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Derives novel moment conditions in a model closely related to Berry and Haile (2014)

The rank condition for these moment conditions is non-standard relative to the NPIV
literature—due to asymmetry of X' and Z—which we call faithfulness
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In Berry, Levinsohn, and Pakes (1995), suppose X does not have a RC, then

3 ; ;D5 v T
Sj($7-'1~7,p;9): eXp( I‘/‘ &+ aipy + )1,.1’32 Gy (o, )
Sopexp (G + & + cupr + 7' Tx)

BLP inversion = §, := fBz; +§; = crj_1 (S,P;X,H)




Nonparametric model of differentiated products

Observe (S, P, X, Z). Decompose all characteristics X into (', X) and condition on X,
S=0(6,P), 6=6(X,8)

L []
X enters demand thru the unobservable &

1. o(-, P)isinvertible in ¢
2. Conditional exogeneity of Z: §(X,&§) L Z | X



Nonparametric model of differentiated products

Observe (S, P, X, Z). Decompose all characteristics X into (', X) and condition on X,
S=0(0,P), 6=06(X,¢)

L []
X enters demand thru the unobservable &

1. o(-, P)isinvertible in ¢

2. Conditional exogeneity of Z: §(X,&§) L Z | X
Agnostic about the relationship between X and j—all causal structures (X — 0,5 — X,
0 < & — X)are allowed



Nonparametric model of differentiated products

Observe (S, P, X, Z). Decompose all characteristics X into (', X) and condition on X,
S=0(6,P), 6=6(X,8)

L []
X enters demand thru the unobservable &

1. o(-, P)isinvertible in ¢
2. Conditional exogeneity of Z: §(X,&§) L Z | X

Agnostic about the relationship between X and j—all causal structures (X — 0,5 — X,
0 < & — X)are allowed

Accommodates X being endogenously chosen with information on £ or endogenous entry
(Aguirregabiria, laria, and Sokullu, 2023)



Nonparametric model of differentiated products

Observe (S, P, X, Z). Decompose all characteristics X into (', X) and condition on X,
S=0(6,P), 6=6(X,8)

L []
X enters demand thru the unobservable &

1. o(-, P)isinvertible in ¢
2. Conditional exogeneity of Z: §(X,&§) L Z | X

Agnostic about the relationship between X and j—all causal structures (X — 0,5 — X,
0 < & — X)are allowed

Accommodates X being endogenously chosen with information on £ or endogenous entry
(Aguirregabiria, laria, and Sokullu, 2023)

If X is chosen after Z, need to rule out collider structure 7 — X «+ ¢



Nonparametric model of differentiated products

Observe (S, P, X, Z). Decompose all characteristics X into (', X) and condition on X,
S=0(6,P), 6=6(X,8)

L []
X enters demand thru the unobservable &

1. o(-, P)isinvertible in ¢

2. Conditional exogeneity of Z: §(X,&§) L Z | X
Agnostic about the relationship between X and j—all causal structures (X — 0,5 — X,
0 < & — X)are allowed
Accommodates X being endogenously chosen with information on £ or endogenous entry
(Aguirregabiria, laria, and Sokullu, 2023)
If X is chosen after Z, need to rule out collider structure 7 — X «+ ¢

Holds under Z 1 (6, X) or timing assumptions as in Berry and Haile (2024)



Nonparametric model of differentiated products

Observe (S, P, X, Z). Decompose all characteristics X into (', X) and condition on X,
S=0(6,P), 6=6(X,8)

L []
X enters demand thru the unobservable &

1. o(-, P)isinvertible in ¢
2. Conditional exogeneity of Z: §(X, &) L Z | X
Agnostic about the relationship between X and j—all causal structures (X — 0,5 — X,
0 < & — X)are allowed
Accommodates X being endogenously chosen with information on £ or endogenous entry
(Aguirregabiria, laria, and Sokullu, 2023)
If X is chosen after Z, need to rule out collider structure 7 — X «+ ¢
Holds under Z 1 (6, X) or timing assumptions as in Berry and Haile (2024)

In Borusyak, Caceres-Bravo, and Hull (2025), Z is innovations in exchange rates, assumed exchangeable
3
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Seems that there’s some hope nonparametrically
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E[h(5,P) | X,Z] =E[h(s, P) | X] = h(d, P) = h(9)
Note asymmetry cf. completeness: E[h(S,P) | X, Z] =0 = h(S,P) =0

Faithfulness is the rank condition for identifying price counterfactuals thru our structural eqn
Proposition (informal). Under invertibility and conditional exogeneity, TFAE:

1. (6, P) | X, Z is faithful

2. (Identification) For any po, the structural equation in (H, k)

H(S,P)+k(X)+e=0, Ele|X,Z]=0, H(S,py) =S5

admits a unique solution H(s,p) = ¢y, (s, p).
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Faithfulness in the linear IV setup

Returning to the discrete “fairy tale,” when #0 = #P = #X = #7 = 2, faithfulness says

that some 2 x 2 matrix F'is full rank

If the Z — P causal effect does not depend on §, then can simplify:
X predicts §

X = 1] - E[§|X = 0])

det(F)= [[ (E[P|Z=1,X=2]-E[P|Z=0,X =a]) (E[

ze{0,1}

Z relevant for P given X

Thus faithfulness packages (i) Z being a strong IV and (ii) X being a relevant proxy
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What variations do we need?
Implies E[§ | X] = X is known

Berry and Haile (2014): Assume s = X + ¢andE[¢ | X]| = 0. Then

§=X+&6=0"1S,P) = X =E[¢07(S,P)| X,Z] = IDw/completeness
Common intuition: one needs 2.J IVs to identify demand b/c (S, P) are endogenous

Z generates variation in P
X generates variation in S — Does X “instrument for S” here?

In the technical instrument sense, yes:
Elep (S, P) = k(X) | X, Z] =0 <= VQ: E[Q(X, Z) (cp, (S, P) — k(X)) =0
In the causal sense, no: the variation in X is not able to identify any causal effects in X

Since {X — §, X «+ & — 9§, X < 40} areall possible, shouldn’t say X “generates” variation in &
One needs economic arguments for the exogeneity of Z

Refine: for price counterfactuals, need exogenous variation in prices + proxies for §
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Recap

We clarify the types of variation needed to identify counterfactual demand in certain inputs
Exogenous variation Z in the input of interest

Proxy variation X that measures unobservables

Relaxing exogenous X adds an unknown function to the structural equation, but seeking
only price counterfactuals removes some parameters

Identification still possible after imposing a novel rank condition, faithfulness

Also in the paper: Show that faithfulness ~ completeness
If it is plausible that the conditioning variables (X, Z) satisfy completeness, then faithfulness
does not involve stronger substantive conditions
Exogeneity of X is an economically strong assumption ~~ turns out that’s not needed!
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s faithfulness knife-edge?

“Most” matrices are invertible: Faithfulness ~ Invertibility of some matrix
Plausibility of relevant IVs:
Completeness < forany h(S, P) # 0, we canfind arelevant IV f(X, Z) sit.

Cov(h(S,P), f(X,Z)) #0.
Faithfulness <= forany h(S, P) , we can find a relevant
R(X,Z):=f(X,2)-E[f(X,Z) | X]st.

Cov(h(S,P),R(X,Z)) #0
In specific parametric settings, “for any h” is overkill. But such conditions are natural when we
are agnostic about the parametric structure

Equivalence to completeness in the limit of perfect IV: If Z = P, then

faithfulness <= (6, P) | (X, P)-completeness <= (¢ | X )-completeness

Similar to Ahn (2025), who calls X’s “prognostic variables”
10
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With Bertrand-Nash pricing, suffices that MC depend on X, Z through A\ (X, Z)
Exogenous P is a special case: P = Z = \(X, Z)

(Price separability) If P = fo(f1(X, Z) + f2(X, d,w), ) then faithfulness <= completeness
With Bertrand-Nash, suffices that marginal cost satisfies this separability

Exogenous prices is also a special case
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