,, = max; | Z;(1) V 1|. Recall that || — 1o ||sc = max(||7iz — mg | se, || § —
S0|lso)- Suppose

1. Hﬁ - 770Hoo S?—t 1

2. Assumptions 2 and 3 holds;

3. 3 23 Sen for some fixed sequence s;, > 0.

Then, letting Z,, = max; | Z;| V 1,

A *
ei,é‘,ﬁ - ei

_ 15
S/H Stn ZTL

Moreover, the assumptions are satisfied by Assumptions 1 to 4 with S;, = Sp¢ < 1.

PROOF: Observe that

ga?f’cn,ﬁi(z) . V2 g (Z)
' fén,f/i( ) o fGO,l/i(Zi)

S,’H Mn +Zn SH maxmaXUZL |Zz|7 1)

i,Gn,i  Yi,Gomo | =

N

SOIZ + moq ‘m’L <

by the boundedness of (,, and Lemma SM6.14. Note that | Z;(#})| = Su

oimax(|Z;|,1) = s,,! Z,,. Therefore, ‘910 7 —0icome| S 52170 Q.E.D.

LEMMA OA3.7: Let Z,, = max; | Z;| V 1. Under Assumption 2, for t > 1
P(Z,>t) <nexp(—Cayar,t®) and E[Z.] <, (logn)P/e.

Moreover, if M,, = (Cy, + 1)(0;71_1 logn)® as in (OA3.4), then for all sufficiently large choices
OfoH, P(Zn > Mn) < n=2.

PROOF: The first claim is immediate under Lemma SM6.12 and a union bound. The second
claim follows from the observation that

1/c
E[max(|Z;] v 1)”] (ZE |Z|\/1”C]> <n'/°C% (pc)P/°.
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where the last inequality follows from simultaneous moment control. Choose ¢ = logn with
nt/1°8™ — ¢ to finish the proof. For the “moreover” part, we have that

P(Z, > M,) <exp (logn —Capaw, (Cu+ 1)‘102_742 logn)

and it suffices to choose C'5; such that (Cy +1)* > % sothat P(Z, > M,) < e 2losn =
0%, Vy

n-2. Q.E.D.

LEMMA OA3.8: Let W = (Wy,...,W,,) be a vector containing independent entries, where
W, € [0,1]. Let ||-|| be the Euclidean norm. Then, for all t > 0

P(|W] > E[W| +t] <e /2.

PROOF: We wish to use Theorem 6.10 of Boucheron et al. (2013), which is a dimension-free
concentration inequality for convex Lipschitz functions of bounded random variables. To do so,
we observe that w — ||w|| is Lipschitz with respect to |-||, since

lw +all < Jlwl +lall lw]| =[lw+a—a] <[lw+all + o] = [[lw +all = [[w]]] < |la]

Moreover, trivially || Aw + (1 — A)v|| < A|lw|| 4+ (1 = A)||v|| for X € [0, 1], and hence w — |jw|
is convex. Convexity implies the convexity required in Theorem 6.10 of Boucheron et al. (2013).
This checks all conditions and the claim follows by applying Theorem 6.10 of Boucheron et al.
(2013). Q.E.D.

LEMMA OA3.9: Let fg = fu 1. Then, for 0 < p,, < ﬁ

/ [ S, () iy ()

i @)V pn fro (@) V pn

where we define the right-hand side to be zero if Hy = H,.

fHo(x) dZE rs ((lOgl/p’ﬂ)s \ |10gh(fH17fHo)‘) h’2 (le’fHO)

PROOF: This claim is an intermediate step of Theorem 3 of Jiang and Zhang (2009). In (3.10)
in Jiang and Zhang (2009), the left-hand side of this claim is defined as 7(fy, , p,,). Their
subsequent calculation, which involves Lemma 1 of Jiang and Zhang (2009), proceeds to bound

T(leapn) S 2\/§eh(leafH0) max (@i(pn)) \/ia) + 2@+(pn)\/§h<leafHo>a

for a? = max (¢
and using ¢ (p,,

(pn) + 1, [logh? (fu,, fr,)|). Collecting the powers on h,log h, squaring,
< /log(1/p,) proves the claim. Q.E.D.

)
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PART 2. ADDITIONAL DISCUSSIONS AND EMPIRICAL RESULTS
OA4. ADDITIONAL DISCUSSIONS
OA4.1 Correlated Y; and correlated 0;

The assumptions (1.1) and (2.1) imply that (Y;,6;,0;) are i.i.d. across i. In general, we
may consider a joint distribution on 6,.,, | ¥, conditional on which the estimates may also be
correlated Y1, | 0., ~ N(0:.,,,2) (see, among others, Bonhomme and Denis, 2024, Miiller
and Watson, 2022, for settings in which the non-independence appears natural). In principle,
given a flexible model for the distribution 6,.,, | ¥, we would estimate this model from the data
(Y1.n, %), and likewise compute an estimated posterior. In particular, if 6., | ¥ is described
by (2.4) but Y7.,, may be correlated conditional on 6, .,,, 3, then CLOSE-step 1 and CLOSE-step
2 continue to estimate 6,.,, | X, and one can adapt CLOSE-step 3 accordingly to exploit the
correlation between Y;’s.

Modeling the joint distribution of (Y7.,,0;.,, %) may be difficult. Interestingly, modeling
only the marginal distributions of each coordinate (Y}, 6;,0;)—as we have done—turns out
to be sufficient for optimal decision-making, if we restrict the class of decision rules. For
a compound decision problem, where L(9,6,.,) = % i~ £(5;,0;), consider restricting to
separable decision rules 0; = 9;(Y;, 0;), where we make decisions about 6; using only (Y;, 0;).
In that case, the best decision d; (-, -) minimizes the posterior risk E[¢(0(Y;, 0;),0;) | Y;,0,]. This
result provides some reassurance that ignoring the dependence across coordinates is inefficient
but may not be harmful, since naive decisions are often separable, and the optimal separable rule
would dominate it. Restricting to separable decision rules can also be motivated by practical or
fairness considerations: For instance, it may be unfair to base human resource decisions about a
given teacher on the value-added estimate of another.

We formalize the above paragraph in Lemma OA4.1. Suppose (Y1.,,,01.,, %) follow some
joint distribution Qo under which Y3.,, | 0;.,,, 2 ~ N (0,.,,X). We observe (Y7.,,Y). Consider
a compound decision problem with a separable decision rule, such that

L(8,6,.,) =~ ZE (Yi,0:),6;).

Let oZ denote the i diagonal element of 3.

LEMMA OA4.1: Let (Y;,0;,07) ~ Hy; under Qo. Assume Qq is such that the posterior mean
Eu,, [((a,0;) | Yi,0,] exists almost surely. Consider the decision rule d that minimizes posterior
risk under 0; | Y;, 05 over the action space

0;(y,0) € argminEy,, [¢(a,0,) |Y; =y,0,=0].

Then such a decision is optimal for Bayes risk under Q)y:

EQO[L((sael:n)]: min EQO[ (sveln)]

& separable

PROOF: By definition, for any separable 6

Eq, [€(0:(Yi,0:),0:)] = Eny, [€(0:(Y3,0:),0;)]
=E[E[(6:(Y;,0:),0;) | Yi,05]]  (Law of iterated expectations)
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<E [E [Z(Si(yi,ai),ei) | Yi,UiH (6; is Bayes rule)
—Eq, |(5:(Yi,0:).0)]
Thus by linearity of expectation,
Eqo[L(8,61.,)] <Eq, [L(8,01.,)]. Q.E.D.

OA4.2 Alternatives to CLOSE

Let us turn to a few specific alternative methods that consider failure of precision independence.
We argue that they do not provide a free-lunch improvement over our assumptions.

ALTERNATIVE 1—Working with ¢-ratios: We may consider normalizing o, away by working
with t-ratios T} = % (64,0;) ~ N (6;/0:,1). The resulting problem is homoskedastic by
construction. It is natural to consider performing empirical Bayes shrinkage assuming that

. i.d.d. . . . .
z—: ~"H,, and use, say, o;Ez [% | E] as an estimator for the posterior mean of §; (Jiang

and Zhang, 2010). However, without imposing 6, /0; 1L o; (which we discuss in Remark 2),
such an approach approximates the optimal decision rule within a restricted class on a different
objective.

Let us restrict decision rules to those of the form §; (. (Y, 0;) = 0;h(Y;/0;). The oracle

Bayes choice of h is h*(T;) = Eﬁgg“TT]] . However, h* is not the posterior mean of 6;/c; given

the ¢-ratio 7T}, unless o7 1L 6;/0;. On the other hand, the loss function that does rationalize the
posterior mean h(7T;) = E[0;/0; | T;] is the precision-weighted compound loss L(9,6;.,) =
% Yo or %(8; — 6;)%. Thus, rescaling posterior means on t-ratios achieves optimality for a
weighted objective among a restricted class of decision rules 6; ¢ . |

ALTERNATIVE 2— Variance-stabilizing transforms: Second, we may consider a variance-
stabilizing transform when the underlying micro-data are Bernoulli and 6; is a Bernoulli mean
(Efron and Morris, 1975, Brown, 2008). Specifically, we rely on the asymptotic approximation

Vii(Yi—6:) 5 N(0,6,(1—6,)),

n;—r 00

A variance-stabilizing transform can disentangle the dependence: Let W; = 2 arcsin(1/Y;) and
w; = 2arcsin(v/0;), and, by the delta method,

1
Vg (W —w;) LN N(0,1). Thus, approximately, W; | w;,n; ~ N (wi, > )
n

n;—00 i
One might consider an empirical Bayes approach on the resulting W,. Note that W, may still
violate precision independence, since w; may not be independent of n;. Moreover, squared error
loss on estimating w; = 2 arcsin(+/6;) is different from squared error loss on estimating 6;. We
do not know of any guarantees for the loss function on 6;, £ ™" | (6; — sin®(w;/2))?, when we
perform empirical Bayes analysis on w;.

ALTERNATIVE 3—Treating the standard error as estimated: Lastly, if the researcher has
access to micro-data, Gu and Koenker (2017) and Fu et al. (2020) propose empirical Bayes
strategies that treat o; as noisy as well, in which we know the likelihood of (Y;,o;). This
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approach allows for dependence between 6, and o; but assumes independence between (6;,0;)
and some other known parameter. To describe their model, we introduce more notation. Let
Y;;,j=1,...,n,, denote the micro-data for population 7, where, for each i, we are interested in
the mean of Y;;. Let Y; denote their sample mean and S? denote their sample variance, where
o? =57 /n;. Let 0, denote the true variance of observations from population 1.

Both papers work under Gaussian assumptions on the micro-data. This parametric assumption®
on the micro-data—which is stronger than we require—implies that Y; 1L S? | (0,0, 6;,n;) with
marginal distributions:

2 11
Elgio,ei,ni'\’/\/’<9i,o—zo> Sf|0’i0,9i,ninamma (n > .
n

2 20?0

i

They then propose empirical Bayes methods treating Y,; = (Y;,5?) as noisy estimates for
parameters 0; = (6;,072). This formulation allows 6; to have a flexible distribution, and thus
allows for dependence between 6; and o2,. However, since the known sample size n; enters the
likelihood of Y, this approach still assumes that n; 1. 6;. [ |

ALTERNATIVE 4— f-modeling: A final alternative is to exploit Tweedie’s formula (Efron,
2022), which implies that an estimate of the conditional distribution Y; | o; is all one needs for
computing the posterior means (Brown and Greenshtein, 2009, Liu et al., 2020, Luo et al., 2023).
However, conditional density estimation is a challenging problem, and most available methods
do not exploit the restriction that Y; | o, is a Gaussian convolution. |

This discussion is not to say that CLOSE is necessarily preferable to these alternatives. It
highlights that the possible dependence between 6; and o; cannot be easily resolved. Existing
alternatives compromise on optimality, use a different loss function, or implicitly assume 6; is
independent from components of o7 (e.g., n;). Of course, depending on the empirical context,
these may well be reasonable features.

0A4.3 Transformation-based rationalization of the location-scale assumption (2.4)

The following lemma shows that, essentially, only affine transforms preserve exponential fam-
ily structure on Y;. Exponential family structure is important since generalizations of Tweedie’s
formula holds for such distributions (Efron, 2011), and thus they connect posterior means to the
marginal distribution of the data. If some affine transform yields precision independence—so as
to allow for methods that assume precision independence—then the location-scale assumption
(2.4) must hold.

LEMMA OA4.2: LetY;|60;,0; ~N(0;,0?) and (0;,0;) drawn i.i.d. Consider h(Y;,c;) such
that h(-, 0;) is differentiable and strictly increasing. Let Z; = h(Y;, 0;). Then the distribution of
Z;, parametrized by 0;, is an exponential family

p(z | 0;,0;) =exp (n(0;,0:)z + An(0;,0:),04)) folz,0) (0A4.1)
only if h(Y;,04) = a(o;) + b(0;)Yi.
3The parametric restriction on the micro-data Y;; can be relaxed by appealing to the asymptotic distribution of

(Y;, S2)—resulting in the Gaussian likelihood (Y3, S2) | 0;,%; ~ N (0;,%;). In general, however, 3; also depends
on n; and higher moments of Y;;, which again may not be independent of ;.
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Moreover, suppose 0, | o; has finite first and second moments. When (OA4.1) holds for some
hY;,0:) = a(o;) + b(0,)Ys, the distribution of Z; = h(Y;,0;) is of the form

Zi 10,0 NN(T(QmUz‘)WQ(Uz‘))-
The distribution of 7(0;,0;) | o; does not depend on o; only if (2.4) holds.

PROOF: The first part of the statement follows immediately from Lemma OA4.3. For the sec-
ond part, it is easy to see that 7, = 7(0,,0,) = 0,b(0;) + a(0;). If 7(0;,0;) | o; does not depend
on o;, then E[7 | 0;], Var(7 | 0;) are constant in ¢,. This means that b(c;) = 1/+/Var(6; | o;)
and a(o;) = —E[6; | 0;]b(0;). Rearrange, we have

0; = so(03)Ti +mo(os) 7| Uii%i'Gm
which is the condition (2.4). Q.E.D.

LEMMA OA4.3: Consider a family of densities {N'(0,02):0 € R}. Let h(-) : R — R be
a strictly increasing and differentiable function. Let Z = h(Y') where Y ~ N (6,02). The
corresponding family of densities for Z is an exponential family:

pz(2) = fo(z;0) exp (zn(0,0) + A(n; o)) (0A4.2)

for some canonical parameter 1(0;0) if and only if h(-) is affine.

PROOF: The “if” part is immediate. We will focus on the “only if” part. By the change of
variables formula, the density of 7 is

1 1h'(2)? .. 0 0>\ dh~'(2)
PZ“)—manP(‘z R %2‘202) i

The log-likelihood ratio of this family is

pz(2|91)7 -1 91_92_i 2 _ p2
10 pz(2|92)_h (Z> 0_2 20_2(01 92)

For an exponential family (OA4.2), the log-likelihood ratio is z (1, — 12) + A(n1;0) — A(n2;0),
where 7; = 1(6,; ). Equating the two and differentiating in z, we have that

dhil(Z) 91 — 92

dz o2 =M — 172
for all 6,0, € R. Since the right-hand side is free of z, we conclude that dh;il(z) must be a
constant. Thus h~'—and hence h—is affine. Q.E.D.

OAS5. ADDITIONAL EMPIRICAL EXERCISES
OA5.1 Positivity of so(+) in the Opportunity Atlas data

In the Opportunity Atlas data, we often observe that the estimated conditional variance is
negative: 3 < 0. To test if this is due to sampling variation or underdispersion of the Opportunity



16 OA5 ADDITIONAL EMPIRICAL EXERCISES
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FIGURE OAS5.1.—Estimated conditional variance sg(a), binned into deciles, with 95% uniform confidence
intervals shown.

Atlas estimates relative to the estimated standard error, we consider the following upward-
biased estimator of s2(o;). Without loss, let us sort the Y;, o; by o;, where oy <--- <o, Let
S; =2 [(Yis1 = Y;)? — (67 + 02,,)]. Note that

1
E[Si | Ul:n] = iE[(ei-i-l - 91‘)2 | Ulzn]

_ sa(oi1) + s5(04) n

1 so(0i1) + 55(07)
2 2 '

(mo(0iy1) —mo(oy))® > 5

Hence S; is an overestimate of the successive averages of so(o). Figure OA35.1 plot the estimated
conditional expectation of S; given o;, using a sample of (5, Ss, Ss, . ..) so that the S;’s used
are mutually independent. We see in Figure OAS.1 that for many measures of economic mobility,
we can reject E[S; | 0;] > 0, indicating some underdispersion in the data.

OA5.2 Simulation exercises setup

This section describes the details of the simulation exercises in Section 4.

We first consider details on data preprocessing:

1. The data used is the publicly available tract-level data from Chetty et al. (forthcoming).

2. Limit to Census tracts in the 20 largest Commuting Zones, ranked by the number of tracts
in the dataset. They are: Phoenix, San Francisco, Los Angeles, Bridgeport, Washington DC,
Miami, Tampa, Atlanta, Chicago, Boston, Detroit, Minneapolis, Philadelphia, Newark, New
York, Cleveland, Pittsburgh, Houston, Dallas, and Seattle.

3. For a given outcome variable, we truncate to tracts with o7 in the bottom 99.5% with all
available covariates in Table OAS5.2. Table OAS.1 displays the sample sizes used.

The covariates used are listed in Table OAS5.2. The “number of children” variables are included
in both levels and logs. This set of covariates is not precisely the same as what is used in Bergman



OA5.2  Simulation exercises setup 17

TABLE OA5S.1
NUMBER OF TRACTS INCLUDED FOR EACH OUTCOME VARIABLE

Sample size

Mean income rank 10056
Mean income rank [white male] 7521
Mean income rank [Black male] 7547
Mean income rank [Black] 10056
Mean income rank [white] 8138
Incarceration [Black male] 6634
Incarceration [white male] 7308
Incarceration [Black] 9205
Incarceration [white] 7968
Incarceration 10056
P(Income ranks in top 20 | Black male) 7547
P(Income ranks in top 20 | white male) 7521
P(Income ranks in top 20 | Black) 10056
P(Income ranks in top 20 | white) 8138
P(Income ranks in top 20) 10056
TABLE OA5.2

COVARIATES AND CORRESPONDING VARIABLE LABELS FROM CHETTY ET AL. (FORTHCOMING)

Covariate description Variable label

Poverty rate in 2010 poor_share2010

Share of Black individuals in 2010 share_black2010

Mean household income in 2000 hhinc_mean2000

Log wage growth for high school graduates 1n_wage_growth_hs_grad
Fraction with college or post-graduate degrees in 2010 frac_coll_plus2010

Mean parent family income rank par_rank_pooled_pooled_mean
Mean parent family income rank for Black individuals par_rank_black_pooled_mean
Number of all children under 18 with parents whose household kid_pooled_pooled_blw_p50_n

income is below median in 2000

Number of Black children under 18 with parents whose household kid_black_pooled_blw_p50_n
income is below median in 2000

NOTES: This table links the covariates to their codebook labels in Chetty et al. (forthcoming). See their Codebook for Table 9 and Codebook
for Table 4 for the corresponding precise definitions of each covariate (Opportunity Insights, 2024).

et al. (2024). Bergman et al. (2024) additionally use economic mobility estimates for a later
birth cohort, which are not included in the publicly released version of the Opportunity Atlas.
The “number of children” variables are used by (Chetty et al., forthcoming) as a population
weighting variable; they contain some information on the implicit micro-data sample sizes n;.

We now describe the data-generating process for the calibrated simulation exercise. For a
given outcome variable, ~

(CS-1) LetY; denote the raw estimates. Residualize Y; against some covariates X; to obtain
6 and residuals Y;.


https://opportunityinsights.org/wp-content/uploads/2019/07/Codebook-for-Table-9.pdf
https://opportunityinsights.org/wp-content/uploads/2019/07/Codebook-for-Table-4.pdf
https://opportunityinsights.org/wp-content/uploads/2019/07/Codebook-for-Table-4.pdf
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(CS-2) Estimate the conditional moments my, sg on (Y;,0;) via local linear regression,
described in Appendix SMS.
(CS-3) Partition o into vingtiles. Within each vingtile j, estimate an NPMLE G/; over the data

in that vingtile
<Yz - m0<0i> 0; )
50(0'1') ’50(0'1') '

(CS-4) Normalize G; to have zero mean and unit variance by shifting its support and dividing
the support by its standard deviation.

(CS-5) Sample 7;* | o; ~ G; if observation i falls within vingtile j.

(CS-6) Let 97 = so(03)77 + mo(o;) + B/ X, and let Y;* |07, 0, ~ N (9%, 02).

The estimated 3, myg, sq Will serve as the basis for the true data-generating process in the
simulation, and as a result we do not denote it with hats. Figure OAS5.2 shows an overlay of real
and simulated data for one of the variables we consider. Visually, at least, the simulated data
resemble the real estimates.

Opportunity Atlas estimates for
P(Income ranks in top 20 | Black, Parent at 25th Percentile)
All tracts in the largest 20 Commuting Zones

0.8 Real estimates
Simulated estimates
0.6

0.4

0.2

-250 -225 -200 -1.75 -150 -125 -1.00 -0.75
log1o (Standard error o;)

FIGURE OA5.2.—A draw of real vs. simulated data for estimates of TOP-20 PROBABILITY for Black individuals

Finally, we describe details for the policy exercise. Fix a given outcome variable:

(CB-1) LetYj;,0; denote the observed data.

(CB-2) Define Y;; =Y, + %O’iWi and Y; » =Y, — 30, W, as the coupled bootstrap draws,
for w = 1/9. Correspondingly, let o; ; = \/10/90; and 7, , = v/100;.
For the policy exercise, we separate the units into Commuting Zones (CZs). For each CZ
separately, we treat the data as (Y; 1,0, 1, X;) within that CZ. We compute decision rules by
only using data within the CZ (including the residualization by covariates). For the selection
exercise, we select by top third within each CZ.
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OA5.3 Different simulation setup

MSE performance measured by the % of Naive-to-Oracle MSE captured

Mean income rank

Mean income rank [Black]
P(Income ranks in top 20)
P(Income ranks in top 20 | Black)
Incarceration

Incarceration [Black]

Column median

FIGURE OAS5.3.—Analogue of Figure 4 for the data-generating process in Section OA5.3. Here the results average
over 100 replications.

We have also conducted a Monte Carlo exercise where we replace (CS-3)—(CS-5) with the
following step:
e For each o, let

1 1 mo(O'i)—miinmo(O'i)

=== : 1/2,1
“i=3t 2 maxmg(o;) — min(o;) €l1/21]

We sample 7;° | o; as a scaled and translated Weibull distribution with shape ;. The scaling and
translation ensures that 7; | o; has mean zero and variance one. Because we choose the Weibull
distribution, the shape parameter «; corresponds exactly to v in Assumption 2. Our choices of
«; implies that 7; | o; has thicker tails than exponential and does not have a moment-generating
function.

The Weibull distribution has thicker tails and is skewed, and as a result, NPMLE-based methods
tend to greatly outperform methods based on assuming Gaussian priors. Figure OAS5.3 shows
the analogue of Figure 4 for this data-generating process. Indeed, we see that INDEPENDENT-
NPMLE improves over INDEPENDENT-GAUSS considerably, and similarly for CLOSE-NPMLE
and CLOSE-GAUSS.

OAS5.4 Treating o; symmetrically with covariates

Here, we consider CLOSE with covariates (3.5). In principle, we could model mg (o, X;), so(04, X;)
fully nonparametrically. However, such a model may be difficult to estimate given there are 9
additional covariates. Alternatively, we consider an additive model for the covariates:*

mO(UiaXi) = go(Uz‘) + ng(Xik) Sg(Uz‘,Xi) = ho(Uz‘) + th(Xik)~ (OAS.1)
k k

“We thank the editor, Michal Kolesdr, for this suggestion.
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Mean income rank [Black] 80% 39.24 39.48 39.48
P(Income ranks in top 20) 79% 19.07 19.14 19.14
P(Income ranks in top 20 | Black) 22% 8.66 9.98 10.03
Incarceration 30% 4.21 _—
Incarceration [Black] 20% 6.05 7.88 7.92
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NOTES: “Flexible” denotes procedures that use the additive model (OAS5.1) for X;. “z residu-
alized” refers to procedures that, like those in the main text, residualize against the covariates
in a pre-processing step. The percentage in orange shows the proportion of units with strictly
positive estimated conditional variance §*(o;, X;) for the flexible procedures.

FIGURE OAS5.4.—Analogue of Figure 5 for the setup in Section OAS5.4.

For each covariate and for o, the functions gy (+), h(+) are approximated with cubic splines with
knots at the 25", 50, and 75™ percentiles of the covariate.

We estimate m(+) by least squares projection of Y; onto the basis functions in (o, X;). We
estimate sZ(-) by least squares projection of (Y; — m(o;, X;))? — o7 onto the basis functions in
(04, X;). We truncate fitted values for s? at zero. In practice, a substantial portion of them are
negative (cf. Section OAS5.1). Additionally, we consider a similar procedure, but one in which
9o(+), ho(+) are constant. We think of this procedure as INDEPENDENT-GAUSS with flexible
controls for the covariates.

We repeat the coupled bootstrap-based ranking exercise in Figure 5. However, here, due to
considerably more flexible procedures, we no longer consider a within-Commuting Zone version
of the exercise. Rather, we estimate everything on all the tracts, and select the top third over all
tracts.

Figure OAS.4 plots the results of this exercise, analogous to Figure 5. We find that, compared
to the residualize-then-shrink approach in the main text, modeling X;’s additionally well can
have large benefits. We caution that, since much of the conditional signal variance s2 appears to
be quite small once we use (OAS5.1) for the covariates, empirical Bayes posterior means are not
very different from using 7 (o5, X;) directly. Importantly, for this application, including o; in
modeling my, so remains important. The approach that simply models X;’s flexibly for my, sq
but omits o; does not outperform the CLOSE approaches in the main text.
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Part 3. Important preliminary results for Theorem 1

SM6. AN ORACLE INEQUALITY FOR THE LIKELIHOOD
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Recall that for fixed sequences A,,, M,,, we define A,, = {||77 —Nolloe £ An, Zp < Mn} in (A.1). This

section bounds

P [A,,Sub,(C) >4 en} ,

where we recall Sub,, from (A.3), for some rate function €,. It is convenient to state a set of high-level

assumptions on the rates A,,, M,,. These are satisfied for the choice (OA3.4).

Assumption SM6.1. Assume that (1) ﬁ <u An <y % <u 1, and (2) Viegn <y M,.
1



Our main result in this section is the following oracle inequality.

Theorem SM6.1. Let |1 — 1olloc = max(|[riz — mol|oc, |8 — s0lloc) and Z,, = max;epy) | Zs| V 1. Suppose G
satisfies Assumption 1. Under Assumptions 2 to 4 and SMG6.1, there exists constants Cy 3, Co gy > 0 such
that the following tail bound holds: Let

1
2p

n 1—
]. e ATL
en = Mp\/lognA, =S h (fé U,,fgoyyi) + Ap Mo /logne=C2#Mi 1 A2 M2 logn + M2 . (SM6.1)
1=1

NG

Then,
9

P |:Zn S an ”ﬁ - 770”00 S An>SUbn(én) > Cl,?—len S .

n

The following corollary plugs in the rates (OA3.4) for A,,, M, and verifies that they satisfy Assump-
tion SM6.1.

Corollary SM6.1. For 3 > 0, suppose A, M, are of the form (OA3.4). Then there exists a Cj; such
that the following tail bound holds. Recall the average Hellinger distance h from (A.5). Suppose Gn satisfies

Assumption 1. Under Assumptions 2 to 4, define e, as:

en =0T (logn) 5 R (g, L fan. ) + 7T (logn) 5 (SM6.2)

we have that, P {An, Sub, (G,) > C’?*{sn} < %. The constants in A,,, M,, affects the conclusion of the statement
only through affecting the constant C3,.

Proof. We first show that the specification of A,, and M,, means that the requirements of Assumption SM6.1
are satisfied. Among the requirements of Assumption SM6.1:

(1) is satisfied since the polynomial part of A,, converges to zero slower than n~1/2, but converges to zero
faster than any logarithmic rate. M,, is a logarithmic rate.

(2) is satisfied since a < 2.

We also observe that by Jensen’s inequality,

n

%Zh(fé Vi?fGOJJi) < E(fé

n ns*
i=1

afGo,‘)v

and so we can replace the corresponding factor in €, by h. Now, we plug the rates A,,, M, into €,. We find

that the second term in €, is dominated:
A M2e=C2n My — A M2e=(Cnt D)% ogn) < A N2p~1 <5 A2 M logn

since logn > 1 as n > v/2me by Assumption 1. The fourth term is also dominated by the third term. Thus,
plugging in the rates for the other terms, we find that €, <g &,. Therefore, Corollary SM6.1 follows from
Theorem SM6.1. |

SM6.1. Derivative computations. It is sometimes useful to relate the derivatives of 1; to Eg,. We
compute the following derivatives. Since they are all evaluated at G, 7, we let o = ;(n) and 2 = Z;(n) as a
shorthand.
O 1 fe(3)
omi |, ¢ T sifan(?)

Si o
= ;EGJ;[Z — 7| z} (SM6.4)

K3

(SM6.3)



[“)wl 1 A ZAZ(’I’]) — T 1
= _ Zi;(n) — 1)1 - - G(dr SM6.5
9sil,c  oii(n) faom (Zi(n)) /( ) =) SD( vi(n) )Vi(n) (dr) ( )
Qi(Zin,G)
- U;EG,QKZ -y (SM6.6)
91 1 ¢o(2) 3 f6.(2) 2
omi |, o 8| fan(2) (fG.,f/(f)) 1 (SM6.7)
- 512 [;EG,Q[(T 2P |4 - = — o (Basl(r— 2) | 2])2] (SM6.8)
. 2 .
O | _ 1 Zm -1\ _ Z =7\ 1 oy L QilZinG) faowm
Om;0si|, ¢ 0*fcpm) /{< o(n ) I}TSD( (n) ) ﬁ(fi)G(d )+ 5 faom  faom
(SM6.9)
1 Z-7\° A 1 X )
= ?EG,V {( ) - 1} T2 + 219(77)2EG7,;[(Z — 7)1 | 2]Egolr—Z | 2]  (SM6.10)
~ 2 N
Pui| 1 Zo) -7\ s (Zm-7\ L o 8 (szi,n,c:))z
A S ) /{< o(n ) 1} @( o(n ) ﬁ(ﬁ)G(d )+ 5 feom)
(SM6.11)
—\? 2
B éEG’” ~ {(Z P ) - 1H - 2 Eel(Z - 7)r | 22 (SM6.12)
It is also useful to note that
fzygz; - %EG,V[(T —~2)] 2] (SM6.13)
1‘28 = %EG,V[(T — 2?4 - % (SM6.14)

SM6.2. Proof of Theorem SM6.1.

SM6.2.1. Decomposition of Subn(é’n). Observe that, by (3.3) in Assumption 1,

7277&2 is 1] n _727#1 is 7] a >Hn

For random variables ay, b, such that when Z,, < M, |1 — nolcc < Ap,

n 1 n A
Z Zlanv ’lpl(Zl’nOﬂG ) < QA ‘nsz(ZMn,GO) _wi(ZiaanO) < bna

3\'*

on the event Z,, < M, || — 1olloo < Anp,

72'(/)1 ZzanOv - 72'(/)1 Zz7n0aG0) _an_bn_ﬁn
and therefore Subn(én) < an + by + Kp. Therefore, it suffices to show large deviation results for a,, and b,,,
where a,, is chosen to be (SM6.19) and b,, is chosen to be (SM6.22):

p {Zn < My, ”77 - 770Hoo < AnaSUbn(Gn) 2H Gn]

— ~



<P I?n < M,, ||ﬁ_770||oo < Anaan +bp + Ky Z?-[ En}

<Plan+ by + kn 23 €n) -

SM6.2.2. Taylor expansion of ¥;(Z; 1, Gr) — ¥i(Zi,no, Grn). Define A,,; = m; — mo;, Ag; = §; — So4, and
A; = [Apmi, Ag]’. Recall |77 — 1o lleoc = max(||s — Sollco, [[m — mollo) as in (A.1). Since ¥;(Z;,n, G) is smooth

in (m;, s;) € R x Rsg, we can take a second-order Taylor expansion:

0i (70,Gn) = 1 (2,00, Gn) =

A~ 2
where H;(7);,Gy) is the Hessian matrix B?Hg;]; evaluated at some intermediate value 7); lying on the line

segment between 7); and 7g;.
We further decompose the first-order terms into an empirical process term and a mean-component term.
By Lemma OA3.1, (SM6.4), and (SM6.5), for the choice p, in (OA3.5) we have that the denominators to

the first derivatives can be truncated at p,, as f; G, = Pn /v; so that the truncation does not bind:

0, 1 fi/é A
=" = sz Zi7Gn7 s Pn SM6.16
i, o PV il 10, Pn) ( )
0Y; si Qi(Zi,mo, Gy) A
= —+—"—">=D,,7Z;,Gn,no, . SM6.17
881' no,é" 0'1‘2 fi’c‘;n V % s,z( (2 15 710 pn) ( )
where we recall @; from (SM6.5).
Let o
Ek‘,i(éTmnO)pn) = / Dk,i(za GAmUOan) fGo,w (Z)dZ for k S {ma S} (SM618)

be the population mean of Dy ;. Then, for k € {m, s}, we can decompose

i
Ok;

Ay = [Dk,i(Zivén,UOapn) - Ek,i(én»nmpn)} Agi + Dy.i(Gy 105 pr) D

70,Gn
Hence, we can decompose the first-order terms in (SM6.15):

1~ Y
Ok;

e~
CAgi == DG, pr) A
10,Gn i

n
i=1

1« R — .
- D iZiaG’ru y Pn -D iG’ru ’ 7L:|Ai
+n2[k,( 105 Pn) k,i(Gny Mo, pn) | Ak

i=1

= Uiy + Uy

Let the second order term in (SM6.15) be denoted as Ry = £ 3. Ry;. We let

an = [R1| + Z Ut | + |Uzg|. (SM6.19)
ke{m,s}
SM6.2.3. Taylor expansion of 1¥;(Z;, 1, Go) — i(Zi,no, Go). Like (SM6.15), we similarly decompose

. o; o, 1 .

Vi(Zi 0, Go) — ¥i(Zi,mo, Go) = Ld A + i Agi + fAQHi(m, Go)A,; (SM6.20)
8mi G 88, G 2
No,Go no,Go
Ra;

= Y Dii(Zi,Go,m0,0)Aki + Roi = Usmi + Usei + Rai. (SM6.21)
ke{m,s}



Let U3, = %Zl Usy; for k € {m, s} and let Ry = %Zl Ro;. We let

bn =|Ra|l+ > |Usi|+ [Uskl. (SM6.22)
ke{m,s}

SM6.2.4. Bounding each term individually. By our decomposition, we can write

tn + by + kn < b+ [Ra| 4 [Re| + Y Uikl + [Uze| + |Usi-

ke{m,s}
To summarize, we have that, for k = m, s,

le~— =

Ui = — Z; Dii( Gy 10, pr) A (SM6.23)
1< . —

Usic = =~ [ Di(Zis Gons 10: p) = DGy oy )| v (SM6.24)

i=1

1 n

Usk, = o 2—:1 Dy.,i(Zi, Go,mo, 0)Ai (SM6.25)
1 n

Ri=- Z ALH (77, Gn) A (SM6.26)
1 n

Ry = Z i(7i, Go)A (SM6.27)

The ensuing subsections bound each term individually. Here we give an overview of the main ideas:

(1) We bound 1(A,)|Urp,| in Lemma SM6.1 by observing that [Dn;(Gr, 10, pn)| is small when G,, is close
to Gy, since D,,;(Go,n0,0) = 0. To do so, we need to control the differences

Emi(én»novpn) - Emi(GOvUOa pn) and Emi(GOvWO»Pn) - Emi(Go,nmU) = Emi(GO»nOa Pn)-
—_—
Controlling the first difference features the Hellinger distance. Controlling the second relies on the fact that
Px~fx)(f(X) < p) cannot be too large, by an argument in Lemma SM6.9. Similarly, we bound 1(A,)|U1s|
in Lemma SM6.2.

(2) The empirical process terms Us,,, Uss are bounded with statements of the form
P(An, |Usk| > 7n) < 2/n.

To do so, we upper bound 1(A,,)Us, < Us,. The upper bound is obtained by projecting G, onto a w-net
of P(R) in terms of some pseudo-metric di, oo ar,, such that two distributions G, G2 has a small distance
dk. 00,0, between them if they give similar Ekﬂ-. The upper bound Usy, then takes the form (up to some other

terms), for n € S over a Hélder space and G, ..., Gn a w-net over P(R) in di oo, n,,

wA,, + max sup|—
JE[NIpes|n

1 _
Z(Dki(Gjy s pn) = Dri(Gy,m5 p0)) (10 —m0i)| N < N(w, P(R), dk, 00,0, )-

Large deviation of Uy is further controlled by applying Dudley’s tail bound (Vershynin, 2018), since the
entropy integral over S is well-behaved. The covering number N is controlled via Proposition SM6.1 and
Proposition SM6.2, which are minor extensions to Lemma 4 and Theorem 7 in Jiang (2020). The covering

number is of a manageable size since the induced distributions fg ., are very smooth.



(3) Since ﬁk,i(Go, 10,0) = 0. Usy, Uss are effectively also empirical process terms, without the additional
randomness in G,,. Thus the projection-to-w-net argument above is unnecessary for Us,,, Uss, whereas the
bounding follows from the same Dudley’s chaining argument. Lemma SM6.4 bounds Usy.

(4) For the second derivative terms R;, Ry, we observe that the second derivatives take the form of
functions of posterior moments under either G, or Go. The posterior moments under prior G, is bounded
within constant factors of M? since the support of G, is restricted. The posterior moments under prior Gg
is bounded by |Z;|?, for E|Z;|?7 <3y M as we show in Lemma SM6.14, thanks to the simultaneous moment

control for Gy. These second derivatives are bounded in Lemmas SM6.5 and SM6.6.

(1) and (4) above bounds Uiy, Ry, Ry under A,. (2) and (3) bounds Usg, Us;, probabilistically by bounding
P[A,,Uj; > t]. By a union bound in Lemma SM6.13, we can simply add the rates.

Doing so, we find that the first term in €, (SM6.1) comes from Uy, which dominates Uy,,. The second
term comes from Usy. The third term comes from Rq, which dominates Ry; this term also dominates a term
in the bound for Us,. The fourth term comes from Uss. The leading terms in €, dominate k,, recalling

Assumption 1. This completes the proof.

SM6.3. Bounding Uy,,.

Lemma SM6.1. Under Assumptions 1 to 4, assume additionally that ||} — nollcc < An, Zyn < M,,. Assume
that the rates A,, My, satisfy Assumption SM6.1. Then

Z nanovpn)Am

logn
i| Sn

U] = (SM6.28)

3\*—‘

n

n M71L/3
Zh(fG()yVi?fGAn’yl)—’_ ‘| .
=1

Proof. Note that

_ )
| mz(GmnOapn” = [(SM6.18)] Sso, fo  (z)VeEn faowi(2)dz
G

nVi vi

G v; Z
=] 7 Ve ) Jo, )+ o ()
Gn

)V
‘/ fe., V:“VI v e [fGO’”l( )= fe, 0 (2)]1dz (SM6.29)
‘/ fani Ul /l’/ fén,yi(z)dz . (SM6.30)
By the bounds for (SM6.29) and (SM6.30) below, we have that by Assumption SM6.1
[Uim| Sn An \/lilﬁih(fGo,uivfémgi) + 531 ,
i=1
(Il

SM6.3.1. Bounding (SM6.29). Consider the first term (SM6.29):

(SM6.20)]2 = l T G I W o () =/ f@n,wu)) cho,w(z) v f%(z)> dzr
) / (\/fG () = /e (z>>2 dz

202 (fagvi e )




/(f meyl " pﬂ) (\/fGo,u@ +\/fGn,ul ) dz (Cauchy-Schwarz)
Gy

ANORAY
<h2(fGo,ui,fém,,i)/ <W> (fG07yi(Z)+fén7yi(Z))dZ (SM631)

n, Vi

where the last step uses (a + b)? < 2a? 4 2b%. By Lemmas OA3.1 and SM6.8,

L\
) < Zog(1/pn) Sy logn.

n Vi

Hence, (SM6.29) Sy h(faowm, I, )V 1ogn.
SM6.3.2. Bounding (SM6.30). The second term (SM6.30) is

2 fe, 0. (2)
(SM6.30) ‘/ fc @ (f@n,m(Z) o )meVL( ) dz

(2)

'n.th
n7’/1 (Z)

oo e [552)

SE, @ 2N (T=2)2 Vi1 2=t

<

1 (S, (2) < pu/3) S, (2) d2

nsVi

1/2
) '\/Pf@n,yi [fa, ,.(Z) < pu/vil.

(Cauchy—Schwarz and (SM6.13))

By Jensen’s inequality and law of iterated expectations, the first term is bounded by u% By Lemma SM6.9,
the second term is bounded by pp/® Varz~g, . (Z)Y/6. Now, Varz~g, ,(Z) < V2 4+ 12(Gy) <y M2. Hence,
by Lemma OA3.1,

(SM6.30) g MM3pL/3 <y MI3p~1

SM6.4. Bounding Uy,.

Lemma SM6.2. Under Assumptions 1 to J and SM6.1, if | — nollec < A, Zy < M, then

M, \/Togn & ME?
|Uis| Su Ay Tg Z h(féml,i, faows) + (SM6.32)
i=1
Proof. Similar to our computation with D,, ;, we decompose
7 A Qi (Zv 7o, CA;(n)
D i(Grnyno, pn)| Su ‘/ faow:(2) = fa 2 SM6.33
‘ ( )‘ fé U7 Z)\/(,Dn/yi)< 0 G,L,,( )) ( )
Z 7707 )
fe . (2)dz|, SM6.34
| T et o3y
where we recall @; from (SM6.5). We conclude the proof by plugging in our subsequent calculations. O

SM6.4.1. Bounding (SM6.33). The first term (SM6.33) is bounded by

Qi(zv Mo, én)
(2)V (pn/vi

n Vi

[(Sl\’[633)]2 S h2(fGoyViv f@myi)/ (fA )) [fGo,l/i (Z) + f@myi (Z)} dz,
G

similar to the computation in (SM6.31).



By Lemmas OA3.1 and SM6.10,

~ 2 2
Qi(zan 7Gn> 2 Q(Z’Vi) 2
(fG (z)ﬁ(pn/m> Swpiosn = ( : A.<z>v(pn/uz->> [f600(2) + ,0,(3)] d S 243N

nVi

Hence,
(SM6.33) o Mah(fGow: [, )\ logn. (SM6.35)
SM6.4.2. Bounding (SM6.34). Observe that

Q Z 770, ) fG' v; ( )
SMG6.34) . T
( fG ,/1( ) fén;”i( ) (pn/Vi) Gn, 1( )
Eé""’i[(Z7T)T‘Z:Z] I"S]l(VifG"nJ/iSpn)

Similar to our argument for (SM6.30), by Cauchy—Schwarz,

(M634) < (Er, ) [(Be, o (Z =171 217]) " \fPra o) < puf)

M3
S My - pl/BMY3 <y ——.

SM6.5. Bounding [ng7 U2s-
Lemma SM6.3. Under Assumptions 1 to 4 and SM6.1, for k € {m, s},

P [H’f] - 770”00 < A»,“Zn S M’ru |U2k:‘ 27{ Tn} S

S

/ o n“/‘1 Jiogn
fO?”Tn—Ane CuMy logn+ (\1/5 A + M"\rlg A

Proof. Let k € {m, s}. We first show that if [|) — 7o/|cc < A, and Z,, < M,,, then for some Usy, to be chosen,
|Uak| < Uag. We choose Usgy, in (SM6.41) such that P[Us; > t] is small. Then

P [Hﬁ - 770”00 < Anajn < My, |U2k| > t] < P[UQk > t]'

Thus the bound for Usyy, would suffice.
Let

Dy.int, (Zis G0y pn) = Di.i(Ziy Gy 10, pr) 1(1 2] < M,,)

Ek,i,Mn(én777(]7pn) = /Dk,i(zaénvn()apn)lﬂz‘ < My)faw (2)dz.

They are truncated versions of Dy ;(z, G, 10, Pr)-
Observe that on Z,, < My, Dy.i m, (Zis Gy 105 pn) = Dii(Ziy Gy o, pn) for all 4. Thus, on Z, < M, we

may decompose

RS 5 — .
|Uak| < - > {Dk,i,Mn(Zia Gnsn0s pn) — Diinr, (G, o, Pn)} Ak (SM6.36)
i=1
1 no A o .
+1=3 {Di(Zis G0, pn) = Diioar, (G o o) § A (SM6.37)
i=1

By Lemmas SM6.8 and SM6.10, uniformly over all G,

|Dg.i(z, G, 1m0, pn)| S |2]V/1og n + log n. (SM6.38)



Thus,

SM6.37) <y A, log n max zlfay v, (2) dz +lognmaxPg, ,,(|Z:| > My,)
| | M 0,V4 _e[ ] 0,4
z|>Mny rein

1€[n]

SVEIZZ1P(1Zi]> M) SuP(1Z: > M) /2
By Lemma SM6.12, Pg, .. (|1Zi| > M,,) < exp (—Caq ay., M) . Hence (SM6.37) <gy A= Ma logn.
Returning to (SM6.36), let G1,...,Gny € P(R) be a w-net of P(R) under the pseudometric
di,00,0, (G1, G2) =max sup |Dyi(2, G1,70, pn) = Dm,i(2, G2, 70, pn)|- (SMG6.39)

i€n] |z1<M,,

Thus, we can take N = N(w,P(R), dk 0,0, ). By construction, there exists a G- for j* € [N] such that on
Zn < My,

|Diiat, (Ziy G0, pn) — Diiona, (Ziy G s 0, pu)| < w
= Dy, (Gnyno, pn) — Diioar, (G, 10, pn)| < w.

The second line in the above display holds since the integrand is bounded by w. Hence, projecting G, to the
w-net, we have that

n

1 _
— Z {Dr.int,(Zi, G, 10, pn) — Diiar, (G570, pr) } D

(SM6.36) < 2wA,, + max
n
i=1

JE[N]

Define
v;,;(0) = {Drint, (Zis G510, pn) — Diioag, (G0, pn) } Dki(n)  Awi(n) = ki(o3) — ko(oi)  k € {m, s}
1 n
Vai(n) = > i)
im1

We have that
(SM6.36) S wA,, + max sup |V, ;(n)]

JE[NInes
where
S ={(m,s):||m—mpllec <An,l|Is— 50lco < An,(m,s) €V} (SM6.40)
for V in Assumption 4. As a result, for some w to be chosen, let us take
Us = Cy {An(log n)e”“* M L LA, + max sup |Vn7j(77)|} (SM6.41)
JE[N] nes

and analyze its tail behavior.

First, let us bound the empirical process max;c(n)sup,eg |Vn,j(1)|- Note that for a fixed n,n1,72 € 5, we
have that, since (SM6.38) <¢ M, v/logn on |z| < M,
M, +/logn
———A
Vn
M, v/logn
n

Vi (M| Sw

n

vn

Since 7+ Vj, j(n) is a process with subgaussian increments under |[7||o (see (8.1) in Vershynin (2018)), by
Theorem 8.1.6 in Vershynin (2018), for all u > 0,

M, +/logn e
sup [V ()] <p nv108T [<1+u>An+ | VNS T ).
nes \/ﬁ 0

WVa.i(m) — Vi i (m2) e S lm — n2llco- (v;,; are independent across ¢ and bounded)
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holds with probability at least 1 — 2e~,
Since v/log N (e, S, [[-loo) < V108 N(€/2,V,[[-[|00) St V/1og Cy + (1/€)~1/P by Assumption 4 and Exercise
4.2.10 in Vershynin (2018),

oo 24, 1
/ VIog N(€, 5, [|-]|oc) de = Viog N(e, 5, [ o) de Sa A .
0 0

Note that by a union bound,

M, +/logn 1-& 2
P <{ max sup |V, ; > - [1—|—uAn—|—An 2”}}§2N@‘“
i sup 1,501 2o M2 (14

Choose u = /log N + /logn > y/log N + log n such that the right hand side is bounded by 2/n.

Next, choose w = M, Viea/en) p log (@) > Vioe/on) pn log (ﬁ) By Proposition SM6.2,
Pn vn Pn Pn Vn on

log N (w, P(R), dpm.co.z,) < log N <1°g(1/”")p” log (\/ﬁ) P(R), dmm,Mn>

Pn \/ﬁ n
<y (logn)?max | 1, M
log(n)

/SH (log n)g/QMn

log(n)
S (logn)** M, (8= pn/ V)
Note that this choice is such that w <y ﬁ(log n)3/2M, and (1 +u) <y (logn)?’/‘lM}/2 + Viogn <y
(log n)3/4M71L/2.
Returning to (SM6.41), since V,, j(n) is the only random expression in (SM6.41), this shows that

3/2 5/4
M;"*(logn) A 4 Mn\/lognA:L—;p} < z
n

M,
log N(w, P(R), ds co,m, ) Su (log n)2 max <1, )

P {ng Zu Ape~CnMy logn +

vn ! vn
. . JVI?’/Q(logn)s/4 . .
Here, note that the term wA,, is dominated by "TAR since M,, 24 +/logn. This concludes the
proof. O

SM6.6. Bounding Us,,, Uss.

Lemma SM6.4. Under Assumptions 2 to 4 and SMG.1, for k € {m, s},

_ a M?
P {Hﬁ —10lloe < An, Zn < My, |Usi| 23 Ay {eCHMn + 7” (A;1/<2P> + 10gn>H <
n

Proof. The proof structure follows that of Lemma SM6.3. Recall that

2
n

177/
Usi = =S Dy i(Zi, Go, 10, 0) Api.
3k nz ki ( 0570, 0) A

=1

1< — —
= Z {Dsi,m,(Zi, Go,m0,0) — Dy i ar, (Zi, Gos 10, 0) } Awi +Diiar,, (Go, 1o, 0) A
i=1

V() _
(on the event Z,, < M,)
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Now, observe that, by Cauchy—Schwarz,

|Dii.r,, (Go, 10, 0)| Sa / oy Tio(2,10, Go) fGowi (2) dz < P(Z; > M,)'/? (E [T;?(Zz‘,noyGo)])l/z
z n

where T, = M nd T, = w Note that since both T}, take the form of [Eq,[f(Z,T) | Z]|, we
Go,v; \Zi 0. (Zi

can use Jensen’s inequality to bound E[T?] < E[f?*(Z;,7)] S 1. Hence,

|Dr.i.na, (Go,mo, 0)| S e=OnMn (Lemma SM6.12)

~

We likewise analyze V,,(n). Note that

n

1 _
[Va(m) = V()| < |lm — 772Hooﬁ Z | Dy, (Zi, Go,m0,0) = Dy, (Zi, Go, 10, 0) | -

i=1
By Lemma SM6.14, since Dy, ; u,, is a posterior moment under Gg truncated to |z| < M,
| Driar, (Zi, Go, 105 0) = Ding,, (Ziy Go, 1o, 0)| S M.

As a result,
M2
SH T
and thus |V, (m1) — Va(m2)|lws S Tgllm — n2|leo has subgaussian increments. For a fixed 7, |V,(n)| Su
A, M2/ \/n.

By the same chaining argument as in the proof of Lemma SM6.3, recalling S in (SM6.40),
sup |V,(n)| Sy —= {\/lognA + A }
nes

with probability at least 1 — 2/n. Here we choose u = y/logn since we do not have to project Gy to some

1 n
HHZ}DMM (Zi, Go,10,0) — Dyi,n,, (Zis Go, 1o, 0 |’

=1

covering. Thus, we can let
Usp = Cy (sup [Vi.(m)| + Ane_C“Ms) .
nes
Bounding Us;, using the bound for sup, ¢ g |V, ()| concludes the proof. O
SM6.7. Bounding R;, Rs.

Lemma SM6.5. Recall Ry; from (SM6.15). Then, under Assumptions 1 to 4 and SM6.1, if |1 —nolleo < Ap
and Z,, < M,, then Ry; <y A2M?2logn.

Proof. Observe that Ri; Soy.0u,s00,50. Max (A2, AZ) - || H, (i, Gn)lloo, Where ||-||o takes the largest entry

from a matrix by magnitude. By assumption, the first term is bounded by A2. By Lemma SM6.11, the second
derivatives are bounded by M2 logn. Hence || H;(7;, Gn)llso <3 M2logn. This concludes the proof. O

Lemma SM6.6. Under Assumptions 2 to 4 and SM6.1, then

P ([ = molloo < ApyZp < M, |Ro| 23 A2) <

s |-

Proof. Recall that 1(A,) = 1(||) — nollec < Apn, Zn < M,,). Note that

1 n
]l(An)|R2| ,S EZ: n HH ||oo

by (1,00)-Holder inequality. Moreover, note that the second derivatives((SM6.11), (SM6.9) , (SM6.11))
that occur in entries of H; are functions of posterior moments under Gy, evaluated at Z; = ZAZ(ﬁl) By
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Lemma SM6.14, under Gy, these posterior moments are bounded above by corresponding moments of ZAz(ﬁZ)
Hence,

L(An) | Hilloo S 1(AR)(Zi(7) v 1)* S (Zi v D™, (SM6.42)
Hence, 1(A,)|Ra| Sy A2L 37" (Z; v 1)%. Chebyshev’s inequality implies that there exists some choice Cy
such that

1 — 1
P|= ZNVIDE>0n| < =
n;( % )_ H =n

since Var(% S (Ziv 1Y) <y % Hence, P (Hﬁ —olloe < An, Zn < My, |Ra| 29 A%) < % O

)

SM6.8. Complexity of P(R) under moment-based distance. The following is a minor generalization of
Lemma 4 and Theorem 7 in Jiang (2020). In particular, Jiang (2020)’s Lemma 4 reduces to the case ¢ = 0
below, and Jiang (2020)’s Theorem 7 relies on the results below for ¢ = 0,1. The proof largely follows the
proofs of these two results of Jiang (2020).

We first state the following fact readily verified by differentiation.

Lemma SM6.7. For all integer m > 0:

sup [t o(t)| = m™ %p(vm).
teR

As a corollary, there exists absolute Cyp, > 0 such that t — t™@(t) is Cy,-Lipschitz.

Proposition SM6.1. Fiz some ¢ € NU{0} and M > 1. Consider the pseudometric

(@ _ (u—x)" (z—u B
doo 1 (G1, G2) ?é%ﬁolil??ﬂf‘i?w‘/ o w( ) (G1 — G2)(du)|.

Vi

dq,i,wn(leG’A’)

Let vy, v, be the lower and upper bounds of v;. Then, for all 0 < § < exp(—q/2) Ae™ !,

M
log N(510g?2(1/6), P(R),d'? ;) S log?(1/6) max | ——— 1] .
’ V/log(1/4)
Proof. The proof strategy is as follows. First, we discretize [—M, M] into a union of small intervals I;. Fix
G. There exists a finitely supported distribution Gy, that matches moments of G on every I;. It turns out
that such a G,, is close to GG in terms of d((f){ v Next, we discipline G, by approximating Gy, with Gy, ., a
finitely supported distribution supported on the fixed grid {kw : k € Z} N [—M, M]. This shows that there
exists a Gy, with finite support on a grid that approximates G in dg})’M. Finally, the set of all Gy, .,’s may

be approximated by a finite set of distributions, and we count the size of this finite set.

SM6.8.1. Approzimating G with G,,. First, let us fix some w < ¢(,/q) A ¢(1) to be chosen. Let a =
Brop(w) > 10 Let Iy = [-M + (j — 2)ave, —M + (j — 1)av] be such that
4+
I=[-M—avy,+M + avy] C U 1;
j=1
where I; is a width av, interval. Let j* = f% + 2] be the number of such intervals.
For some k* to be chosen, there exists by Carathéodory’s theorem a distribution G,, with support on I
and no more than
m=2k"+q¢g+1)j"+1



13

support points such that the moments up to 2k* + ¢ match

/ude(u)z/udem(u) forall k=0,...,2k"+qgand j=1,...,5%
I I

J J

Then, by analyzing x € I; N [—M, M], we have that

T 0<wv<qj=1,....5* z€L;N[—M,M] v; v;

/I” (“;‘7”) o (21) Glan - Gm(du))’

J

dgim(G,Gm) < max  max sup U/ (u — x) ® (:r — u) (G(du) — G (du))
(1;—1VI;UI;41)°

(SM6.43)

+

(SM6.44)

Note that ¢ — [t|"¢(t) is a decreasing function in |¢|, as long as |t| > \/v. Note that over u & I,_1 UIL;UI;14
and z € I;, |“V_z‘ > avy /v, = ¢4 (w) > \/q > /v. Hence,

i

’(u - w) ; (37 - “) ‘ < o (W) = (SM6.43) < 20 (w)w.

Vi Vi
For (SM6.44), note that by the Taylor series for e”,
0o k™
(=t*/2)* (=t2/2)*
o)=Y => + R(t).
=y V2mk! = V2rk!
Thus the second term (SM6.44) can bounded by the maximum-over-v of the absolute value of
v4+2k

i/ (u) 172" [G(du) — G (du)] + /R pow) (zou)’ [G(dw) — G (du)]
= V2rk! " Vi Vi "

The first term in the line above is zero since the moments match up to 2k* + ¢. Therefore,

/ (“:E) R(x“> (G(du) Gm(du))’. (SM6.45)
ijluijIJ;Fl v Vi
For z € I;, in (SM6.44), |(z — u)/vi| < 2av,/v; < 2a. On [—2a,2a], if we choose k* > (2a)?/2, then R(t)

is an infinite series with alternating signs and decreasing entries. Thus, R(t) is bounded by the first term of

(SM6.44) < max
0<v<q

truncation A
t2/2
R < LDy <2
V2r(k* 4+ 1)!
Hence the integral (SM6.45) is upper bounded by
24)2 /9 k*+1
(SM6.44) < 2-(2a)? - M ((2a)? < (2a)9)
V2r(k* +1)!

k* 41 k* 41
) (Stirling’s formula (k* + 1)! > /27 (k* + 1) (‘k*;A) )

o 200 ( 22
T @2m)VEF+ 1 \kr 41
__a)1 ey
vk 1 (g)

< W(iill exp (;’“ * 1) (e/3)° < e1/2)
B R :
IRGERE ( Z(; VR

(P4 (w

(Choosing k* + 1 > 6a® > 6)

(k* +1 > 6a® > 6(ave/v,)?)
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29 Uy, -t —1 2
< T i (ww (k* +1=>6a%)

These bound (SM6.43) + (SM6.44) since the bounds do not depend on j or z. Therefore,
29 _
i (6,Gon) < (24 =01 ) - P D S 0821 )i

SM6.8.2. Disciplining G, onto a fized grid. Now, consider a gridding of G, via G, .,. We construct G, .,
to be the following distribution. For a draw & ~ Gy, let € = wsgn(€)||€]/w]. We let G,y ., be the distribution
of €. G w has at most m = (2k* + g + 1)j* + 1 support points since Gy, has at most that many, and all its
support points are multiples of w.

Since
/g(%U)Gm,w(dU) = /g(wagH(U)LIUI/WJ)Gm(du)

we have that

/ 92, 1) G (du) — / 92, 1)Gon (du)| < / 9z, wsen(u) [ul/w]) — 9(z, u)] Gon(du)

In the case of g(z,u) = ((z — u)/v;)" ¢((x — u)/v;), this function is Lipschitz by Lemma SM6.7, we thus have
that,

dgint(Gony Gin) < / Coe G (A1) Sy.q -

So far, we have shown that there exists a distribution with at most m support points, supported on the

lattice points {jw : j € Z,|jw| € I}, that approximates G up to
w* = C’qumwwlogqm(l/w)
in df)?M(-, ).

SM6.8.3. Covering the set of Gy, . Let A™! be the (m — 1)-simplex of probability vectors in m dimensions.
Consider discrete distributions supported on the support points of G,,,,, which can be identified with a
subset of A1, Thus, there are at most N(w, A™~! ||-[|1) such distributions that form an w-net in [-||;.

Now, consider a distribution G, ,, where
”G;n,w - Gm,w”l <w.
Since t9¢(t) is bounded, we have that

dgi.01 (Gl iy Gimw) < w max v/ %p(V0) Sqw
’ 0<v<q

by Lemma SM6.7.

There are at most
(1 + 2| (M + cwg)/wj)

m
configurations of m support points. Hence there are a collection of at most

<1 +2|(M + avy)/w]

m

)N am )
distributions G where for all G € P(R),

ind? (G, H) <w.
min do, (G, H) <w
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SM6.8.4. Putting together. We have shown that

14+ 2|(M + avy)/w]

N PR, < (1T

) am

< ((w +2)(w+ 2(M + avp))e

) w2 (2mm) "1/, ((6.24) in Jiang (2020))
m

Since w < 1 and m > 2%(M + avy) given the choice k* 4+ 1 > 6a?, the first term is bounded by a
constant raised to m*™ power:

(w4 2)(w+2(M + avy))e

<M <,
~12a24+3+q "~

<

%(1 +2(M + avy))

Therefore,

log N (w", P(R), d2) 1) Susvasg m - [108(1/)] + 1 Sup g m log(1/),

~

Finally, since m = (2k* + ¢ + 1)j* + 1, recall that we have required k* + 1 > 642, and it suffices to pick
k* = [6a%]. Then

m Sqvu.ve 10g(1/w) max (\/b;\fm, 1) .

Hence,

M
log N(w*,P(R),dg‘i{M) Zqwuwe 1og(1/w)? max (, 1) .

V/log(1/w)

Lastly, let K equal the constant in w* = K log(1/w)?%/2w. Note that we can take K > 1. For some ¢ > 1
such that log(cK)?/? < ¢, we plug in w = -% such that whenever § < cK(¢(1) A p(,/q)) Ae™%/2, the covering
number bound holds for

w' = glog(cK/é)‘Z/2 < &log(1/6)9/2.

In this case,

log N (810g(1/8)"/2, P(R), d2), ) < log N (w", P(R),d0,)

Sqovmove log(l/w)2 max (\/b;\fm, 1)

M
Sqwuwy log(1/8)? max [ ————,1
~q,Vu,Ve g( / ) ( /log(l/(;) >
This bound holds for all sufficiently small §. Since §log(1/§)%/? is increasing over (0,e"%/2 A e™!) and the

right-hand side does not vanish over the interval, we can absorb larger §’s into the constant. g

As a consequence, we can control the covering number in terms of di oo, asr for k € {m, s}.

Proposition SM6.2. Consider dgg)’M in Proposition SM6.1 and ds,cop and dpm oo, nr @ (SM6.39) for some
M > 1. Suppose dg)M(Hl,Hg) < 4. Then we have

v/1og(1/py,
Ao ng (Hys H) Sy Y1081/ Pn) 5

Pn

M+/log(1/p,,) + log(1/p,
A ot (H1, Ho) <ot Vlog(1/pn) +log(1/pn) ¢

Pn
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As a corollary, for all 6 € (0,1/e),

log (5log 1/9) V1og(1/p,), P(R mooM> S log(1/8)? max (LM)

log(1/0)
log N <5logp1/5 (M\/erbg 1/pn) ) P(R), mM> S log(1/6)? max (LJlogW).

Proof. Fix some [z| < M. Let k € {m,s}. Let T,; = fg,.(2) and Tg; = Q;(2,10,G). Observe that

|Dk,i(z7 Gla nOapn) - Dkvi(z’ G277707Pn)‘

< Thi(z,m0,G1) — Thi(2,m0, Ga)
~H fG1 vi(2)V (pn/vi)  faawi(2) V (pn/vi)
Ti(z,m0,G1)  Ti(z,mo, Ga) n Thi(z,m0,G2) iz, m0, Ga)
fG1 vV (pu/vi)  farwi ()Y (on/vi)  farw(2)V (pn/vi)  faaw(2)V (pn/vi)

| Thi (25 M0, G2)|
pn(fGa:(2) V (pn/Vi))

|fG1;Vi(Z) - fcz,l/i(z)|'
([five—FfaVel <Ifi = fal)

Su ;lTki(Z,ﬁo7G1) — Thi(2,m0, G2)| +

Now, if '), (G1,G2) < 4, then

|fG11Vi (Z) - sz,l/i(Z)I <9
|Tomi(2,m0, G2)|

log(1/pn Lemma SM6.8
Fenn()V (pafr) > Vo8] ( :
7 |T81EZ)UO’(G2/ w M~/log(1/pn) + log(1/pn) (Lemma SM6.10)
Ga,v. Pn/V

|Tmi(2,m0, G1) — Tmi(z,m0, G2)| = <9

%o (Z; ) (G1 = G2)(du)

7

—(z2=7)%42(z—7)
/—’%

Z—T T
|TM(Z 7]0,G1) az(z UO;G2 |§’H ‘/ 2 ) 90(

v

Z—T

)((;1 Ga)(du)| <n M.

Vi

As a result,

1
|Dn,i(2, G1, M0, pn) — Dim,i(2, G2, 0, pn)| Sn o [Wlog(l/pn)]
1)
|Ds,i(za le 7o, pn) - Ds,i(za GQ; 7o, pn)| S'H ?(M + M V log(l/pn) + IOg(l/pn))

<n %(Mwogu/pn) +log(1/pn))

This proves the first claim.

For each k € {m, s}, we can write

|Dy.i(2,G1,1M0, pn) — Dir,i(2, G2, M0, pn)| < CpTind.
for some 7y, and Cy > 1. Fix some k > 0 and let 6 = 2Cy k. Then

dlog(1/6) = 2Cyklog(1/k) — 2Cyklog(2Cy)
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For all sufficiently small x such that log(1/x) > 2log(2C%), the above is bounded above by Cyklog(1/k).
This immediately shows that

log N (14,0 10g(1/6), P(R), dk,co,m) < log N (ri,Cxrlog(l/k), P(R), dk co,r)
< log N(rlog(1/k), P(R),d) )

<4 log(1/k)? max (\/b;\fm, 1)

Srclos(1fo) max (mﬂfw ) '

This holds for all sufficiently small §. Bounds for larger  can be absorbed into the constant. Plugging in ry,
to the left-hand side concludes the result. ]

SM6.9. Auxiliary lemmas. We first prove Lemma OA3.1.

Proof of Lemma OAS3.1. For (1), observe that since §, sg are bounded away from 0 and oo under Assumption 4,
1Zi| V1 <o (14 Ap)M, + A, < (14 Ap)M,. Hence by Assumption SM6.1, | Z;| V1 <y M,,.
For (2), we note by Theorem 5 in Jiang (2020),

A 1
fémf/i (Zz) =

thanks to the choice k,, in Assumption 1. That is,

Now, note that
+&(7) (SM6.46)

; Vi 0 0y Vi
where |£(7)| Sy An M, over the support of 7 under G, under our assumptions.

Then, for all Z;, since |Z;| < M, by assumption,

® (le,j T) = (ZiV: T) exp (_552(7) _¢() Ziy: T)

Z; — Z; —
< 2 ( U T) exp (CHAnMn T )

% Vi
(Cy is defined by optimizing over |£(7)| Sy AnMy,)

< (Zi7> exp (C%AHMEL) . (

7

Zi—7\ = 1 )
[o(ZoT) Gutan = peensan
n

Vi

vi

S?—L Mn)

Zif‘l'
i

Therefore,

Dividing by v; on both sides finishes the proof of (2). Claim (3) is immediate by calculating log(1/p,) =
(3 logn + C’HMgAn) V log(ev/27) <y logn and applying Assumption SM6.1(1) to obtain that A, M2 <y
1. |

Lemma SM6.8 (Lemma 2, Jiang (2020)). For all z € R and all p € (0,1/v/2me),

’ v fir, (@)

(p/V)V fru(x)

< v (p).
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Moreover, for all z € R and all p € (0,e~1/+/27),
‘ ( fH,I/(Z) + 1) <<VfG,u<$)) \V P < 90+(p)7

where we recall py(p) = (/log ﬁ from (OA3.3).

Proof. The first claim is immediate from Lemma 2 in Jiang (2020). The second claim follows from parts of

the proof, which we reproduce here. Lemma 1 in Jiang (2020) shows that
o< Pl

= fHu(2) 2m12 0 (2)?

We study two cases separetely depending on whether the truncation binds:

(1) vfu.(z) < p< e '/V2m: Observe that tlog ;27 is increasing over t € (0,e~!(2r)~1/2). Hence,

+1<log =0} (W10 (2)-

= p4(p)-

Vi i () +1 | vfg,(x) <vig,l 1 < nl
—_ viny(z) <vfg,log —————— <plo
Hy\® Hyy 108 212 i, (2)? prog 27 p?

fH,V(Z)
Dividing by (vf) V p = p confirms the bound for vf < p.

(2) vfmu(z) > p: Since log 727 is decreasing in ¢, we have that

VQ ﬁ,y(m) VfH,y(x) _ 1/2 }—II,I/(x) 2 1 _ A2
‘ (fH,V(z) + 1) ((Vfc,u(l‘)) J p)‘ = TGy TS i) sl ot = ¢ie) =

Lemma SM6.9 (Zhang (1997), p.186). Let f be a density and let o(f) be the standard deviation of the

corresponding distribution, assumed to be finite. Then, for any M,t > 0,

00 2
/ 1) < (=) dz < 27 o,
oo M?
In particular, choosing M = t_1/30(f)2/3 gives

/ 1(f(2) < t)f(2)dz < 3t¥/30%/3,
Proof. Since the value of the integral does not change if we shift f(z) to f(z — ¢), it is without loss of
generality to assume that Ef[Z] = 0.

[ e snse< [

— 00 — 00

o0

1(f() < t,|2| < M)f(z)dz + / 1(f() < t.]2| > M)f(z) dz

— 00

oo

M
g/ tdz +P(|Z] > M)

-M
a*(f)

T (Chebyshev’s inequality)

<2Mt+

O

Lemma SM6.10. Recall that Q;(z,n,G) = [(z — )¢ (li?;)) w%n) G(dr) in (SM6.5). Then, for any G, z
and p,, € (0,e71/\/27),

Qi(z,m0, G)
fawi(2)V (pn/vi)
Under the choice (OA3.5) and on the event Z,, < M, such that Assumption SM6.1 holds,

Qi(2:m0, G) - 1
fG,I_/i (Z) V (pn/Vz) ~H Mn\/@

< ot (pn)vi (|2 + vig (pn)) - (SM6.47)
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Proof. We can write
Qi(z,m0,G) = fou () {zBau,[(2 = 7) | 2] = B, v [(z = 7)* | 2]} .

From Lemma SM6.8,
fe:(2)

faw(2) v (pn/m)EG’”i[(Z — )| 2]) < vi(on)
and
fG,Vi(Z) o 2 > 1/2 1/.2 // fG,Vi(Z) 1/.2 9
T (2) v (oafiy o2 =T 1= <fz “) Tom )V (oufig) = V%0
Therefore,
fa ?Z'(Z’\’ZO(ap(j)/yi) < oi(pa)vi (|2] + vies(pn)) - O

Lemma SM6.11. Under the assumptions in Lemma OAS3.1 and Assumption /4, suppose 7; lies on the
line segment between 1y and 7); and define ;,;, §;, Z; accordingly. Then, the second derivatives (SMG6.7),
(SM6.9), (SM6.11), evaluated at Tiis G, Zs, satisfy

|(SM6.7)] <g logn [(SM6.9)| Sy My, logn  |(SM6.11)] <gy M2 logn.
Proof. First, we show that
[log(fe, 5, (Zi)P)| S logn. (SM6.48)

Observe that we can write Z; = m where ||§ — §]|o0 < A, and || — |00 < Ay, This shows that
|Z | Su M, under the assumptions since § > sy. Having verified that |Z | <y M, note that by the same
argument in (SM6.46) in Lemma OA3.1, we have that, since both Z,, is bounded under our assumptions and

7 is bounded under én,
7. _ 7. — ~ 1
0 ( 7,19- T) < © <11;T> eCHAﬂ,M/yzl — Difémﬁi(Zi) > ?B_CHAHME".
i 7

This shows (SM6.48).

Now, observe that

5 1
Eg =21 Zi] S y|log | ———=~ logn
G 5 Z/ifén71/1 (Z)

by Lemma SM6.10, and plugging

by Lemma SM6.8, since we can choose p = ﬁifém(z-) A \/2176.

inp="0ifg 5 (Zi) N A=,
‘Ecn;[(

Observe that, since |7| <y M, under the support of G,

Sy Mp+/logn.

logn

[Be, o l(r = 271 21| S MuBe (7 = 2)° | Z)) S My logn.

nVi

Similarly,
Ee 5 (Z =77 | Zi) S M2logn Eg (7| Zi] Su M.

n, Vi

Plugging these intermediate results into (SM6.7), (SM6.9), (SM6.11) proves the claim. O
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Lemma SM6.12. Suppose Z has simultaneous moment control E[|Z|P]/P < Ap'/*. Then
P(|Z] > M) < exp (—Ca,a M®).
As a corollary, suppose Z ~ fa, ., (-) and Go obeys Assumption 2, then
P(|Z] > M) < exp(—Cay,a,, M“).

Proof. Observe that

P(|Z] > M) =P(|Z]P > MP) < {Apl/a }p.

i (Markov’s inequality)

Choose p = (M/(eA))* such that

(AN o (- () a0 g

Lemma SM6.13. Let E be some event and assume that

P(E,A>a)<p1 P(E,B>b)<p,
Then P(E,A4+ B >a+b) <pi+p2
Proof. Note that A+ B > a + b implies that one of A > a and B > b occurs. Hence
P(E,A+B>a+b) <P({E,A>a}U{E,B>b})<pi+ps
by union bound. O

Lemma SM6.14. Let 7 ~ Gy where G satisfies Assumption 2. Let Z | T ~ N (1,v?). Then the posterior

moment is bounded by a power of |z|:

Ellr[" | Z = 2] Sp.a.a, (2] V1)

~.

Proof. Let M = |z| V 2. We write

Bl 12 =2 = 7 [ 1o (57) S Gotin)

Note that we can decompose based on || > 3M:

[ e (557) S6ntan) < GMPsanu)+ [ 171> 330l (227 ) 2 Gatar
< BM)P fao(2) + / o |7|PGo(dr) - %(p (12M|/v)

(|z — 7| > 2M when |7| > 3M)

Also note that, since |z| < M,

M
oo = [0 (557) 36atn = [ o (55T) Soutan) = S (210 Goll-. M)
v v M v v v
(lz = 7| <2M if 7 € [-M, M])

Hence,
J1mPGo(dr)
GO([_M7 M])
Since Gy is mean zero and variance 1, by Chebyshev’s inequality, Go([—M, M]) > Go([—2,2]) > 3/4. Hence

E[|7IP | Z = 2] Spoaae MP Spa,a, (12| V1)P, since we have bounded p*® moments by Assumption 2. O

E[|r]P | Z =2] < (BM)? +
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SM7. A LARGE-DEVIATION INEQUALITY FOR THE AVERAGE HELLINGER DISTANCE

Theorem SM7.1. For somen > 7, let 71,...,7, | (V3,... 1/2)i'i&d'G0 where Go satisfies Assumption 2.

rn
Let v, = max;v; and v, = min; v;. Assume Z; | 1,02 ~ N(7;,v2). Fiz positive sequences Yp, An — 0
with Yn, An < 1 and constant € > 0. Fix some positive constant C*. Consider the set of distributions that

approrimately maximize the likelihood
A(yn, ) = {H € P(R) : Sub, (H) < C* (v + h(fr. feo.)An) } -
Also consider the set of distributions that are far from Gg in h:
B(t,An,€) = {H € P(R) : h(fu,., fa,.) = tBA, }
with some constant B to be chosen. Assume that for some Cl,
22> (%‘(log n)1+a2+az> VA2 (SM7.1)

Then the probability that AN B is nonempty is bounded for t > 1: There exists a choice of B that depends
only on vy, vy, C*,Cy such that

P [A(Yn, An) N B(t, An,€) # @] < (logy(1/€) + 1)n " (SM7.2)
Before proving Theorem SM7.1, we first prove Corollary OA3.1.
Proof of Corollary OA3.1. Let v = 2;—;‘ + B. We first note that, for &, in (SM6.2), the choices
Ap = n*p/@pﬂ)(log n)z%%rﬂ ANl =,

satisfy (SM7.1). Note that the choices of A, 7, are such that &, < Cy (A h +72).
The event {An,ﬁ(fém.7 fGo,) > tén} is a subset of the union of

B = {AmSubn(G’n) > c;;sn} and By = {An,Subn(Gn) < Cienshlfe o fao) > m—p/<2p+1>(1ogn)7} .

Thus P [An,ﬁ( for s faon) > tén] < P(Ey) + P(E,). Corollary SM6.1 implies that P(E;) < 9/n.
Now, note that

P(E,) <P [An, Sub,(G) < CCu Mk +72), B fg. s ) > mn} .
Observe that, for e = 1/log(n)

AL =1t {n7 2PP+1(175)(10g n)'Y(l_e) A 1}

t <n_TIjH (logn)” [n%(log n)*%] A 1)

=t (niTgrl (logn)” [eﬁ (log n)_'ye} A 1)

< Cpqathn (GTL (logn)~7€ is bounded by a constant)
Thus, by Theorem SM7.1, for all sufficiently large ¢,

t

P(B2) < P [Subu(G) < CCuMATg, . fea) + 2B A
Py

.7fGU,-) Z

ny

t

<P Ay AN B[ ——
< {(7 ) (BCN

,mm)#ﬁfﬂ%m%m+nmﬁﬁ
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We can pick t = By sufficiently large such that n=t'/Cn < 1/n and

_ logl
P (A0, o Je0) > t0,] < P + P(E) < (5" 4 10)

1
n
SM7.1. Proof of Theorem SMY7.1.

SM7.1.1. Decompose B(t, An,€). We decompose B(t, Ay, €) C UkK:1 By (t, \) where, for some constant B > 1
to be chosen,

By = {H R (fies fa.) € (tB/\}fz_k,tB)\};z_kH] }
The relation B(t, An,€) C |J, By holds if we take K = [|log,(1/€)]].

In the remainder, we will bound

2

P(A(Yn, M) N Bi(t, A\n) # @) <n*

which becomes the bound (SM7.2) by a union bound. This argument follows the argument for Theorem
7 in Soloff et al. (2024) and Theorem 4 in Jiang (2020). For k € [K], define p, p = BA};TICH such that
By, = {H ch(fu., fa,.) € (tun’k+1,t,un’k;]}. To that end, fix some k.

SM7.1.2. Construct a net for the set of densities fg. Fix a positive constant M and define the pseudonorm

[Glloc,y =max  sup  fau,(y).
i€n] ye[—M, M)

Note that ||G1 — Gal|co,m =n df}g{M(Gl, G2) defined in Proposition SM6.1. Fix w = 7712 > 0 and consider
an w-net for P(R) under ||-||co,p- Let N = N(w, P(R), ||||oo,n) and the w-net consists of the distributions
Hi,...,Hy. For each j € [N], let Hy ; be a distribution, if it exists, with

[Hrj = Hjllooy Sw  h(fiy ;s fao,) = thn gt (SM7.3)

and let Jj, collect the indices j for which Hjj, exists.

SM7.1.3. Project to the net and upper bound the likelihood. Fix a distribution H € By(t, A, ). There exists
some member of the covering, H;, such that ||H — Hj||oo,mr < w. Moreover, H serves as a witness that Hy, ;
exists, with ||H — Hy jloo,m < 2w.

We can construct an upper bound for fg,,(z) via

fHk,jWi(Z) + 2w |Z| <M
L |z] > M.

2Ty,

Define v(z) = wl(]z| < M) + "’%2 1(|z| > M). Observe that

fH,Vi (Z) S

Fityyn(2) +20(z) |2l < M
fH,l/i(Z) < fHk,JJ'J'z‘ (2)+2v(2) M

Hence, the likelihood ratio between H and G is upper bounded:

fHuZ z fHkJ,Vz +2U(Z)
H ’L H fGo,Vz(Zl) H \/%V’L ( 1)

fG“”’l it Z;| > M

< (max - fHk,j,Vi(Zi)+2v(Zi)> H

Jed i1 fGOJ'/?‘,(Zi) N Zi|>M

\/%Vz ( Z)
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If H € A(t,Yn, An), then the likelihood ratio is also lower bounded:

H f;f Vi (Zl) > exp (—nC*(v2 + h (f,., fGo,-) An))

> exp (—ntC* (tyy + h (fu,. fGo,-) An)) (t>1)
> exp (—nC* (292 + thA,))
> exp (—nC* (292 + pnkAn)) -

Hence,

P [A(t, Y, An) N Bio(t, An) # 2]

~ fr i (Z0) 4 20(Z;) 1 2 2
<P max Vi —————— > exp (—nt"C* (7, + tn,kAn)
{ (]EJk i1 fGO7Vi (Zz) i:Zil_[>]\/f RV QWViU(Zi) ( )
n
< P |max fH’fJ”’b——i_QU(Z’) > et aC” (Y7 +hin K An) (SM7.4)
il faow(Zi)
4P > ot 2(a—1)C* (V2 +Hn,kAn) SM7.5
N zr|[>M e () i

The second inequality follows from choosing some a > 1 and applying union bound.

SM7.1.4. Bounding (SM7.4). We consider bounding the first term (SM7.4) now:

n L+ 20(Z .
(SM7.4) Z P H fH'”——’—UH > et C" (1 Fhin e An) (Union bound)
il fGo,l’i(Zi)
JjEJk i=1
<) E H Tt 0l Zi) + 20(Z0) | nai20* (63 +amirn) /2
jeTh =1 fG(),l/l (Zz)
(Take square root of both sides, then apply Markov’s inequality)
_ Z enat c* (,Yﬂ+un kAn)/2 HE fHk,j,w(Zi) + QU(Zi) (SM7.6)
JeT meVi(Zi)

where the last step (SM7.6) is by independence over i. Note that

[ ] - e

<1 = W (fuy s Ftom) + / 20(2) fanm(@) dr (VaTB< a+Vh)
— 00 %,—/

2v(z)/ fag.v; fGo v,

00 1/2
<1- hQ(fHkyj,l,i, faows) + (2/ v(x) dx) (Jensen’s inequality)
— W (fHu w00 fGow:) + V8Muw. (Direct integration)

Also note that, for t; > 0, we have

Hti = exp <Z logti> < exp (Z(tl - 1)) .
i=1 =1

i=1
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Thus,

};IIE l\/ fGo,l/i(Zi)

Thus, we can further bound (SM7.6):

< exp |:_nﬁ2(fHk,j:’7 fao.) + n\/SMw} .

) 20,2 n fHk P 2’0(21)
(SM7.4) < (SM7.6) = enat” (it xda) 2T R \/’J
]% 21;[ fGo;Vi(Zi)
nat’c* +2
< Z exp 5 (Yp + tin g An) — b (fa, .5 fGo,) +nV8Mw

nat?>C*
< 3 o { 0L G2 + i) — s + 0V |

—2
(h (fHk,j7'7fG07') > thn k41 by (81\173))

{ nat?>C*

5 (Vo + tnkAn) = 27 g + nV8Mw + log N} (|Jx] < N)

t2C*
< exp { S (O k) =t gy 4 0VBMow + Cllog wf? max

=)

(Proposition SM6.1, ¢ = 0)

t2C*
= exp { P2 (2 + pmkn) — nt2i2 iy + VEM + C(log n)?® max (

: o)}

(Recall that w = )

SM7.1.5. Bounding (SM7.5). We now consider bounding the second term (SM7.5). By Markov’s inequality

again (taking a — /(219%™ on both sides ), we can choose to bound

ﬁ 1z \mertAED exp (0= DECT O+ pinsdn)
i=1 (27”/1'2)1/4 M\/& 210g7’l

(SM7.5) <E

instead. Define
1 < c,,n \ 1
CrvHVAMJw = M ~ logn

Apply Lemma SM7.1 to obtain the following. Note that to do so, we require M > v,,1/S8logn and p > L

logn*
- B 101Zi1> M)
1 Z; Togn |
11 <(27w2)1/4M\/5) ] =logE [H(aiZi)’\]l(ZzIZM)l

=1 %

a; =

logE

g 1 2uw(Go) |
S Z(aiM))\ <J\4n + ]1\74;7> (Lemma SMT7.1)
i=1

- a1 2PuB(Go)
<SGy (3 + )
=1

1 2215 (Go)

< _
Svwve 3f T
As a result,
1 2Pnub(Go) n(a—1) “k
17.5)] < . P _ 20k (2 2(1-27%)) .
10g[(SMT.5)] < . 1, ( T ) Yogn € (% + BA2 ) (SM7.7)
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To conclude, note that by Assumption 2, ub(Go) < AbpP/e. Let M = 2eAp(cylogn)/* and p =
(M/(2eA0))* so that
2 (Go) /M < exp (—m log )
We choose ¢,, > 2 sufficiently large such that M = 2eAq (¢, logn)/® > v,+/8logn V1 and p > 1 for all
n > 2 to ensure that our application of Lemma SM7.1 is correct. We also choose a = 1.5.

Plugging in these choices, we can verify that, via (SM7.1),
C*BC
A (log n)}

log[(SM7.5)] < ¢ {20%W -

log[(SM7.4)] < —t*(log n)1+22+7u {C)\ <iC* - %C*B + B2> - C}

There exists a sufficiently large choice of B such that log[(SM7.5)] < —t?logn — log2 and log[(SM7.4)] <
—t?logn — log 2. Thus, we obtain that (SM7.4) + (SM7.5) < n~t". This concludes the proof.

SM7.2. Auxiliary lemmas.

Lemma SM7.1 (Lemma 5, Jiang (2020)). Suppose Z; | 7i ~ N (i, v2) where 7; | v} ~ Gy independently across
1. Let 0 < vy, vp < 00 be the upper and lower bounds for v;. Then, for all constants M > 0,A > 0,a; > 0,p € N
such that M > v,+/8logn, A € (0,pA 1), and ay,...,a, > 0:

E {H |aiZi|”(Zi|2M)} = {zn:(aiM)A (Mii;ﬁ * <2MZWG0))1)> } ’

i—1
where pb(Go) = [ |7|PGo(dT).
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Part 4. Additional theoretical results
SMS8. ESTIMATING 79 BY LOCAL LINEAR REGRESSION

This section details how we estimate 19 = (mo(-), so(+)) by local linear regression in Section 4. It also outlines
a detailed procedure and verifies that this procedure satisfies the conditions we require for the conditional
moment estimation, when the true 7o belong to a Hélder class of order p = 2: mq(0),so(0) € C3 ([o¢,0u)).
In our empirical application, we estimate mqg, so by nonparametrically regressing Y; on x; = logy,(0;).!
Our procedure takes the following steps, which simply use kernel-based nonparametric regression procedures
implemented by Calonico et al. (2019) to estimate mg and sg and truncate the estimated sp below at some
data-driven point. Nonparametric regression is frequently applied to visualize data and to estimate causal

effects in regression discontinuity settings.
(E-1) Use the default procedure Calonico et al. (2019) to estimate local linear regression of Y; on z;
(Epanechnikov kernel, IMSE direct plug-in bandwidth). The resulting estimated conditional mean is

m()A

(E-2) Let R? = (Y; —m(x;))?. Use the above local linear regression procedure again to estimate the

conditional mean of Rf on x;, and let 0(z) be the estimated conditional mean. Let
§%(0;) = (z;) — o7

(E-3) Since 9(x;) is a linear smoother, it can be written as
n A~
o(x) = Z&(x)Rf
i=1

for some weights ¢;(x). Let an estimate of the effective sample size be

1 & 1
Pn = — —n a2 -
" n;Z G (z;)

j=1"%1%

(E-4) Let the estimated conditional variance be

2
3%(0;) = 5%(0y) V o2 (@(ml) \/j:r{unn a?—)

where the additional truncation by min;—;, 0? deals with the unlikely scenario that ©(x;) is
negative. Note that, in theory, the population analogue v(x;) = E[R? | x;] = s3(0;) + 07 > 0?. See
Remark SMS8.1 for a heuristic rationale of the above truncation rule.

The rest of the section analyzes the theoretical properties of a similar procedure for analyzing mq(-), so(+)
and connects them to the requirements in Assumption 4. The product of this analysis is Theorem SM8.2,
which verifies the same regret bound as in Theorem 1, where we estimate myg, sg with the procedure we
outline below.

There are a few minor inconveniences of the above procedure that we strengthen below:

e We would like to control for the fact that the bandwidths h, for the local linear regression is
data-driven. However, to establish uniform behavior in fln, we would like to restrict it to satisfy the

optimal convergence rate almost surely: For some C' > 0,
C~n=1/5 < h, < Cn~'/% almost surely.

1Correspondingly7 let o(x) = 10*.
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e We would like to ensure that the estimated functions m, § are Holder continuous almost surely. Since

mo(z), so(x) are Holder continuous,” we do not significantly incur estimation error if we project to

Holder continuous functions.

We enforce these properties in the below procedure that we analyze. We anticipate the projection steps to
be unnecessary in practice and hold with high probability in theory. Precisely, we add the steps (LLR-2),
(LLR~4), (LLR-7), and (LLR~11) to the procedure in (E-1)—(E-4). We also make the dependence on the
selected bandwidths explicit:

(LLR-1) Fix some kernel K(-). Use the direct plug-in procedure of Calonico et al. (2019) to estimate a
bandwidth f,, .

(LLR-2) For some Cp, > 1, project ﬁmm to some interval [C} 'n=1/% C,n~1/%] 50 as to enforce that it converges
at the optimal rate:*

B <= (R V Gy 07 Y2) A O™ Y/5.

(LLR-3) Using ﬁmm, estimate mg with the local linear regression estimator 1M,y under kernel K(-) and
bandwidth f,, .

(LLR-4) Project the resulting estimator 7 to the Holder class C%, ([0,1]):

mE argmin ||m — Myawlco-
meC3, ((0,1])

We obtain m through this procedure.
( ) Form estimated squared residuals R? = (Y; — m(z;))2.
( ) Repeat (LLR-1) on data (R2,z;) to obtain a bandwidth h,, .
(LLR-7) Repeat (LLR-2) to project hy, .
( ) Using hy, s, estimate v(z) = E[R2 | X = ] with the local linear regression estimator # under kernel
K(\).
(LLR-9) Since o is a local linear regression estimator, it can be written as a linear smoother o(x) =

Yo iz hn.s)R2. Let an estimate of the effective sample size be

1 — 1
Pn == m — - (SM8.1)
n ; Zj:l é?(xj, hs)

(LLR-10) Truncate the estimated conditional standard deviation:

. - 5 2
Sraw () = V/0(x) — 02(x) V P 21}(33). (SM8.2)

(LLR-11) Finally, project the resulting estimate to the Holder class as in (LLR-4):

5(x) € arg min Is — Sraw||co-
s€Ch,((0,1])

§%(-)> 524z min; of

To ensure we always have a positive estimate of sg, we truncate at a particular point (SM8.2). This

truncation rule is a heuristic (and improper) application of results from the literature on estimating non-

centrality parameters. We digress and discuss the truncation rule in the next remark.

2Since log(-) is a smooth transformation on strictly positive compact sets, Hélder smoothness conditions for (mo, so) translate to
the same conditions on (E[Y | z], Var(Y | ) — 02(z)), with potentially different constants. Moreover, scaling and translating x;
linearly do not affect our technical results. As a result, we assume, without essential loss of generality, x; € [0,1]. We abuse and
recycle notation to write mo(z) = E[Y; | z; = x|, so(z) = Var(; | ; = ). We also note that mo(z), so(z) € Cig ([0,1]) for some
Az Sy Ar.

3We use the < notation to reassign a variable so that we can reduce notation clutter.
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Remark SM8.1 (The truncation rule in (SM8.2)). The truncation rule in (SM8.2) is an ad hoc adjustment
without affecting asymptotic performance.* It is based on a literature on the estimation of non-central y?2
parameters (Kubokawa et al., 1993). Specifically, let U;"="A(\;, 1) and let V = >-?_, U? be a noncentral
x? random variable with p degrees of freedom and noncentrality parameter A = > _>_ A\?. The UMVUE
for A is V — p, which is dominated by its positive part (V — p),. Kubokawa et al. (1993) derive a class of
estimators of the form V' — ¢(V;p) that dominate (V' — p) in squared error risk. An estimator in this class
is (V —p)V 35V

This setting is loosely connected to ours. Suppose mg is known, and we were using a Nadaraya—Watson
estimator with uniform kernel. Then, for a given evaluation point xo, we would be averaging nearby R?’s.
Each R; is conditionally Gaussian, R; | (0;,0;) ~ N(0; — mg(0;),0?) with approximately equal variance

0? =~ o(x0)?. If there happens to be py R?’s that we are averaging, the Nadaraya—Watson estimator is of the

o = ('

po = \o(zo

form

a(zo)

=3 ()

2
Conditional on o2, §;, the quantity Zle ( B, ) is (approximately) noncentral x? with p degrees of freedom

and noncentrality parameter

Therefore, correspondingly, applying the truncation rule from Kubokawa et al. (1993), an estimator for the

sample variance of 6;, p%) 2o (0; — mo(z4))?, is

(6(20) — 0% (20)) V ot 2?7(%)'

Here, we apply this truncation rule (improperly) to the case where 9(zg) is a weighted average of the
squared residuals, with potentially negative weights due to higher-order polynomials in the local polynomial
regression. To do so, we would need to plug in an analogue of py. We note that when independent random

variables V; have unit variance, the weighted average has variance equal to the squared length of the weights

Var (Z &(x)V}) = ZE?(&C)
i i=1

Since a simple average has variance equal to 1/n, we can take (> ;_; (3 (1:))71 to be an effective sample size.

Our rule simply takes the average effective sample size over evaluation points in (SMS8.1) and use it as a

candidate for p. |

The goal in this section is to control the following probability as a function of ¢ > 0

P (17~ nolloe > Crutn™*/"(10g )"

for some constants 3, Cy to be chosen. Since we treat x1, ..., z, as fixed (fixed design), we shall do so placing

some assumptions on sequences of the design points x1., as a function of n. These assumptions are mild and

4Indeed7 since we already assumed that the true conditional variance so(x) > sg, we can truncate by any vanishing sequence.
Given any vanishing sequence, eventually it is lower than sy, and eventually |§ — so| is small enough for the truncation to not

bind. This is, in some sense, silly, since finite sample performance is likely affected if we truncate by, reflected in a

S 1
say, loglogn’
large constant in the corresponding rate expression. Our following argument assumes that the truncation of order O(n_4/5).
Doing so is likely to achieve a smaller constant in the rate expression, despite not mattering asymptotically.

5Though, since neither (V—=p)+ nor (V—-p)V ﬁ\/ is differentiable in V/, they are not admissible.
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satisfied when the design points are equally spaced. They are also satisfied with high probability when the
design points are drawn from a well-behaved density f(-).

Before doing so, we introduce some notation on the local linear regression estimator. Note that, by
translating and scaling if necessary, it is without essential loss of generality to assume z; take values

in [0,1]. Let h,, denote some (possibly data-driven) choice of bandwidth. Let u(z) = [1,z] and let
!
B, = Bpz(hyn) = 1 Z?Zl K (“”ﬂ“”) u (Ihzz> U (Ihzi) . Then, it is easy to see that the local linear

nhy

regression weights can be written in terms of B, and u(-):

1 i i
sn =nhy  Li(z) = Li(z, hy) = —u(0) B u <xh x> K <xh x) .

We shall maintain the following assumptions on the design points. The following assumptions introduce
constants (C}, ng, Ao, ag, Ko, K(+),¢,C,Ck, Vi) which we shall take as primitives like those in H. The
symbols <, 2>, =< are relative to these constants, and we will not keep track of exact dependencies through

~) ~?

subscripts.

Assumption SM8.1. For some constant Cy, > 1, the data-driven bandwidth h,, is almost surely contained
in the set H, = [C’h_ln—l/5 Vi ﬁ7 Chn—1/5]_

Assumption SM8.1 is automatically satisfied by the projection steps (LLR-2) and (LLR-7).

Assumption SM8.2. The sequence of design points (x; : 1 =1,...,n) satisfy:
(1) There ezists a real number Ao > 0 and integer ng > 0 such that, for all n > ng, any x € [0,1], and
any he [C’;ln_l/5 Vv ﬁ, C’hn_l/5], the smallest eigenvalue /\min(Bm.(iz)) > \o.
(2) There exists a real number ag > 0 such that for any interval I C [0,1] and alln > 1,

71122 L(z; € 1) < ag <>\(I) v le)

where A(I) is the Lebesque measure of I.

(8) The kernel K is supported on [—1,1] and uniformly bounded by some positive constant K.

(4) There exists c,C,ng > 0 such that for all n > ng, the choice of p, in (SM8.1) satisfies cn*/> <
pu(h) < Cn*® for all h € [C; 'n= /5 v o, Cn=1/5].

Assumption SM8.2(1-3) is nearly the same as Assumption (LP) in Tsybakov (2008). The only difference is
that Assumption SM8.2(1) requires the lower bound Ag to hold uniformly over a range of bandwidth choices,
relative to LP-1 in Tsybakov (2008), which requires Ao to hold for some deterministic sequence h,,. This is
a mild strengthening of LP-1: Note that if x; are drawn from a Lipschitz-continuous, everywhere-positive
density f(x), then for h — 0,nh — oo,

B (h) ~ /K(t)u(t)u(t)’f(x) dt = /K(t)u(t)u(t)'dt ( m[g]nl] f(a:))
z€|0,
where > denotes the positive-definite matrix order. Thus the minimum eigenvalue of B, (h) should be
positive irrespective of x and h. See, also, Lemma 1.5 in Tsybakov (2008).
Assumption SM8.2(2)—(3) are the same as (LP-2)—(LP-3) in Tsybakov (2008). (2) expects that the design

points are sufficiently spread out, and (3) is satisfied by, say, the Epanechnikov kernel.
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Lastly, (4) expects that the average effective sample size is about s, = nh,, < n~%5. Again, heuristically,

if z; are drawn from a Lipschitz and everywhere-positive density f(x), then

> (ag) mnghn [ (OB K@) Fas)dt = - [ @OV B u(K (@) fa) dr

Sn

Hence the mean reciprocal p, is of order s,,. We also remark that Assumption SM8.2 is satisfied by regular

design points x; = i/n.

Assumption SMB8.3. The kernel satisfies the following VC subgraph-type conditions. Let

Fir = {y'—> (W)k_lf(@;x) ‘x€ [0,1],heHn}

for k =1,2. For any finitely supported measure Q,
N(e, Fi, L2(Q)) < Ci (1/€)V
for Ck, Vi that do not depend on Q.

Assumption SM8.3 is satisfied for a wide range of kernels, e.g. the Epanechnikov kernel. By Lemma 7.22
in Sen (2018), reproduced as Lemma SMS8.2 below, so long as the function ¢ — t*~1 K (¢) is bounded (assumed
in Assumption SM8.2(3)) and of bounded variation (satisfied by any absolutely continuous kernel function),
the covering number conditions hold by exploiting the finite VC dimension of subgraphs of these functions.

We now state and prove the main results in this section. The key to these arguments is Proposition SM8.1
on the bias and variance of local linear regression estimators. Proposition SMS8.1 is uniform in both the

evaluation point x and the bandwidth h, as long as the latter converges at the optimal rate.

Theorem SMS8.1. Suppose the conditional distribution 0; | o; and the design points o1.,, satisfy Assumptions 2,
3, and SM8.2. Moreover, suppose myg, s satisfies Assumption 4(1) with p = 2. Suppose the kernel K(-)
satisfies Assumption SM8.3. Let m, § denote the estimators computed by (LLR-1) through (LLR-11). Then,
there exists some ng > 0 such that

(1) P (i3 € C3,(0.1])) = 1

(2) For some C depending only on the parameters in the assumptions, for alln >7 and t > 1,

N . _2 1
P (max ([ = mo e 13 = so]loc) = Ctn=F (logn) #2/) < . (SM8.3)
(8) For some ¢ > 0 depending only on the parameters in the assumptions, for all m > ng,

P(£<s)=1
n
Proof. The first claim is true automatically by the projection to the Holder space.
The third claim is true for all n > ng automatically by (LLR-11), since p, > cn*/® and n=%/® > n~1. For
n < ng, note that Y, £;(z,h) = >, £;(z, h) u((z; — ) /h)"u(0) = ||u(0)||*> = 1 for all h,z. Hence

1

2
1 1 1
=D Pah) > = iz, h Bz, h) > = W <
DICRURY E5 ) IS SEEUER EEs

regardless of h. As a result, the truncation point for 2 is at least of order % This is sufficient for § > ¢/n.

Now, we show the second claim. Since we assume that mg, sg lies in the Holder space with s > sg¢, then

projection to the Holder space (and truncation by 2/(2 + p,,) min; 0?) worsens performance by at most a
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factor of two for all sufficiently large n. The projection to the Holder space ensures that ||7} — g/ is bounded
a.s. for all n, so that we can remove “for all sufficiently large n” at the cost of enlarging a constant so as to

accommodate the first finitely many values of n. As a result, it suffices to show that

o ~ —2/5 B
p (maX(HmraW — 11000, || éraw — S0|loc) > Ctn=2/3(log n) ) < =53

for some C and 8 =1+ 2/«
Let Y; = mo(x;) + & where & = 0; — mo(z;) + (Y; — 6;). Note that we have simultaneous moment control
for &;:
maxE[J¢/]!/7 < p!/”

where « is the constant in Assumption 2. Therefore, we can apply Proposition SM8.1 to obtain

. _ 1
P (llmraw - mOHOO > Cin 2/5(10g n)1+1/a) < 2n10¢2

for the local linear regression estimator Myay .
The same argument to control ||§;aw — Solleo i more involved. First observe that
| Sraw 53| = |§raw - 80|(§raw + SO) 2 50Z|§raw - SO|~
Also observe that for a positive fjy,
lfVg—fol <If— fol Vgl

As a result, it suffices to control the upper bound in

1 2
Sraw — S0/loo < — [ |0 — v9l|o V ] vo(x) = Var(Y; | x; =«
fsome = sole < 5 (110 w0l v (529 ) (vo(z) = Var(¥; | 2 = 2)
; 19 = volloo + [[voloo :
<o — H
S 12— wvolleo V o+ Al (Assumption SM8.2)
S 118 = wvolloo (SM8.4)

Now, observe that R? = R? + (mg — m)? — 2(mg — m)&;. Hence,

n

{||m0 — 1|2, 4 2|lmo — 17|00 (max & )} Z 105 (2, P )

40 {lma =l + 2o — il (il ) | sM185)

[0(x) = vo ()]

IN

Z 4;(x, ﬁn)s)R? —vo(z)| +
i=1

IN

ZE a:hns ffuo()

By Lemma 1.3 in Tsybakov (2008), the term > .-, |¢;(z, Pin.s)| is bounded uniformly in i and x by a constant.
Note that

& = R} — vo(w)

has simultaneous moment control with a different parameter (& = a/2):
max(E|&;[P)'/? < p?/.
K3

Thus, applying Proposition SM8.1 and taking care to plug in §~ , &, we can bound the first term in (SM8.5)

(2

> li(w, hn s RY = vo(x)
=1

- 4n10t2 :

> Ctn~?(log n)1+2/a> <1

Note that by an application of Lemma OA3.7, for any a,b > 0, we have that

P (max |&] > C(a,b)t(log n)l/o‘) <an~be"
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As a result, the second term in (SM8.5) admits

1
P (I — e + 2lmo — o, (s i) > Con10g )2/ ) < o
Finally, putting these bounds together, we have that
) _ . 1
P (/1o = volloe > Ctn=2/*(10gm) +2/) < s,
where the same bound (with a different constant) holds for $,.y by (SM8.4).
Combining the bounds for 7 and §, we obtain (SM8.3). This concludes the proof. O

Theorem SMS8.2. Under the assumptions of Theorem SMS8.1, let 7j = (7, §) denote estimators computed by
(LLR-1) through (LLR-11). Then,

E [MSERegretn(G‘mﬁ)} < n—2/5(10g n)1+2/a.

Proof. Recall the event A,, in (A.1) for A, = Cln*2/5(log n)? and M,, = Cy(log n)l/a, where C1,Cy are to
be chosen and 8 =1+ 2/a. Define A, =A,N {s0¢/2 < § <250, }. Decompose

E [MSERegretn(G‘n,ﬁ)] —E [MSERegretn(Gn,ﬁ)n(An)} +E [MSERegretn(én,ﬁ)]l(/lS)} .

Note that, for all sufficiently large n > N, such that N depends only on C1, 3, s¢, Sy, the event A,, already
implies {sg¢/2 < § < 230, } and hence 4,, = A,,. Thus, by Theorem SMS.1, for all sufficiently large n, on the
event A,, statements analogous to Assumption 4(2—4) hold for the estimator 7. As a result, we may apply

Theorem A.1, mutatis mutandis, to obtain that
E {MSERegretn(@n, 77)]1([1”)} < n_4/5(log n)"’%‘*+3+25

for all sufficiently large choices of C1, Cs.

To control E [MSERegretn(én, ﬁ)]l(fig)}, we observe that under Lemma OA3.6 and Theorem SMS8.1(1
C

no

and 3), we have that almost surely on A

-2

MSERegret,, (G, 1) < nZ

Hence, by Cauchy—-Schwarz as in Lemma OA3.2,
E [MSERegretn(Gm ML(AS)| < P(AC)2n4(logn)¥/,

where we apply Lemma OA3.7 to bound ]ET[Z?I]. This bound holds for all n > 7.
For all sufficiently large n > N,

P(A}) = P(AT) < P(Zn > M) + P(I[) = 1ol > An).

Sufficiently large C1,C5 can be chosen such that the right-hand side is bounded by n~'°. To wit, we can
apply Theorem SMS8.1 to bound ||/} — 1o ||s. We can apply Lemma OA3.7 to bound P(Z,, > M,,). As a result,
we would obtain
E [MSERegret, (G, 1)1(A9)] £ %(log n)2/o
for all sufficiently large n.
Since E[MSERegret,, (G, 7)] < n*(logn)?/® is finite for all n, at the cost of enlarging the implicit constant,
we have the result of the theorem holding for all n. |

SM8.1. Auxiliary lemmas.
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Proposition SM8.1. Consider the local linear regression of data Y; = fo(xz;) + & on the design points
x;, fori=1,....n. Suppose fy belongs to a Holder class of order two: fo € C2(]0,1]) for some L > 0.
Suppose that the design points satisfy Assumption SM8.2 and the (possibly data-driven) bandwidths h,, satisfy
Assumption SMS8.1. Assume the kernel additionally satisfies Assumption SMS.S3.

Assume that the residuals & are mean zero, and there exists a constant A¢ > 0, > 0 such that

max (B[&["])"P < Agp'/

i=1,...,n
for allp > 2. Let {;(x,h) be the weights corresponding to local linear regression, and define the bias part
bz, hy) = (O li(z, hy) fo(z:)) — fo(x:) and the stochastic part v(z,h) = > | l;(z,h)&. Recall that H,
is the interval for hy in Assumption SMS8.1. Then:

(1) The bias term is of order n=2/5:

sup  |b(z, h)| Sn0.
z€[0,1],h€eH,

(2) The variance term admits the following large-deviation inequality: For any a,b > 0, there exists a
constant C(a,b), which may additionally depend on the constants in the assumptions, such that for
alln>1andt>1

1
P sup  |v(z, h)| > Cla,b) -t - (logn)+Yon=2/%) < an_b—Q.
2€[0,1],hEH,, t

(3) As a result, let f(-) = b(-, hy) 4+ v(-, hn) + fo(-), we have that for any a,b > 0, there exists a constant
C(a,b) such that for alln>1 and t > 1,
» _ 1
P (||f — follso > C(a, b)t(logn)*t1/n 2/5) <an bt—Q.

Proof. Note that (3) follows immediately from (1) and (2) since the bounds in (1) and (2) are uniform over
all h € H,,. We now verify (1) and (2).

(1) This claim follows immediately from the bound for b(zy) in Proposition 1.13 in Tsybakov (2008). The
argument in Tsybakov (2008) shows that

sup |b(x,hy,)| < Ch2,
z€[0,1]

which is uniformly bounded by Cn~=2/5 by Assumption SM8.1. Hence

sup  |b(z, h)| Sn0.
z€[0,1],heH,

(2) Let M be a truncation point to be defined. Let
Giamr = GL(I&G] < M) —E[GL(&G] < M)] & >m = &L(1&G] > M) — E[GL(1G] > M)
be truncated and demeaned variables. Note that
& =&i<m+&i>M-

First, let Vip(z, hy) = > i 4i(z, hy)& > . Note that by Cauchy—Schwarz, uniformly over z, hy,,
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11
— = Z §ism (Lemma 1.3(i) in Tsybakov (2008) shows that |¢;(z, h,)| < -5-)

2 nhy
hTL —

3

2/5 Z fz >M

Now, for some C' related to the implicit constant in the above display,
max; E&2

1 n
P Vi (2, ha) > O | <P =38 1225 | < XIS o5
( Sup 1n (@, hn) > ) = (n 2 Sism >tn =

z€[0,1),hn€Hn
(Markov’s inequality)

We note that by Cauchy—Schwarz,

(€7 o] < \E[E]] VP(|&] > M) < \/P(|&] > M) < exp (—cM®) (Lemma SM6.12)

where ¢ depends on A¢. Hence, for a potentially different constant C,

2
P sup [Vin(x, hy)| > Ct | <exp <—CMO‘ —2logt+ - logn> . (SMS8.6)
w€[0,1],hn €H, 5

Next, consider the process

Van (@, ) Zexh )i, <M

Aq(z,hy)
1 < ye1 |0 T;— T T;— T
Aa(z,hy)

T, — T As(z,hy) 1 - T, — T, — T
ZK< )51<M+hnnZK o h &i,<M-
Note that, by Assumption SM8.2(1), uniformly over z € [0, 1] and h,, € H,,
_ 1
| Ak (2, hp)| < [Ju(0) B || < +—

By triangle inequality,

11 T;i— T 1 " T;— X
‘/Qn(%hn)ﬁa HZX_;K<hn) i< |+ . Z; < I )( I >§i,<M|
S Von1(z, h )—i—LV (z,hy)
= \/’Ehn 2n,1\Ly Iin \/ﬁhn 2n,2\Ly b ).

We will control the 19-norm of the left-hand side. Note that it suffices to control the 1s-norm of both terms
on the right-hand side:

sup |Von (x, hy)
2€[0,1],hn €Hn

sup |‘/én7k(xahn)|
z€[0,1],hn€Hyp,

< ! max
" ~ /nhy, k=12
The above display follows from replacing the sum with two times the maximum and Lemma 2.2.2 in van der
Vaart and Wellner (1996).

2
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We will do so by applying Lemma SMS8.1. The analogue of f in Lemma SM8.1 is

tes f(tiz, h) = (t;x)k_lKC;I)

for Vo, i, k = 1,2. Naturally, the analogues of F is

Fi={t— f(t;z,h) 12 €[0,1],h € Hy} U {t — 0}.
Note that
ft;2,h) < 1(jt — 2| < h)Ko

and thus the diameter of Fj is at most

1 n
sup Ko, | — Z 1(z; € A) <~ Y/10
AC[0,1]:A(A)<4Cpn—1/5 n =
by Assumption SM8.2(2). Therefore, by Assumption SM8.3, we apply Lemma SMS&.1 and obtain that for
k=12

< Mn~ Y1 /logn.

sup  [Vani(x, h)
z€(0,1],heH,

P2
Finally, this argument shows that

<1
~ \/ﬁhnnl/lo
P2

Putting things together, we can choose M = (¢, log n)l/o‘ for sufficiently large ¢, so that by (SMS.6),

sup  [Vau (2, h)|
z€[0,1],h€H,,

My/logn < n=?°My/logn. (SM8.7)

1
P sup  |Vip(z,h)| > Ctn™2/% | < gn’b—Q,
©€[0,1],h€Hy 2t

where ¢, depends on a,b. The bound (SM8.7) in turns shows that

P sup [Van(2, hn)| > Cl(a,b)t(logn) s n~2/5 | < 2¢"°
z€(0,1],h, €EHyp,

Taking t = \/b logn + log(a/4)s gives

p ( sup [Van (2, hy)| > C(a,b)s(logn)1+1/“n_2/5e_52> <
2€[0,1),h, €H,

for all s > 1.

Therefore, combining the two bounds,

1
P sup [v(z, he)| > C(a, b)t(logn) H1/en=2/5 | < an*b—z.
2€[0,1),hn €Hn t

Lemma SMS8.1. Suppose & are bounded by M > 1 and mean zero. Consider the process

Valf) = % S fleae
i=1
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over a class of real-valued functions f € F and evaluation points x1,...,2, € [0,1]. Define the seminorm

|l relative to a1, ...,y by .
72 = 3 fGw)®
Suppose 0 € F and F has polynomial covering numbe;;:l
N, F, ) € €1/0Y € 0,1]
where C,V > 0 depend solely on F. Then

< Mdiam(F)+/log(1/diam(F)),

P2

sup Vo (f)]
fer

where diam(F) = supy, g erlfi — folln-
Proof. The process V,,(f) has subgaussian increments with respect to [|-||,,:

V(1) = Va(f2)llgo S M1 = falln-

Hence, by Dudley’s chaining argument (e.g. Corollary 2.2.5 in van der Vaart and Wellner (1996)), for some
fixed fo € F,

sup V,,(f)
f

diam(F)
< Walllos + € [ Vg NGF ) do
0
b2

Note that (i) the metric entropy integral is bounded by C'diam(F)+/log(1/diam(F)), and (ii) for a fixed fo,
Vo (follws S IfollnM < diam(F)M since 0 € F. Therefore,

< Mdiam(F)+/log(1/diam(F)).

sup Vi (f)
!

U
O

Lemma SM8.2 (Lemma 7.22(ii) in Sen (2018)). Let q(-) be a real-valued function of bounded variation on
R. The covering number of F = {z + q(axz +b) : (a,b) € R} satisfies

N(e, F,L2(Q)) < K1V
for some K1 and Vi and for a constant envelope.

SM9. AUXILIARY LEMMAS FOR THEOREMS 2 AND 3

Lemma SM9.1. In the proof of Theorem 2, suppose Y; ~ N (mq(0;),s3 + 02), then

1 n
infsupE | — Z(m(az) - mo(Uz‘))Q ZH 20/ G,
™ mo i3
where the infimum is over all estimators of mg from (Y;,0;)1_, and the supremum is over the Holder space
mg € th ([O’g, Uu])

Proof. First, note that learning mg from (Y;, 0;) is a nonparametric regression problem with heteroskedastic
variances. This problem is more difficult than a corresponding problem with homoskedastic variances o7 + s3,
since we may represent

Yi = 0; + oW; + (07 — 03)Y/?U;
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for independent Gaussians W;, U; ~ N(0,1). Let V; = 0; +0,W;. Note that we can do no worse for estimating
mgo with (V;, 0;) than with (Y;,0;), and estimating mg from (V;, ;) is a homoskedastic regression problem,
where V; ~ N(mq(0;),07 + s3). It remains to show that the minimax rate for estimating mo on the grid
points o1., from (V;, 0;) is n~2p/(2p+1)

Since we simply have a nonparametric regression problem, we may translate and rescale so that the design
points o1., are equally spaced in [0,1] (o, = i/n) and the variance of V; is 1—potentially changing the
constant Ay for the Holder smoothness condition. Corollary 2.3 in Tsybakov (2008) shows a lower bound for
integrated MSE:

1
infsupE [/ (f(x) — mo(2))2 da| =g n~ =0T
0

m mg
where the infimum is over all (randomized) estimators using (V;, 0;). It thus suffices to connect the MSE
objective over the fixed design points o1, ...,0, to the integrated MSE.
Observe that for any m(o1),...,m(0,), we can define the piecewise constant function m : [0,1] — R such
that it is equal to m(o;) on [(i — 1)/n,i/n). Now, note that

! 2 S 2
m(x) —mg(x))” dx = m(x) — mg(x))” do
/0 (m () o(z)) ;1 /[(il)/m/n]( () o(z))

2 mx—maiz mai—medx
: ;/[(i—l)/n,i/n]( (@) 0(0))” + (mo(0i) o(z))

((a+b)? < 2a? + 2b2)

1, , L?
SQZ E(ml—mo(crv)) +$
=1
2, . ,  2L7
== ;(m, —mo(1)* + .

The third line follows by observing that mg(-) is Lipschitz for some constant L that depends solely on p, Ay,

since p > 1 in Assumption 4. Therefore,

Lemma SM9.2. Assume that 0; | o; has mean mo(c) and variance s3(co), without assuming (2.4). Consider
the decision rule (2.9) and denote it by 6*. Then

§*(Y;,04) € argmin E [(6(Y;,0:) — 6;)* | 03]
5(Yviin)€L

where L = {§(Y;,04) = a(o;) + b(0;)Y; : a(-),b(-) measurable} .
Proof. For a given a(-),b(-), we can compute by bias-variance decomposition,
E[(5(Y;,00) — 0:)* | 03] = (al(oy) + b(oi)m(os) — m(04))* + b*(00)s5 + b*(00)0] + 0F — 2b(03)s5(0).

Minimizing the above expression for a(o;),b(o;) yields

b)) = 29 4(00) = (1 = b(o))m(a).

s3(0) + o}

This corresponds exactly to the decision rule 6*. (Il
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Lemma SM9.3. Consider the setup of Theorem 3. The minimax risk is achieved by the decision rule (2.9).
That is, let 6 denote the decision rule (2.9). Then,

n

Ly - W]

PoeP(mo,s0) i—1 01:n PyeP(mo,s0) i=1

sup Ep, [1 Z(5f - 91-)21 inf  sup Ep,
n

where the infimum is taken over all (randomized) decision rules §;(Y1.n,01.0), with knowledge of mo, s¢.

Proof. The > direction is immediate. We consider the < direction. Note that

i=1

for all Py € P(my, so), regardless of Py. Thus,

1 ¢ 1
sup Ep, ln Z(é: —9,»)2] =

PyeP(mo,s0) i=1

Suppose Py denotes the distribution where 0; | o; ~ N'(mg(0;), s3(c:)). Then, for any decision rule 4;,
1 & 1 < s3(oy)0;

= (6; — 6;) sl _20A\eTE
ng ] ”Zsém)wQ

This is because the right-hand side is the Bayes risk under the Gaussian model. As a result,

inf sup
St Py E'P(mm%)

This concludes the proof. O

Lemma SM9.4. Given so(-), mo(+), let

2
So =

D (63(03) + (mo(o) — m0)?) and mo = >~ (o)

=1

3\H

Fiz C > 0, there exists choices of so(-) > 0,04, mg(+), Py € P(mo, so) such that max; s3(0;)/0? < C but
Er, | 50, (0~ 6)?]
Ep, [ i1 (0 — 0:)?]

is arbitrarily large, where 0; are the INDEPENDENT-GAUSS posterior means and 0; are the CLOSE-GAUSS

postertor means:

A 2 s2
0»: L m™m, Y
i prape- Kl R s R
2 2
« o; Solo;
02’ = —=—* mo(ai) + 70( Z) Y;

sg(oi) + of si(oi) + of
Proof. Choose o; =1+ i/n. Choose a constant so(o;) = € > 0 and some non-constant mg(c;) normalized so

that mo = 0. Thus s > 1 3" 'mg(0;)?> = K. Thus,

K

2
K+ 02 ) (01»2+5(2)(02))>c>0

Var(6;) > (

for some ¢ > 0 for all € > 0. Therefore, the numerator is bounded below by c¢. The denominator converges to
zero as € — 0. With this choice, max; s3(0;)/02 < € is eventually smaller than any positive C. Thus the ratio

is arbitrarily large as we take € — 0. ]
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SM10. MAXIMUM POSTERIOR DISCREPANCY OF PRIORS SATISFYING MOMENT CONSTRAINTS

This section contains the main result of Chen (2023) (arXiv:2303.08653) and supersedes that paper.® The
notation and setup is entirely self-contained.

Consider an observation X whose likelihood is X | § ~ N (6, 0?) for some known o2. There are two priors
for 6, denoted by Go and G1. Suppose both priors have zero mean and have finite variances bounded by
V' > 0. Consider the decision problem of estimating 6 under squared error, with L(a,#) = (a — 6)%. For the
Bayesian with prior Gy, the Bayes decision rule is the posterior mean Eg, [0 | X] under the prior G;. This

decision rule attains Bayes risk under the prior Gy
R(G1,0;Go) = Egg, [(Ec, [0 | X] —0)7].

We can think of R(G1,0;Gy) as a measure of decision quality under disagreement. It measures the quality of
G1’s decision from Gy’s point of view. When G; # Gy, how large can R(G1,0;Gy) be?
Since
R(G1,0;Gp) <2 (Eg,[Eq, [0 | X]?] + Eg,[07%]) <2V + 2Eq, [Ec, [0 | X]7],
it thus suffices to bound Eg,[Eg, [0 | X]?] modulo constants. That is, it suffices to bound the 2-norm
|IEg, [0 | X]||? under the law X ~ N(0,02) x Go.

The rest of the section shows that this quantity is uniformly bounded over all Gg, G, 2 > 0. Specifically,
Lemma SM10.1 shows that for all Gg, Gy that are mean zero and have variance bounded by V', Eg, [Eg, [0 | X]?]
is bounded by a constant that depends only on (V, ¢?). This bound is large when o is large. To improve this
bound, Theorem SM10.1 then shows that, if G; additionally satisfies some conditions on its tail behavior,
Eg,[Ec, [0 | X]?] is bounded by a constant that depends only on V and the tail condition—and does not

depend on o.
Lemma SM10.1. Suppose Gy, G1 have mean zero and variances bounded by V , then
Eg,[Ec, [0 | X]?] < 6V + 402
uniformly over Gy, G1, 0.
Proof. Let fao(x) = [ fx(z|6)G(df). Jiang (2020) (Lemma 1) shows that
O 1
@@m)<ﬂ“%mw&w>
Plugging in the bound (SM10.9) in Lemma SM10.2, we have that for all X,

2 (o fb @) 1
Ba o] X=X = (722 ) <ot 5

X24+V
7—; = X241V,
where the first equality is due to Tweedie’s formula.

6T am grateful to Isaiah Andrews, Xiao-Li Meng, Natesh Pillai, Neil Shephard, and Elie Tamer for their comments. The previous
version of the paper (arXiv:2303.08653v1) claimed that R(G1,0;Gp) is uniformly bounded over all Go, G1,0 > 0, subjected to
the constraints on the first two moments of Go, G1. Regrettably, it contained a critical error that rendered its proof incorrect. In
particular, in that version, the display before (A1) on p.4 is incorrect: Posterior means of mixture priors are mixtures of posterior
means under each mixing component, but the mixing weights are posterior probabilities assigned to each mixing component;
thus, the mixing weights depend on the data rather than being fixed.

This section partially restores that result. Theorem SM10.1 shows that the maximum Bayes risk under Go is uniformly bounded
over all Go, G1,02 where G satisfies an additional tail condition (SM10.1). The bound we obtain depends on the tail condition,
and thus Theorem SM10.1 is insufficient for the result claimed in arXiv:2303.08653v1.
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Now, note that
(Eg,[0] X])? <2 ((Eq,[0] X] - X)*+ X?). ((a +b)? < 2(a® + b))

Hence,
Eg, [Ec, [0 ] X])?] < 2Eq,[2X° + V] < 2(2(V 4+ 02) + V) = 6V + 40> O

To show a more powerful bound, we require a stronger condition on the tails of G; and derive bounds that

are independent of o but are dependent on the tail conditions. In particular, assume
max (1 — G1(s),G1(—s)) < Cq,s~ " (SM10.1)

for some k > 2 and Cg, > 0, for all s > 0. We will also assume that Eg,[0? | X] exists almost surely. Note
that if Eg, |0|T¢ < m, then k can be taken to be 2 + € and Cg, can be taken to be m by Markov’s inequality.
In the rest of the proof, we let Cy < co denote a positive constant that depends only on ¢t. Occurrences of C;

might correspond to different constant values.

Theorem SM10.1. Suppose k > 2. There exists a constant () < oo that depends solely on (Cgq,,k, V') such
that, uniformly for all (Go,G1) and o € R, where (i) Gy, G1 have mean zero and variance bounded by V' and
(i) G1 satisfies (SM10.1) with (Cay, k),

EGO [EGl[e | X]Q] < Q

Proof. Assume that o > 1. For all 02 < 1, we can apply Lemma SM10.1 so that E¢, [Eq, [0 | X]?] < 6V +4.
Observe that

Eg, [Ec, [0 | X)*] < Eq, [Eq, [0 | X]] (Jensen’s inequality)
R, [/ Po,(6° > t| X)dt}
0
= 2E¢, [/ sPqa, (10| > s | X) ds} (Change of variable s = /%)
0

:2]EGO{/ sPGl(9>s|X)ds—|—/ sPg,(—0 > —s | X)ds]| .
0 0

Therefore, it suffices to bound the first term, since the second term follows by a symmetric argument. We do
so in the remainder of the proof. Here, Eg,[0? | X] exists since (62, X) is integrable.

Writing out the first term as an integral:
Eq, {/ sPG1(0>s|X)ds]
0
:/ / / sPg, [0 > s | X =xldsfx(x | u)deGo(dp)
n=—00 =—o0 Js5=0

= / / s/ Pg,[0> s | X =x|fx(x | p)deds Go(dp). (Fubini’s theorem)
=—o0 Js=0 =—00

The outer integral in p can be decomposed into |u| < o and |p| > o:

Eq, [/ sPG1(9>s|X)d5}
0

:/ /""Os/“ P[0 > s | X = a]fx (x| p) dods Go(dp) (SM10.2)
p|>0 Js= =—00



41

—|—/ / s/ Pg,[0>s| X =x|fx (x| p)deds Go(du) (SM10.3)
pl<o Js=0 =—00
First, we consider (SM10.2). Decompose the integral in x further along x < s/2 and = > s/2:
(SM10.2) = / / s/ Po,(0>s| X =x)fx(x | p)dedsGo(du) (SM10.4)
pl>o /2
0o s/2
+/ / s/ Po,(0>s| X =x)fx (x| pn)dedsGo(du). (SM10.5)
|pu| >0 —o0

For large p and large = (SM10. 4) we have that

(SM10.4) / / fX x| p) dedsGo(du) (Pg,(0>s| X =12)<1)
lul>o

:/ / sP(X > s/2| u)ds Go(du)
lp|>o J0O
<C [ BX |4 Goldi) < C [ 2P Goldi) < Oy ([25P(X > 5| ) ds < EIX? | )

>0 S~
pr+o2<2p?
For large p and small 2 (SM10.5), note that for < s/2 < s, by Lemma SM10.2

e 2(%2(?6—8)2)

Pe,(0>s| X =)< Cpe” /e 229" (1 _ Gy(s)). (fx(z]0) <

27ra'

Now, integrating the above display with respect to fx(z | ) dz yields

s/2 o2 2
/ Po,(0>s| X =x)fx(x|p)de < Cy(1—Gi(s))- e <Cy(1- Gl(s))% (|| > o for (SM10.2))

—00

Finally, integrating it again with respect to s yields

00 2 00
/ 5% Oy (1~ Gals)) ds = cv,f/ 1 — Gy (s)ds < Cy i2Eg, [|0]] < Cypi2.
0 0
Therefore,
(SM10.5) < CyEg,u* < Cy.

This shows that (SM10.2) is uniformly bounded.
Moving on to (SM10.3), we first decompose the integral on s into s < K and s > K, for some K > e to be

chosen:

K ) )
(SM10.3) < /#|<ﬂ/o sdsGo(du)+/ul<a/ s/_m Po.(6> 5| X = a)fx (x| p)de Go(dp) (SM10.6)

<K2/2

Thus we focus on the piece where s > K. Fix
u = Co+/log(s)

for some C' > 2 to be chosen. On s > K, u/c > 2 and thus % —1 > 5. Observe that by Lemma SM10.2

and the fact that o > 1,
2

Pe,(0>s]| X =x) <Cyexp (292 ) (1—-G(9)). (SM10.7)

Therefore,

| P> 51X =0 |

—0o0
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< [ PoO>s]X =a)ixla | p)de+ PX] >l ) (Po,(0> 5 X =) <1)
|z|<u
2 2 i h Lu J—
< CyeH /(0 )(1 —G(s)) M +2 @ (u _ |N|)
ujo o o
—_———
<B(u/o-1)<P(3%)
(® =1 — ® is the complementary Gaussian CDF)
sinh (£%)

< 1-— ——997 1929 M10.
< Ov(1 = Gl)— o (20) (SM10.8)

where the second inequality follows from directly integrating the upper bound (SM10.7) within |z| < u. Now,
observe that, for |¢| < 1 and ¢ > 0,

tsmh(ct) < tsmh(|c|t)

(sinh(z)/x is an even function)

c = eft
< tw (sinh(z)/x is an increasing function on z > 0)
< %et. (sinh(z) = (e — e™*)/2 < 1¢® for z > 0)
Therefore,
(SM10.8) < Cy (1 — G(s)) exp ( ¢ log 5) +28(C+/log s)
< Cy(l1—G(s))exp <\/@ log s) + exp <—2 log s> . (Lemma SM10.3)

Choose C' = k and K = exp (1 Vv ((k 2))2) This yields that, for s > K,

_ 2 2
¢ _k=-2 C° K

Viegs = 2 2 2"

Hence, integrating with respect to s:

/005/00 P, (0>s| X =x)fx(x|p)dxds
K —00

< T Cv (1 — G(s)) exp k_210gs + exp —k—zlogs ds
oo (55 0es) s om (-5 000))

< CyCgq / s'™ k532 ds +/ S_k2/2+1 ds
K K

< CyCgq,Ck + Ck. (I1-k+(k—2)/2<—1and —k2/2+1<—1)

as both integrals converge and depend only on k > 2. Returning to (SM10.6), this shows that (SM10.3) is
uniformly bounded with a constant that depends only on V, Cg,, k. This concludes the proof. O

Lemma SM10.2. Suppose G1 has mean zero and variance bounded by V. Let

fer ol /hwaM@

Then,

faro(x) > —x2+v), e )<Waexp< +V>. (SM10.9)

1
V2ro b < 202 202
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Proof. Observe that, by Jensen’s inequality,

fero(x) = /fX(a? | 6) G1(dO) > exp/logfx(x | 6) G1(d6).

We compute

1 1
8 el 0= log V2ro 502 (@ )
Note that Eg~q, [(z — 0)*] = 2? — 22Eg, [0] + Eg, 0% < * + V. Thus (SM10.9) follows. O
Lemma SM10.3. For all x >0, ®(z) < %6_12/2'

Proof. Note that ®(0) = % and thus the bound holds with equality at z = 0. Differentiate,

Tl@)=—ple) 5o 2= =5 = (Cav/a/D)p(a)
For x € [0, /2/7],

dx

Take & > \/2/7, we have that

Hence the inequality holds for all z > 0. O
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